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ABSTRACT 
-- 
The va r ious  a s p e c t s  of t h e  propagat ion of long waves onto a  
s h e l f  ( i . e . ,  r e f l e c t i o n ,  t ransmiss ion  and propagat ion on t h e  s h e l f )  
a r e  exa~mined experimental ly  and t h e o r e t i c a l l y .  The r e s u l t s  a r e  
app l i ed  t o  tsunamis propagat ing onto t h e  c o n t i n e n t a l  s h e l f .  
A .numerical method of s o l v i n g  t h e  one-dimensional Boussinesq 
equat ions  f o r  cons tan t  depth us ing  f i n i t e  element techniques i s  
presentled. The method i s  extended t o  t h e  case  of an a r b i t r a r y  
v a r i a t i o n  i n  depth ( i . e . ,  g r adua l ly  t o  ab rup t ly  varying depth) i n  
t h e  dir lect ion of wave propagat ion.  The scheme i s  app l i ed  t o  t h e  
propagat ion of s o l i t a r y  waves over  a s l o p e  onto a  s h e l f  and i s  
confirm~ed by experiments.  
A theory i s  developed f o r  t h e  genera t ion  i n  t h e  l abo ra to ry  of 
long waves of permanent form, i .e . ,  s o l i t a r y  and cnoida l  waves. The 
theory ,  which inco rpora t e s  t h e  non l inea r  a s p e c t s  of t he  problem, 
a p p l i e s  t o  wave gene ra to r s  which c o n s i s t  of a  v e r t i c a l  p l a t e  which 
moves h~or i zon ta l ly .  Experiments have been conducted and t h e  r e s u l t s  
ag ree  we l l  wi th  t h e  genera t ion  theory.  I n  add i t i on ,  t h e s e  r e s u l t s  
a r e  used t o  compare t h e  shape, c e l e r i t y  and damping c h a r a c t e r i s t i c s  
of t h e  generated waves wi th  t h e  long  wave t h e o r i e s .  
The s o l u t i o n  of t h e  l i n e a r  nondispers ive  theory  f o r  harmonic 
waves of  a  s i n g l e  frequency propagat ing over  a  s l o p e  onto a s h e l f  is 
extended t o  t h e  case  of  s o l i t a r y  waves. Comparisons of t h i s  a n a l y s i s  
w i t h  t h e  non l inea r  d i s p e r s i v e  theory and experiments a r e  presented.  
Co~nparisons of experiments w i th  s o l i t a r y  and cnoida l  waves with 
t h e  p r e d i c t i o n s  of t h e  va r ious  t h e o r i e s  i n d i c a t e  t h a t ,  a p a r t  from 
propagat ion,  t h e  r e f l e c t i o n  of waves from a change i n  depth i s  a 
l i n e a r  process  except  i n  extreme cases .  However, t h e  t ransmission 
and t h e  propagat ion of both t h e  transmitteid and t h e  r e f l e c t e d  waves 
i n  genera l  a r e  non l inea r  processes .  Exceptions a r e  waves with h e i g h t s  
which aire very small  compared t o  t h e  depth. For t h e s e  waves, t h e  
e n t i r e  process  of propagat ion onto a  s h e l f  i n  t h e  v i c i n i t y  of t he  
s h e l f  i s  l i n e a r .  Tsunamis propagat ing from t h e  deep ocean onto t h e  
c o n t i n e n t a l  s h e l f  probably f a l l .  i n  chis  c l a s s .  
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CHAPTER 1 
INTRODUCTION 
Long waves a r e  waves w i t h  l eng ths  which a r e  l a r g e  compared t o  
t h e  depth  of water  i n  which they  a r e  propagat ing.  Among t h e  waves 
which f a l l  i n  t h i s  c l a s s  a r e  "tsunamis" o r ,  a s  they a r e  sometimes 
c a l l e d ,  " t i d a l  waves." The word "tsunami" i s  a Japanese word which 
means "harbor wave." It has  been adopted by t h e  s c i e n t i f i c  community 
i n  preference  t o  " t i d a l  wave1' t o  mean a n  earthquake-generated sea  
wave. 
The ear thquakes which gene ra t e  tsunamis u s u a l l y  involve  v e r t i c a l  
movements of t h e  sea  bed. Such an  ear thquake occurred i n  Alaska i n  
1964; i t  generated a tsunami which propagated throughout t h e  P a c i f i c  
causing damage a t  v a r i o u s  l o c a t i o n s  along t h e  West Coast of t h e  United 
S t a t e s ,  p a r t i c u l a r l y  i n  Crescent  C i ty ,  Ca l i fo rn i a .  An important  a spec t  
i n  t r y i n g  t o  e i t h e r  avoid o r  prepare  f o r  such a d i s a s t e r  is  t o  under- 
s t and  how a tsunami propagates .  
I n  t h e  deep ocean where t h e  depth may be 3500 m a tsunami might 
t y p i c a l l y  have a l e n g t h  of about 300 km and a he igh t  of 1 m and 
t r a v e l  a t  a speed of 700 km/hr. The propagat ion of t h e  tsunami 
would proceed e s s e n t i a l l y  i n  cons tan t  depth through t h e  deep ocean 
u n t i l  it reached t h e  r eg ion  of shal lower depth which surrounds most 
l and  masses--the c o n t i n e n t a l  s h e l f .  Here t h e  depth  decreases  
cons iderably ;  of i n t e r e s t  i n  t h i s  i n v e s t i g a t i o n  w a s  t a  determine 
how such changes i n  depth  a f f e c t  tsunamis o r  tsunami-like waves. 
Since f i e l d  observa t ions  of tsunamis a r e  d i f f i c u l t  except a t  
t h e  c o a s t ,  t h e  i n v e s t i g a t i o n  w a s  c a r r i e d  o u t  by means of phys i ca l  
and a n a l y t i c a l  models. 
1.1 - Objec t ives  and Scope 
The o b j e c t i v e  of t h i s  i n v e s t i g a t i o n  was t o  examine, both 
exper imenta l ly  and t h e o r e t i c a l l y ,  t h e  va r ious  a s p e c t s  of t h e  propa- 
g a t i o n  of long waves onto a  s h e l f ,  i..e., t h e  r e f l e c t i o n ,  t ransmiss ion  
and propagat ion of t h e  waves on t h e  s h e l f ,  f o r  both abrupt  and gradual  
changes i n  depth. Of equal  importance was t o  determine i f  t h e  l i n e a r  
mathematical. models which commonly a r e  used i n  t h e  a n a l y s i s  of 
tsunamis a r e  s u f f i c i e n t  o r  i f  i t  is necessary t o  u se  more complicated 
nonline(ar models. 
Th~e waves used i n  t h i s  s tudy  were p r imar i ly  s o l i t a r y  waves. Thestr 
were chosen because i t  can be  shown t h e o r e t i c a l l y  t h a t  waves which 
have n e t  p o s i t i v e  volume even tua l ly ,  i f  t h e  propagat ion d i s t a n c e  is  
s u f f i c i ~ e n t ,  w i l l  b reak  up i n t o  a s e r i e s  of s o l i t a r y  waves. For 
a n a l y s i s ,  s o l i t a r y  waves have t h e  advantage t h a t ,  a l though nonl inear ,  
they  cam be descr ibed  wi th  j u s t  two parameters:  t h e  wave he ight  and 
t h e  depth.  Addi t iona l  b e n e f i t s  a r e :  they  propagate  w i th  cons tan t  
form i n  cons t an t  depth  and gene ra l ly  they  can be separa ted  from 
r e f l e c t e d  waves. Pe r iod ic  waves i n  t h e  form of cnoida l  waves a l s o  
were considered f o r  propagat ion over abrupt  changes i n  depth. 
To f a c i l i t a t e  t h e  experimental i n v e s t i g a t i o n ,  a  theory  was 
developed f o r  t h e  gene ra t ion  i n  t h e  l abo ra to ry  of long waves of 
permanent form, i . e . ,  s o l i t a r y  and cnoida l  waves, The t h e o r e t i c a l  
i n v e s t i g a t i o n  included t h e  development of a  f i n i t e  element technique 
of so lv ing  t h e  one-dimensional Boussinesq equat ions .  This  was 
app l i ed  t o  t h e  f u l l  problem of s o l i t a r y  waves propagating over a  
s l o p e  onto a  s h e l f  and was confirmed by phys i ca l  experiments. 
A review of prev ious  s t u d i e s  of t h e  propagat ion of long waves 
onto a  she l f  i s  presented  i n  Chapter 2.  The t h e o r e t i c a l  a n a l y s i s  
which inc ludes  a review of t h e  c l a s s i c a l  long wave t h e o r i e s  and 
t h e i r  a p p l i c a t i o n  t o  t h i s  problem, wave genera t ion  theory and t h e  
develop~nent of t h e  f i n i t e  element numerical method a r e  presented i n  
Chapter 3 .  The experimental  equipment and procedures  a r e  descr ibed  
i n  Chapter 4 .  The r e s u l t s  of t h e  i n v e s t i g a t i o n  a r e  presented and 
d iscussed  i n  Chapter 5, and conclusions based upon t h e s e  a r e  descr ibed 
i n  Chapter 6. 
CHAPTER 2 
LITERATURE SURVEY' 
The nonl inear  p a r t i a l  d i f f e r e n t i a l  equat ions  which govern t h e  
propagat ion of long waves have been known s i n c e  t h e  1 9 t h  century.  
However, u n t i l  r e c e n t l y ,  on ly  t h e  equat ion  a r i s i n g  from a l i n e a r  
approximation t o  t h e s e  equat ions  has been used f o r  p red ic t ing  t h e  
propagat ion of long waves onto a s h e l f .  
The theory a r i s i n g  from t h i s  equat ion  i s  termed t h e  l i n e a r  
nondispers ive  theory.  The s o l u t i o n s  of t h e  theory  f o r  long waves 
of a r b i t r a r y  shape propagat ing over  abrupt  and gradual  s lopes  a r e  
presented i n  Lamb (1932). (Note, t h i s  r e p r e s e n t s  t h e  s i x t h  e d i t i o n  
of t h e  ?work, It was o r i g i n a l l y  publ ished i n  1879.) Lamb (1932,5176) 
shows, f o r  a s t e p ,  t h e  r e f l e c t i o n  and t ransmiss ion  c o e f f i c i e n t s  a r e  
g iven  b:y : 
and 
r e s p e c t i v e l y ,  where hn i s  t h e  upstream depth  and h2 i s  t h e  depth on 
t h e  s h e l f .  
For a "gradual" s lope ,  i . e . ,  a s l o p e  on which t h e  depth  changes 
by only a smal l  f r a c t i o n  of i t s e l f  w i t h i n  t h e  l i m i t s  of a wavelength, 
Lamb (1932,5185) shows t h e  r e f l e c t i o n  and t ransmiss ion  c o e f f i c i e n t s  
a r e  given by Green's Law: 
and 
r e s p e c t i v e l y  . 
Solu t ions  of t h e  l i n e a r  nondispers ive  theory  f o r  t h e  s lopes  
between an  abrupt  s l o p e  ( i . e . ,  a s t e p )  and a  gradual  s l o p e  have been 
presented by K a j  i u r a  (1961), Wong e t  aZ. (1963) and Dean (1964) . For 
a l l  of t hese  s t u d i e s  t h e  s o l u t i o n  was obta ined  f o r  a n  harmonic wave 
wi th  a  s i n g l e  frequency i n  t h e  s teady  state. 
Kaj iura  (1961) proposed a method of s o l u t i o n  f o r  s lopes  of 
gene ra l  shape and presented t h e  s o l u t i o n s  f o r  two cases:  
i )  A s l o p e  on which t h e  depth v a r i e s  as t h e  square  of t h e  
d i s t a n c e  along it. The s o l u t i o n  f o r  t h e  wave on t h e  s l o p e  
% is a func t ion  of x  . 
i i )  A continuous s l o p e  determined such t h a t  t h e  b a s i c  equat ion 
is transformed i n t o  a n  equat ion  which g ives  s imple expressions 
f o r  t h e  r e f l e c t i o n  and t ransmiss ion  c o e f f i c i e n t s .  
Worig e t  aZ. (1963) and Dean (1964) obta ined  t h e  s o l u t i o n  f o r  a  
s l o p e  0x1 which t h e  depth v a r i e s  l i n e a r l y  a s  a  func t ion  of t h e  d i s t a n c e  
along ir: .  The s o l u t i o n  of t h e  wave on t h e  s l o p e  i s  a func t ion  of 
Bessel  func t ions .  
Reca l l ,  t h e  s o l u t i o n s  f o r  t h e  two extremes of abrupt  and gradual  
s lopes  ?were f o r  long waves of a r b i t r a r y  shape; t h e r e f o r e ,  i f  i t  is 
v a l i d  t o  do so,  t h e  s o l u t i o n s  can be app l i ed  d i r e c t l y  t o  s o l i t a r y  o r  
cno ida l  waves. However, f o r  s l o p e s  between t h e  two extremes, t h e  
s o l u t i o ~ n s  a r e  f o r  harmonic waves wi th  a s i n g l e  frequency only; 
t h e r e f o r e  t h e  s o l u t i o n s ,  even i f  v a l i d ,  cannot be app l i ed  d i r e c t l y  t o  
s o l i t a r y  o r  cno ida l  waves. 
The f u l l  nonl inear  equat ions  were f i r s t  solved f o r  t h e  problem 
of long waves propagat ing onto a s h e l f  by Madsen and Mei (1969). 
Using t h e  equat ions  developed by M e i  and Le Mghaute' (1966), which 
inco rpo~ra t e  t h e  e f f e c t  of a slowly varying depth ,  Madsen and Mei 
(1969) tfeveloped a numerical method of soliution based on t h e  method- 
o f - c h a r a c t e r i s t i c s  scheme of Long (1964). The s lowly varying depth 
assumption used by Madsen and Mei (1969) i s  equiva len t  t o  t h e  gradual  
s lope  mentioned e a r l i e r .  
Macisen and M e i  (1969) found t h e o r e t i c a l l y  and experimental ly  t h a t  
a s  a so l t i t a ry  wave propagates  up a gradual  s l o p e  i t s  shape changes, 
w i th  t h e  f r o n t  f a c e  of t h e  wave s teepening and secondary waves emerging 
from t h e  back f a c e  of t h e  wave. Eventual ly,  e i t h e r  on t h e  s lope  o r  
on t h e  s h e l f ,  t h e  waves s e p a r a t e  i n t o  a s e r i e s  of s o l i t a r y  waves 
followecl by a t r a i n  of o s c i l l a t o r y  waves. E a r l i e r ,  S t r e e t  e t  aZ. (1968) 
experime:ntally had observed similar behavior bu t  over a propagation 
d i s t a n c e  which w a s  i n s u f f i c i e n t  f o r  t he  s o l i t a r y  waves t o  emerge f u l l y  
from t h e  main t r a i n .  
Anislytical s o l u t i o n s  of t h e  problem of s o l i t a r y  waves propagating 
over a gradual  s l o p e  were found independently by Tappert and Zabusky 
(1971) and Johnson (1973). By assuming zero r e f l e c t i o n  and slowly 
vary ing  depth,  a v a r i a b l e  depth form of t h e  KdV equat ion can be 
der ived  and, us ing  t h e  same techniques as were used by Gardner e t  aZ. 
(1967) t o  s o l v e  t h e  KdV i n  cons t an t  depth,  asymptot ic  s o l u t i o n s  f o r  
t h e  s o l i t a r y  waves which emerge on t h e  she l f  can be obtained.  The 
number of s o l i t a r y  waves which w i l l  emerge on t h e  she l f  i s  a  func t ion  
of on ly  t h e  depth  r a t i o ,  hl/h2, a s  given by: 
N < l P  
where t h e  number of waves, N, is s t r i c t l y  less than P. The he ight  
of t h e  s o l i t a r y  waves which emerge is  given by: 
where H is t h e  he igh t  of t h e  inc iden t  s o l i t a r y  wave. 
0 
To summarize, p rev ious  i n v e s t i g a t i o n s  i n  t h e  f i e l d  of long waves 
propagat ing onto a s h e l f  have d e a l t  wi th  one of t h e  fol lowing a spec t s  
of t h e  p~roblem: 
( i )  Linear  waves of a r b i t r a r y  shape propagat ing over a n  extreme 
s l o p e  (i..e., e i t h e r  gradual  o r  abrupt )  ; 
( i i )  Linear  harmonic waves wi th  a s i n g l e  frequency propagating 
over  a s lope ;  o r  
(iii:) S o l i t a r y  waves propagat ing over  a gradual  sl-ope. 
The ques t ion  of which of t h e  t h e o r i e s  t o  u se  f o r  t h e  propagation 
of long waves i n  va r ious  s i t u a t i o n s  is addressed by Hammack and Segur 
(1978). They show, us ing  asymptot ic  arguments and a r ec t angu la r  
wave shape, t h e  choice  of which theory  t o  u s e  depends on t h e  volume 
of t h e  l i n i t i a l  wave and a n  U r s e l l  Number based on t h e  amplitude and 
l e n g t h  of t h e  i n i t i a l  wave. Applying t h e i r  c r i t e r i a  t o  tsunamis,  
they  show t h e  l i n e a r  nondispers ive  theory i s  t h e  r e l e v a n t  theory f o r  
t h e  propagat ion of t h e  leading  wave of a tsunami i n  a cons tan t  depth 
from the genera t ion  r eg ion  t o  t h e  beach. 
CHAPTER 3 
THEORETICAL ANALYSIS 
Th~e t h e o r e t i c a l  a s p e c t s  of t h e  problem can be descr ibed  r e f e r r i n g  
t o  Fig. 3 .1  which shows t h e  s e r i e s  of events  which t akes  p lace  a s  a  
long wave propagates  onto a  s h e l f .  
Fig.  3 . l ( a )  shows t h e  i n c i d e n t  wave propagat ing towards t h e  
she l f  i n  a  reg ion  of cons t an t  depth,  The va r ious  t h e o r i e s  f o r  long 
waves propagat ing i n  a cons tan t  depth a r e  reviewed i n  Sec t ion  3.1 and 
exac t  s o l u t i o n s  a r e  descr ibed .  
A s  w i th  o t h e r  i n v e s t i g a t o r s  (e.g. Madsen and Mei (1969)),  f o r  
t h e  a n a l y s i s  t h e  i n c i d e n t  wave was assumed t o  be a  s o l i t a r y  wave 
(al though,  a s  mentioned previous ly ,  r ecen t  work by Ha~nmack and Segur 
(1978) has c a s t  some doubt on t h e  p r a c t i c a l  v a l i d i t y  of t h i s ) .  A 
theory f o r  t h e  genera t ion ,  i n  t he  l abo ra to ry ,  of s o l i t a r y  waves and 
a l s o  of cnoida l  waves is  presented i n  Sec t ion  3.2. 
A s  t h e  wave propagates  through a reg ion  of v a r i a b l e  depth i t s  
shape changes a s  shown i n  Fig.  3 . l ( b ) ,  and even tua l ly  t h e  wave s p l i t s  
up i n t o  two waves: a  r e f l e c t e d  wave t r a v e l i n g  t o  t h e  l e f t  i n  t h e  
deep water  and a  t r ansmi t t ed  wave t r a v e l i n g  t o  t h e  r i g h t  on t h e  s h e l f ,  
s e e  Fig.  3 . l ( c ) .  Two t h e o r i e s  a r e  presented which so lve  t h e  problem. 
I n  Sec t ion  3.3 a  f i n i t e  element method of s o l u t i o n  of t h e  Boussinesq 
equat ions  f o r  t h e  case  of waves propagat ing i n  a  cons t an t  depth i s  
presented ,  then t h e  method i s  extended t o  t h e  case  of waves propagating: 
/ 




Fig. 3 . l (b )  Wave transforming on the slople. 
FIEFLECBED WAVE 
- _or-- ," 
TRANSVIITTED WAVE 
Fig. 3.l(c) Reflected and transmitted waves. 
i n  a  r eg ion  w i t h  v a r i a b l e  depth. This  sol.ution i s  t h e  more accu ra t e  
of those  considered because i t  incor:porates, up t o  second o rde r ,  t h e  
e f f e c t s  of d i s p e r s i o n  and n o n l i n e a r i t y .  A f i r s t  o r d e r  s o l u t i o n  i n  
which t h e s e  e f f e c t s  a r e  neglec ted  is  presented i n  Sec t ion  3.4 where 
t h e  theory  developed by o t h e r s  f o r  t h e  s o l u t i o n  f o r  i nc iden t  waves 
which a r e  harmonic is  reviewed and app l i ed  t o  t h e  case  of an  
i n c i d e n t  wave which is a s o l i t a r y  wave. 
F i n a l l y  i n  t h i s  chapter  t h e  technique of i nve r se  s c a t t e r i n g  i s  
descr ibed  and numerical schemes f o r  i t s  s o l u t i o n  a r e  presented.  
Inve r se  s c a t t e r i n g  a l lows  one t o  determine t h e  f i n a l  s t a t e  of a  
long wave i f  i t  propagates  t o  i n f i n i t y  i n  cons tan t  depth i n  t h e  
absence of f r i c t i o n .  It w a s  used i n  t h i s  s tudy  t o  ana lyze  t h e  
r e f l e c t e d  wave. (This w i l l  be  d iscussed  i n  d e t a i l  i n  Sec t ion  5.2.) 
3 .1  - Out l ine  Der iva t ion  of t h e  Long Wave Equations and Exact Solu t ions  
The long wave equat ions  can be  der ived  i n  numerous ways; t h e  
approach which is  ou t l i ned  h e r e  fo l lows  t h a t  of Whitham (1974). 
Consider t h e  f low s i t u a t i o n  shown i n  F ig .  3.2 which shows a  
Fig. 3 . 2  D e f i n i t i o n  Sketch of t h e  Flow S i t u a t i o n  
wave propagat ing i n  water of depth  h i n  a  reg ion  of i n f i n i t e  
horizonltal  e x t e n t .  The v e r t i c a l  y  a x i s  has  i t s  o r i g i n  a t  t h e  
s t i l l  wrater l e v e l .  The displacement of t h e  f r e e  s u r f a c e  from t h e  
s t i l l  wrater l e v e l  i s  n ( x , t ) .  Assuming i n v i s c i d ,  i r r o t a t i o n a l ,  
incompressible  flow, t h e r e  e x i s t s  a v e l o c i t y  p o t e n t i a l  @ ( x , y , t )  
which s a t i s f i e s  t h e  Laplace equat ion:  
The boundary cond i t i ons  a r e :  
i )  No flow through t h e  bottom boundary: 
i i )  Kinematic boundary cond i t i on  a t  t h e  sur face :  
n t  + 'Pxn, = 'P Y y = n  9 
i i i )  Dynamic boundary cond i t i on  a t  t h e  sur face :  
The waves under cons ide ra t ion  a r e  long waves which a r e  def ined  a s  
waves whose c h a r a c t e r i s t i c  h o r i z o n t a l  l e n g t h  R i s  l a r g e  compared t o  
t h e  depth h,  i . e .  R > h .  For long waves t h e  ho r i zon ta l  v e l o c i t y  Ox 
is approximately cons t an t  over  t h e  depth so t h e  v e l o c i t y  p o t e n t i a l  
can  be expanded i n  terms of t h e  parameter Y = h + y  which i s  small 
compared t o  t h e  c h a r a c t e r i s t i c  h o r i z o n t a l  l eng th  2.  
By s u b s t i t u t i n g  Eq. (3.5) i n t o  Eq. (3.1) ,  equat ing  l i k e  powers of 
Y and applying t h e  boundary cond i t i on  @ = O  a t  Y = 0 ,  t h e  expansion 
Y 
i s  s i m p l i f i e d  to :  
Each v a r i a b l e  is now normalized by s c a l i n g  by a c h a r a c t e r i s t i c  
quan t i t y :  
where R is  t h e  c h a r a c t e r i s t i c  h o r i z o n t a l  l eng th  and H i s  t h e  
c h a r a c t e r i s t i c  he igh t  of t h e  wave and s t a r r e d  symbols denote t h e  
o r i g i n a l  dimensional v a r i a b l e s .  (Henceforth a l l  equa t ions  w i l l  
be  dimensionless  u n l e s s  s p e c i f i c a l l y  s t a t e d  otherwise.)  When 
t h e s e  v a r i a b l e s  a r e  s u b s t i t u t e d  i n t o  t h e  expansion, Eq .  ( 3 . 6 ) ,  
and the  remaining boundary cond i t i ons ,  Eqs. (3.3) and (3.4) ,  two 
dimensi.onless numbers emerge: a  = H/h and f3 = h2/R2. I n  wr i t i ng  
t h e  expansion, Eq. (3.5) ,  i t  was assumed t h a t  B < 1  ( i . e .  t h e  l eng th  
of t h e  wave i s  l a r g e  compared t o  t h e  depth) .  It is a l s o  necessary 
t o  assume t h a t  a < l  ( i . e .  t h e  wave he igh t  i s  small compared t o  t h e  
depth) .  
The equat ions  which a r i s e  by s u b s t i t u t i n g  t h e  expansion, 
Eq. (3 .6) ,  i n t o  t h e  boundary condi t ions ,  Eqs. (3.3) and (3.4),  
and r e t a i n i n g  terms t o  o rde r  a2, p2 and aB a r e  termed t h e  Boussinesq 
equat ions  a f t e r  Boussinesq (1872) and a r e  a s  fol lows:  
Notice i n  Eqs. (3.7) and (3.8) t h e  dimensionless  numbers, a 
and 8 ,  have d i f f e r e n t  r o l e s .  The number a appears  be fo re  t h e  
nonl inear  terms i n d i c a t i n g  t h e i r  importance r e l a t i v e  t o  t:he o t h e r  
terms depends on t h e  wrave he igh t  t o  depth r a t i o ,  H/h. The number 
B modif ies  t h e  t h i r d  d e r i v a t i v e  terms which a r e  a  correctiion f o r  
v e r t i c a l  a c c e l e r a t i o n .  Hence a s  B decreases  ( i . e .  a s  t h e  wave 
g e t s  longer )  t h e  importance of v e r t i c a l  a c c e l e r a t i o n s  decreases  
(or ,  equ iva l en t ly ,  t h e  p re s su re  d i s t r i b u t i o n  wi th  depth a.pproachea 
h y d r o s t a t i c ) .  
For Eqs. (3.7) and (3.8) t o  apply,  i t  i s  f u r t h e r  requi red  t h a t  
a and B be of t h e  same order .  (To i l l u s t r a t e  t h e  reason f o r  t h i s ,  
cons ider  t h e  ca se  where B i s  so much g r e a t e r  than  a t h a t  B2 > a; 
then  terms of o rde r  82 should be included i n  preference  t o  terms 
of o rde r  a ,  and Eqs. (3.7) and (3.8) a r e  no t  appropr ia te . )  This  
in t roduces  another  dimensionless  number U=a/B, noted by Stokes (1847) 
but  named a f t e r  U r s e l l  who, i n  h i s  1953 paper,  e x p l i c i t l y  expounded 
t h e  importance of t h e  r a t i o  a/B. Hence f o r  t h e  Boussinesq equat ions  
t o  be app l i cab le ,  t h e  U r s e l l  Number must be of o rde r  un i ty .  Since 
a r e p r e s e n t s  t h e  magnitude of nonl inear  e f f e c t s  and 6 r e p r e s e n t s  t h e  
magnitude of d i s p e r s i v e  e f f e c t s ,  t h e  U r s e l l  Number of o rde r  un i ty  
impl ies  a balance of nonl inear  and d i s p e r s i v e  e f f e c t s .  
The v e l o c i t y  u appearing i n  Eqs. (3.7) and (3.8) i s  t h e  
v e l o c i t y  a t  t h e  bottom y =  -1. It i s  o f t e n  more convenient t o  u se  
t h e  depth averaged v e l o c i t y :  
The Boussinesq equat ions  then  t ake  t h e  form: 
The Boussinesq equat ions  cannot,  i n  gene ra l ,  be solved i n  c losed  
form so i t  i s  necessary  t o  r e s o r t  t o  a numerical scheme such as 
t h a t  which w i l l  be  descr ibed  i n  Sec t ion  3.3. 
The Boussinesq equat ions  a r e  t h e  most genera l  form of t h e  long 
wave equat ions  s i n c e  t h e  o t h e r  w e l l  known equat ions  can be deduced 
from them. These w i l l  now be l i s t e d  along wi th  t h e i r  genera l  
s o l u t i o n s  : 
i) For small  ampli tude,  very  long waves (a <<I ,  @ < < I )  Eqs. 
(3.10) and (3.11) reduce to :  
and Et + ?-lx = 0 9 
These a r e  t h e  l i n e a r  nondispersive equations whjich have 
so lu t ions  i n  dimensional terms of t h e  form: 
where u2 = c ik2  and co = (3.13) 
Waves propagate a t  cons tant  speed and wi th  permanent shape 
i n  +x and -x d i r e c t i o n s .  
i i )  For small amplitude waves whose length  is  not  a s  g r e a t  a s  
tlhose considered above (a << 1, 6 < 1 and U << I ) ,  Eqs. (3.10) 
and (3.11) reduce to:  
?-lt+iix= 0 9 
and 
1 % +  ~x-38Gxxt = 0 9 
- - 1 
o r  u - u  =-6;i t t  xx 3 x x t t  
These a r e  t h e  l i n e a r  d i spe r s ive  equations which have so lu t ions  
i n  dimensional terms of t h e  form: 
{(kx-wt) <(kx+wt) ii = Ae + Be 9 
c 2 k 2  
.2 = 0 where 1 9 (3.15) 1 +-j k2h2 
This impl ies  t h a t  waves propagate  wi th  speeds wlnich a r e  a  
func t ion  of t h e  l eng th  of t h e  wave and the  wavers do no t  
have a  permanent shape. 
i i i )  For f i n i t e  ampli tude,  very  long waves ( a < 1 ,  B < e 1  and 
U >> I ) ,  Eqs. (3.10) and (3.11) reduce to :  
which a r e  t h e  nonl inear  nondispers ive  equat ions  
(sometimes c a l l e d  t h e  Airy equat ions) .  By r e v e r t i n g  back 
t o  dimensional q u a n t i t i e s ,  Eqs. (3.16) can be expressed 
more simply i n  c h a r a c t e r i s t i c  form: 
where 
d dx - 
-- ( E f 2 c )  = 0 o n - =  u r t c  a t  d t  3 
For waves propagat ing t o  t h e  r i g h t  i n t o  s t i l l  w,atery Eqs. 
(3.17) p r e d i c t  t h a t  t h e  wave amplitude and t h e  v e l o c i t y  
a r e  cons tan t  a long t h e  c h a r a c t e r i s t i c  curves d x / d t = i i f c ,  
which a r e  s t r a i g h t  l i n e s .  Thus, each p o r t i o n  oE t h e  wave 
t r a v e l s  a t  i t s  own speed, E + c .  This  process  was termed 
ampli tude d i spe r s ion  by L i g h t h i l l  and Whitham (.1955). A t  
t h e  lead ing  edge t h e  v e l o c i t y  and ampli tude a r e  zero,  hence 
t h e  leading  edge t r a v e l s  a t  speed m; under a c r e s t  t h e  
v e l o c i t y  and t h e  amplitude a r e  each g r e a t e r  than  zero ,  
hence t h e  c r e s t  moves f a s t e r  than  t h e  l ead ing  eclge, 
Eventual ly t h ~ e r e f o r e  t h e  c r e s t  w i l l  over take  t h e  leading  
edge and t h e  wave w i l l  break. Breaking may a c t u a l l y  occur 
be fo re  t h i s  depending on t h e  shape of t h e  wave. 
i v )  For waves t r a v e l i n g  t o  t h e  r i g h t  on ly ,  t h e  ve1oc:ity 
can be expressed i n  terms of t h e  amplitude: 
and t h e  Boussinesq equat ions then reduce t o  t h e  KdV 
equat ion  ( a f t e r  Korteweg and de  Vr i e s  (1896)):  
Since,  
Eq. (3.19) can be expressed to the same order as: 
which is  more amenable t o  numerical s o l u t i o n  ( see ,  f o r  
example, Pe reg r ine  (1966)). 
The KdV equat ion has exac t  a n a l y t i c a l  s o l u t i o n s  i n  t h e  form 
of waves of permanent shape--solitary waves and cnoida l  waves. 
Before d i scuss ing  t h e s e  waves i n  d e t a i l ,  an  example i s  presented 
which i l l u s t r a t e s  how waves propagate  by t h e  t h e o r i e s  dis~cussed:  
Ci) Linear  Nondispersive 
( i i )  Linear  Dispers ive  
( i i i )  Nonlinear Nondispersive 
( i v )  Nonlinear Dispers ive  
Refer r ing  t o  F ig .  3 .3(a) ,  t h e  problem i s  posed where a t  t = O  t h e r e  
e x i s t s ,  i n  water of cons t an t  depth  and i n f i n i t e  ex t en t ,  a wave 
wi th  p r o f i l e  given i n  dimensional terms by: 
For t h e  example shown, t h e  fol lowing cond i t i ons  apply: 
H 
-= 0.05 and K =  h 9 
and f o r  t > O  t h e  wave i s  assumed t o  propagate  t o  t h e  r i g h t  i n t o  s t i l l  
water.  F igs .  3.3 ( a ) ,  (b) , (c )  and (d) show t h e  wave prolEiles 
ca l cu la t ed  using t h e  va r ious  t h e o r i e s  l i s t e d  above a t  i s t e rvaLs  of 
nondimensional t ime, tm, of 25. The a b s c i s s a s  a r e  (x- t 6) 
which means t h a t  t h e  f i g u r e s  a r e  t h e  series of events  an observer  
would s e e  i f  he were t r a v e l i n g  a t  speed G. 
I n  Fig.  3 .3(a)  t h e  p r o f i l e s  from a l l  f o u r  t h e o r i e s  a r e  p l o t t e d  
toge ther .  I n  F igs .  3.3 (b) , (c )  and (d) t h e  l i n e a r  nondispersive 
theory  i s  compared r e s p e c t i v e l y  wi th  t h e  l i n e a r  d i s p e r s i v e  theory,  
t h e  nonl inear  nondispers ive  theory  and t h e  nonl inear  d i s p e r s i v e  
theory. Under t h e  l i n e a r  nondispers ive  theory ,  t h e  wave would remain 
s t a t i o n a r y  and r e t a i n  i t s  o r i g i n a l  shape. Under t h e  l i n e a r  - d i s p e r s i v e  
theory t h e  wave would propagate  a s  i f  i t  cons i s t ed  of a  :Linear 
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Fig. 3 . 3 ( c )  and Cd) The propagation of a  sech2 wave by va r ious  t h e o r i e s .  
combination of pe r iod ic  waves wi th  d i f f e r e n t  l eng ths  each propagat ing 
wi th  a  speed given by t h e  d i s p e r s i o n  r e l a t i o n  i n  E q .  (3.15). Since 
s h o r t  waves t r a v e l  slower than long waves, t h e  waves d i s p e r s e ,  hence 
t h e  o v e r a l l  shape would change. The nonl inear  nondispersive theory 
p r e d i c t s  t h a t  t h e  wave would r e t a i n  i t s  i n t e g r i t y  but  t h a t  t h e  
coord ina tes  behind t h e  c r e s t  would s t r e t c h  whi le  those  i n  f r o n t  would 
c o n t r a c t  causing t h e  back f a c e  t o  f l a t t e n  and t h e  f r o n t  f a c e  t o  
s teepen  whi le  t h e  c r e s t  he ight  remained cons tan t .  The wave would 
begin t o  break when t h e  f r o n t  f a c e  became v e r t i c a l  ( a t  tm= 90.92 
i n  t h i s  ca se ) .  
I n  f a c t  f o r  t h e  wave chosen and descr ibed  by E q .  (3.21) none 
of t h e  above would occur because the  wave number K was s e l e c t e d  
such t h a t  t h e  i n i t i a l  p r o f i l e  i s  a s o l i t a r y  wave, i . e .  an  exac t  
s o l u t i o n  of t h e  KdV equat ion.  Hence,the wave propagates  unchanged 
i n  shape a s  shown i n  Fig. 3 .3(d) .  The wave t r a v e l s  f a s t e r  than  i t  
would under t h e  l i n e a r  nondispers ive  theory because t h e  c e l e r i t y  i s  
The form t h e  wave takes  a s  i t  propagates  i n  a  p a r t i c u l a r  ca se  
1 2  depends on t h e  r e l a t i v e  magnitudes of t h e  d i s p e r s i v e  term - 6 'oh 'xxx 
3 
and t h e  nonl inear  term - - 2 h  nnx i n  t h e  dimensional form (of t h e  KdV 
equat ion : 
where 
For a  wave wi th  i n i t i a l  p r o f i l e  given by Eq. (3.21),  K = ?d3 4 h3 
r e p r e s e n t s  t h e  ca se  where t h e  nonl inear  term balances t h e  d i s p e r s i v e  
term and t h e  wave shape remains cons tan t .  I f  K C <  m- t h e  
nonl inear  term i s  l a r g e r  than  t h e  d i s p e r s i v e  term CU>>l)  and 
ampli tude d i s p e r s i o n  a s  shown i n  Fig. 3 .3(c)  t akes  place, ,  I f  
K >> i e  t h e  wave i s  more peaked than  a  s o l i t a r y  wave of t h e  
same he igh t )  t h e  d i s p e r s i v e  term is l a r g e r  than  t h e  nonl inear  term 
( U < < l )  and frequency d i s p e r s i o n  a s  shown i n  Fig. 3.3(b) takes  place.  
Since t h e  KdV o r  Boussinesq equat ions  can be solved i n  t h e  
near  f i e l d  only  by approximate numerical techniques,  i t  i s  d e s i r a b l e  
t o  u s e  t h e  o t h e r  equat ions  wherever p o s s i b l e  s i n c e  they can be  solved 
exac t ly  i n  many cases .  The problem of which of t h e  equat ions t o  
u se  i n  va r ious  circumstances i s  addressed by Hammack and Segur (1978). 
They show ,that f o r  i n i . t i a 1  condi t ions  of a  r ec t angu la r  wave, t h e  
a p p l i c a b l e  equat ion  depends on t h e  i n i t i a l  volume and i n i t i a l  U r s e l l  
Number, bu t  t h a t  even tua l ly ,  a f t e r  a  propagat ion t ime which i s  a 
func t ion  of t h e  i n i t i a l  cond i t i ons ,  only t h e  KdV equat ion  w i l l  apply. 
This  in t roduces  another  important parameter i n  long wave propagation: 
t h e  propagat ion time. 
It i s  ev ident  from Fig. 3.3 t h a t  i f  t h e  t i m e  of i n t e r e s t  i s  
0 5 tJg-bi; < 25 then any of t h e  four  t h e o r i e s  can be used s i n c e  they 
a l l  provide e s s e n t i a l l y  t h e  same r e s u l t s .  However f o r  tvm> 25 
t h e  s o l u t i o n s  become q u i t e  d i f f e r e n t .  The i n t e r p r e t a t i o n  of t h i s  i s  
t h a t  both d i s p e r s i v e  and nonl inear  e f f e c t s  t ake  some propagat ion t ime 
( o r  d i s t ance )  t o  become important .  For example, f o r  t h e  nonl inear  - 
nondispers ive  theory a c h a r a c t e r i s t i c  propagat ion time i s  the  time 
t o  breaking,  which f o r  an  i n i t i a l  cond i t i on  given by Eq .  (3.21) i s  
approximately 
- 0 . 9  tbrn -= ( ~ / h >  
Thus f o r  t h i s  theory  and f o r  t h i s  type  of wave, t h e  propagat ion time 
f o r  nonl inear  e f f e c t s  t o  become important is some percentage of 
tbm. NO s i m i l a r l y  c l e a r  c u t  t ime is  a v a i l a b l e  f o r  t h e  l i n e a r  
d i s p e r s i v e  theory.  
For a  p a r t i c u l a r  problem of long wave propagat ion,  such a s  t h e  
problem of long waves propagat ing onto a  she l f  which was considered 
i n  t h i s  s tudy ,  i t  is d i f f i c u l t  t o  say a' priori under what condi t ions  
i t  i s  necessary  t o  u s e  t h e  f u l l  Boussinesq equat ions  and when i t  i s  
p o s s i b l e  t o  use  one of t h e  o t h e r  t h e o r i e s .  
One approach i s  t o  assume t h a t  t h e  l i n e a r  nondispers ive  theory 
-
a p p l i e s  un le s s  t h e  propagat ton time i s  s u f f i c i e n t  f o r  nonl inear  o r  
d i s p e r s i v e  e f f e c t s  t o  become important ;  however t h e  magnfitude of t h i s  
propagat ion time is,  in genera l ,  i l l - de f ined .  The approach taken i n  
t h i s  s tudy was t o  u se  t h e  nonl inear  d i s p e r s i v e  theory  and experiments 
a s  a  b a s i s  t o  f i n d  t h e  cond i t i ons  under which t h e  o t h e r  t h e o r i e s  
would g ive  t h e  same r e s u l t s .  The s o r t  of conclusion which can be 
drawn from t h i s  is t h a t  i f ,  f o r  example, t h e  nonl inear  d i s p e r s i v e  
theory and t h e  nonl inear  nondispers ive  theory g i v e  t h e  same r e s u l t s  
i n  a  p a r t i c u l a r  ca se ,  then  t h e  propagat ion time was i n s u f f i c i e n t  f o r  
d i s p e r s i v e  e f f e c t s  t o  become important .  
3.1.1 The S o l i t a r y  Wave 
The s o l i t a r y  wave was observed f i r s t  by Scott: Russe l l  
(1844). It c o n s i s t s  of a s i n g l e  hump of water e n t i r e l y  above s t i l l  
water l e v e l  and  extend.^ f rom x=-w t o  x=m.  Three theor2es a r e  
a v a i l a b l e  which desc r ibe  t h e  wave p r o f i l e ;  those  obta ined  by: 
Boussinesq (1872), McCowan (1891) and Lai tone  (1963). The most 
important of t h e s e  i s  t h a t  due t o  Boussinesq (1872) s i n c e  i t  i s  
t h i s  form which i s  an  exac t  s o l u t i o n  of t h e  RdV equat ion.  I n  
dimensional q u a n t i t i e s  t h e  Boussinesq s o l i t a r y  wave is: 
n ( x , t )  = H  sech2 dF$ ( x - c t )  9 
where 
The McCowan and Lai tone  s o l i t a r y  waves r e s u l t  from higher  o rde r  
t h e o r i e s  bu t  do no t  f f t  experimental  d a t a  any b e t t e r  t han  does Eq. 
(3.25) ( s ee  f o r  example Naheer (1977), French (1969)).  
The solitary wave has t h e  unique proper ty  t h a t  i n  a depth h i t  
i s  completely def ined  by t h e  wave he igh t ,  H. This  s i m p l i c i t y  of 
shape along wi th  i t s  ease  of genera t ion  i n  t h e  l a b o r a t o r y  and i t s  
propagat ion wi th  cons tan t  shape make t h e  s o l i t a r y  wave a p a r t i c u l a r l y  
s u i t a b l e  model wave t o  s tudy  experimental ly .  For t h i s  s tudy i t  had 
t h e  added advantage t h a t  when cons ider ing  r e f l e c t i o n s  from a s l o p e  o r  
a s t e p  t h e  r e f l e c t e d  wave was completely s e p a r a t e  from t h e  i n c i d e n t  wave. 
3.1.2 Cnoidal Waves 
Cnoidal waves a r e  pe r iod ic  s o l u t i o n s  of t h e  'KdV equat ion.  
I n  dimensional form they  a r e  def ined  (e.g. Svendsen (1974.)) as: 
where m = a /  6 i s  t h e  e l l i p t i c  parameter (sometimes c a l l e d  k2 ) ,  K = K(m) 
i s  t h e  f i r s t  complete e l l i p t i c  i n t e g r a l ,  cn  i s  one of t h e  Jacobian 
e l l i p t i c  func t ions  (hence t h e  name cno ida l ) ,  y t  is  t h e  he ight  of t h e  
trough above t h e  bottom, L is  t h e  wave l eng th  and T i s  t h e  period.  
It is  noted t h a t  f o r  given depth h ,  cnoida l  waves a r e  def ined by 
any two of t h e  fol lowing:  
i )  t h e  wave l eng th  L (o r  t h e  per iod  T), 
i i )  t h e  wave he igh t  H, 
i i i )  t h e  e l l i p t i c  parameter m (o r  t h e  e l l i p t i c  i n t e g r a l  K ) .  
The r e l a t i o n s h i p s  between t h e s e  and t h e  o t h e r  parameters were 
descr ibed  by Wiegel (1960) and Svendsen (1974). They a r e  presented 
i n  Appendix A along wi th  t h e  numerical techniques which were developed 
during t h i s  s tudy f o r  t h e i r  eva lua t ion .  
The e l l i p t i c  parameter ~n, by d e f i n i t i o n ,  i s  t h e  U r s e l l  Number, 
i . e . ,  U=afB.  Another type of U r s e l l  Number which can be  defined i n  
terms of phys i ca l  parameters i s  H L ~ / ~ ~ .  The d i f f e r e n c e  i n  t h e s e  two 
d e f i n i t i o n s  i s  i n  t h e  use  of t h e  c h a r a c t e r i s t i c  l e n g t h  R f o r  U = a / B  
and t h e  u s e  of t h e  wave l e n g t h  L f o r  H L ~ / ~ ~ .  The two numbers a r e  
r e l a t e d  by: 
hence t h e l e n g t h s  a r e  r e l a t e d  by: 
Since t h e  e l l i p t i c  i n t e g r a l  K i s  a func t ion  of on ly  the  parameter m, 
H L ~ / ~ ~  is  a l s o a func t ion  only of m; hence e i t h e r  a f  t h e  U r s e l l  
Numbers can be used t o  d e f i n e  t h e  shape of t h e  cnoida l  wave. The 
parameter m can t a k e  va lues  between 0 and 1. A t  t h e  two extremes: 
i) A s  m +  0 (and, consequent ly,  HL2/h3 + 0) , t h e  Jacobian 
e l l i p t i c  func t ion ,  cn, becomes t h e  trigonometric: func t ion ,  
n. 
cos ,  and K + F .  Hence t h e  equat ion  f o r  cnoida l  waves, 
Eq. (3.26) becomes: 
i. e. , a harmonic wa.ve. 
i i )  A s  m +  1 (and, consequent ly,  HL2/h3 + a ) ,  t h e  Jacobian e l l i p t i c  
func t ion ,  cn ,  becomes the  hyperbol ic  func t ion ,  sech,  and K, 
L and T + m .  Hence t h e  equat ion  f o r  cnoida l  waves, Eq. (3.26) ,  
becomes : 
3 H n = R sechZ dTT (x - c t )  
4 h  Y 
i. e., a  s o l i t a r y  wave. 
The range of cnolidal wave shapes from m =  0 and HL2/h3 = 0 t o  m +  1 
and H L ~ / ~ ~  + i s  shown i n  F ig .  3 . 4 .  For HL2/h3 2 10,  t h e  shape 
appears  s i n u s o i d a l  t o  t h e  eye but i n  f a c t  a t  HL2/h3 = 10  t h e  c r e s t  
amplitude i s  about  20% g r e a t e r  than t h e  trough amplitude, i . e . ,  
Fig. 3.4  Various cnoidal  waves. 
"c re s t  
-. - 
H - 0 . 5 4 7 ,  "trough = 0.453. A s  aL2/h3 inc reases  t h i s  d i f f e r e n c e  
inc reases ,  and a s  a  consequence t h e  c r e s t  becomes more peaked and 
t h e  trough becomes f l a t t e r .  A t  14L2/h3 = 1000, t h e  cnoida l  waves have 
t h e  appearance of a t r a i n  of s o l i t a r y  waves however t h e  wave l eng th  
L i s  s t i l l  f i n i t e  and t h e r e  i s  s t i l l  a  t rough below s t i l l  water l e v e l ;  
t h e r e f o r e ,  t h e  waves a r e  s t i l l  cnoida l  waves. 
It i s  of i n t e r e s t  t o  compare cno ida l  waves wi th  Stokes waves i n  
shal low water .  Stokes waves can be obta ined  a s  a  pe r tu rba t ion  s o l u t i o n  
of t h e  KdV equat ion  (see, f o r  example, Whitham (p. 471)):  
where 8 = k x - w t  
The d i spe r s ion  r e l a t i o n  is:  
where w=2?r/T and k = 2 ~ r / L  
H 1 H L ~  Notice t h a t  t h e  p e r t u r b a t i o n  parameter m=- - (ZIT) h3 
i s  another  form of t h e  U r s e l l  Number. For t h e  Stokes expansion t o  
HL2 tr ( z T ) ~ .  << 1 o r ,  equ iva l en t ly  -be v a l i d ,  - 
k2 h3 h  
Stokes waves may be compared t o  cno ida l  waves by expressing 
cno ida l  waves i n  t h e i r  Four ie r  S e r i e s  form and comparing t h e  harmonics 
of t h e  Stokes waves wi th  t h e s e  cnoida l  wave components: 
where 
(Y, - h) 
Now, s i n c e  - 
H 
( K - E )  - 1, i t  is  evident  t h a t  nc /H i s  a  func t ion  
mK 
only of m. The U r s e l l  Number, H L ~ / ~ ~ ,  i s  a l s o  a  func t ion  only of m 
( a s  g iven  by Eq. (3.27));  hence, i L  fo l lows  t h a t  nc /H and thus  t h e  
Four i e r  ampli tudes a, a r e  func t ions  only of m 2 / h 3 .  Eq. (3.31) 
i n d i c a t ~ e s  t h e  ampli tudes of t h e  s e r i e s  f o r  ns/H a r e  a l s o  func t ions  of 
on ly  H L ~ / ~ ~ ;  t h e r e f o r e ,  Stokes waves and cno ida l  waves can be  compared 
by comparing t h e  ampli tudes of t h e  components i n  Eqs. (3.31) and 
(3.33) a s  func t ions  of H L ~ / ~ ~ .  This  is  done i n  Fig.  3.5 where t h e  
magnitude of t h e  f i r s t  t h r e e  components i n  each case  a r e  p l o t t e d  
a g a i n s t  H L ~ / ~ ~ .  The dashed l i n e s  r ep re sen t  t h e  Stokes wave amplitudes 
given by Eq. (3.31). A continuous form f o r  t h e  an, def ined  by 
Eq. (3.:34), could no t  be found so t h e  i n t e g r a l  was evaluated numerical ly  
us ing  tlhe F a s t  Four ie r  Transform algori thm. ( I t  i s  noted t h a t  a l though 
only  t h r e e  Four ie r  ampli tudes a r e  p l o t t e d ,  t h e  Four ie r  s e r i e s  repre-  
s e n t a t i o n  of cno ida l  waves is  a n  i n f i n i t e  s e r i e s . )  
Fig.  3.5 shows t h e  component ampli tudes of Stokes waves and 
cnoida l  waves a r e  co inc iden t  f o r  H L ~ / ~ ~  < 1 0  but  d iverge  a s  H L ~ / ~ ~  
i nc reas~es .  Since Stokes waves a r e  only  an approximate s o l u t i o n  of 
t h e  KdV equat ion  whi le  cnoida l  waves a r e  an exac t  s o l u t i o n ,  Fig. 3.5 
i n d i c a t e s  Eq. (3.31) i s  an  a c c u r a t e  approximation only  f o r  H L ~ / ~ ~  5 10.  
Fig.  3 . 5  Comparison of the first three harmonic components of cnoidal 
waves (-) and Stokes waves (---). 
Notice t h a t  t h e  range of v a l i d i t y  of Stokes waves i s  not increased  
by i n c l u s i o n  of t h e  t h i r d  component. I n  f a c t ,  f o r  0 5 H L ~ / ~ ~  5 10 ,  
t h e  t h i r d  component i s  a t  l e a s t  two o r d e r s  of magnitude l e s s  than 
t h e  f i r s t  component so  f o r  most a p p l i c a t i o n s  i t  can be neglected.  
A s  H L ~ / ~ ~  i nc reases  above 100, t h e  second and t h i r d  Four ie r  amplitude:; 
f o r  cn~o ida l  waves reach  a maximum and then  tend asymptot ica l ly  t o  t h e  
f i r s t  ,amplitude. This  corresponds t o  t h e  wave becoming more peaked 
and thle shape approaching t h a t  of a d e l t a  func t ion  f o r  which t h e  
Four i e r  ampli tudes a r e  a l l  equal .  
3 . 2  - Wave Generat ion  
The wave gene ra t ion  theory  presented he re  i s  a p p l i c a b l e  only  t o  
long waves which propagate  w i t h  cons tan t  form ( i . e .  s o l i t a r y  and 
cno ida l  waves). It was developed t o  p r e s c r i b e  t h e  displacement-time 
histor:y of t h e  p i s t o n  wave genera tor  which was used i n  t h i s  s tudy 
( s e e  Sec t ion  4 ) .  The genera tor  c o n s i s t s  of a v e r t i c a l  p l a t e  which 
is moved i n  t h e  h o r i z o n t a l  d i r e c t i o n  by means of a hydraul ic  servo- 
system, The input  vo l t age  t o  t h e  servo-system i s  suppl ied  by a 
memory u n i t  conta in ing  1000 vo l t ages  equispaced i n  time. The memory 
is  loaded from a paper t a p e  on which t h e  1000 vo l t ages  which correspond 
t o  displacement p o i n t s  a r e  punched. The ob jec t  of t h e  theory developed 
he re  5:; t o  determine t h e  func t ion  from which t h e  displacement p o i n t s  
(and hence t h e  vo l t ages )  f o r  a given wave can be obtained.  
3 , 2 . 1  The Der iva t ion  of a Generation Equation f o r  Long Waves 
Consider t h e  genera t ion  phase plane,  F ig .  3 . 6 ,  which w i l l  
be  used t o  demonstrate t h e  way i n  which t h e  gene ra t i an  equat ion i s  
- V  V 
Fig .  3 . 6  Wave gene ra t i on  phase p lane .  
obtained.  The f i g u r e  shows a  wave whose amplitude p r o f i l e  i s  
s i n u s o i d a l  (Fig. 3 .6(c) )  and whose v e l o c i t y  time record a l s o  i s  
s i n u s o i d a l  (Fig. 3 .6 (a ) ) .  The wave propagates  t o  t h e  r i g h t  wi th  
constaint form and wi th  c e l e r i t y  c  a s  shown i n  t h e  x - t  p lane  
(Fig. 3 .6(b) )  where t h e  wave p r o p e r t i e s  such a s  amplitude and p a r t i c l e  
v e l o c i t y  propagate  along l i n e s  ( i . e .  c h a r a c t e r i s t i c s )  which a r e  
s t r a i g h t  and p a r a l l e l  and have s l o p e  d x / d t = c .  The time h i s t o r y  
of t h e  motion of t h e  wave p l a t e  which generated t h e  wave is  repre-  
sen ted  i n  Fig. 3.6(b) by t h e  curve T ( t )  which w i l l  be  termed t h e  
I t  t r a j e c t o r y "  i n  t h i s  s tudy.  I n i t i a l l y ,  f o r  t ime t < 0 ,  t h e  wave 
p l a t e  :is a t  r e s t  a t  5 = 0. A t  t ime t =  0 t h e  wave p l a t e  begins t o  
move a:Long t h e  t r a j e c t o r y  S ( t ) .  The o b j e c t  of t h i s  development is 
t o  f i n d  t h e  t r a j e c t o r y  which w i l l  produce a  p a r t i c u l a r  long wave 
n ( x , t )  of cons tan t  form propagat ing wi th  c e l e r i t y  c .  The bas i c  con- 
c e p t  i s  simply t o  match t h e  v e l o c i t y  of t h e  wave p l a t e  a t  a l l  p o s i t i o n s ,  
dS/d t ,  wi th  t h e  corresponding v e l o c i t y  of t h e  p a r t i c l e s  under t h e  wave. 
For long waves t h e  p a r t i c l e  v e l o c i t y  i s  approximately cons tan t  over 
t h e  depth,  so t h e  v e l o c i t y  averaged over  t h e  depth,  G(x , t ) ,  is  used: 
I r lc lusion of t h e  p o s i t i o n  of t h e  p l a t e ,  5 ,  i n  t h e  v e l o c i t y ,  u ' (S, t ) ,  
t akes  into account t h a t  during genera t ion  t h e  wave i s  propagating away 
from t h e  p l a t e  along t h e  c h a r a c t e r i s t i c s .  The e f f e c t  is  t o  produce a  
t r a j e c t o r y  which i s  d i s t o r t e d  from what i t  would be i f  u'(0,t) were 
used. This  can be seen  i n  Fig. 3.6, where f o r  i l l u s t r a t i v e  purposes 
t h e  p a r t i c l e  v e l o c i t y  averaged over  t h e  depth (Fig. 3 .6(a) )  i s  a  
s imple s i n e  curve. For t h i s  ca se ,  i f  t h e  v e l o c i t y  G(0, t )  were used 
i n  Eq. (3.35), t h e  t r a j e c t o r y  would have s i n u s o i d a l  shape and t h e  
1 
c r e s t  alf t h e  t r a j e c t o r y ,  5  = S, would occur a t  time .2-T . However, 
using t h e  v e l o c i t y  iiCS,t), Fig.  3.61b) shows t h a t  t h e  c r e s t  of t h e  
1 
t r a j e c t o r y  occurs  a t  time t = - T f S / c .  Thus t h e  time taken f o r  t h e  2 
p l a t e  t o  t r a v e l  forward t o  i t s  f u l l  ex t en t  is  time S/c longer  than  i t  
would be i f  t h e  t r a j e c t o r y  were s i n u s o i d a l  and consequently t he  time 
taken flor t h e  p l a t e  t o  t r a v e l  back t o  i t s  o r i g i n a l  p o s i t i o n  i s  time 
S/c  s h o r t e r  than  i t  would be  i f  t h e  t r a j e c t o r y  were s inuso ida l .  The 
e f f e c t  t3f inc luding  t h e  p o s i t i o n  5 i n  t h e  v e l o c i t y  t h e r e f o r e  is t h a t  
when t h e  p l a t e  and wave a r e  mowing i n  t h e  same d i r e c t i o n ,  t h e  time 
coord ina te  s t r e t c h e s ;  when t h e  p l a t e  and t h e  wave a r e  moving i n  
oppos i t e  d i r e c t i o n s ,  t h e  time coord ina te  c ~ o n t r a c t s .  
The s imple s i n e  water p a r t i c l e  v e l o c i t y  shown i n  Fig.  3.6(a) 
was presented a s  an  example; f o r  waves of permanent form i t  can be 
shown (e.g. Svendsen (1974)) by c o n t i n u i t y  t h a t  t h e  v e l o c i t y  averaged 
over t h e  depth is: 
Thus, i n  terms of t h e  p l a t e  v e l o c i t y ,  from Eq.  (3.35): 
dS Eq. (3.37) must be  i n t e g r a t e d  t o  o b t a i n  t h e  t r a j e c t o r y ,  where 5 - z. 
5 ( t ) .  It i s  assumed t h a t  t h e  wave has t h e  form: 
where 8 = k ( c t  - 5) 
The t o t a l  d e r i v a t i v e  of Eq. (3.39) is:  
and 
o r ,  by rearranging:  
dS 
- =  E; (3.41) 
dt3 k(c - c)  
Subs t i tu t ing  Eqs. (3.37) and (3.38) i n t o  Eq. (3.41), t h e  l a t t e r  
reduce,s t o  the  simple form: 
and 
where w i s  t h e  dumy v a r i a b l e  of i n t e g r a t i o n  and 0 is  given by Eq. 
(3.39). Equation (3.43) i s  an i m p l i c i t  equat ion which can i n  general  
only be solved f o r  a p a r t i c u l a r  time t by numerical means. The most 
e f f i c i e n t  method of s o l u t i o n  was found t o  be Newton's Rule: 
Using Eq. (3.39), 0 i s  s u b s t i t u t e d  f o r  t h e  displacement 5 i n  Eq. (3.43) 
t o  y ie ld :  
The t a s k  is  now t o  so lve  Eq. (3.44) f o r  8 a t  a given t i m e  t. Dif fer -  
ent iat : ing Eq.  (3.44): 
Newton's Rule is: 
where s u p e r s c r i p t s  denote i t e r a t i o n  number and F = aF/a8. Subst i tut i r lg 8 
f o r  F and Fe i n  Eq. (3.46) y i e lds :  
8 (i) - k c t  +- :: ["i)f(w)dw 
8 ( i + l )  = 0 ( i )  - ( i ) )  . (3.47) I + ~  f ( e  
Having found 8 f o r  given time t ,  the  displacement 5 is  given by: 
Eqs. (3.43), o r  (3.47) and (3.48) provide the  wave p l a t e  displacement 
a s  a funct ion  of time E( t )  f o r  a genera l  wave form f ( 8 ) .  These 
equations w i l l  now be appl ied  f o r  s p e c i f i c  funct ions  f ( 8 )  which 
descr ibe  p a r t i c u l a r  waves. 
3.2.1.1. The Generation of S o l i t a r y  Waves 
For a s o l i t a r y  wave, the  wave funct ion  f (8) i n  
Eq.  C3.38) is:  
where 8 = r ( c t  - 5) , K = dF$ and c  = -. S u b s t i t u t i n g  Eq. (3.49) 
i n t o  t h e  gene ra t ion  equat ion,  Eq. (3.43), and performing t h e  in tegra-  
t ion  y: ie lds  : 
H C(t) = - t anh  ~ ( c t  - 5) Kh 9 
and t h e  i t e r a t i v e  equat ions ,  Eqs. (3.47) and (3.48),  become: 
and 5 = c t  - 8/K (3.52) 
The phase p lane  i n  Fig.  3.7 shows a  t y p i c a l  t r a j e c t o r y  5 ( t )  ca l cu la t ed  
from Eqs. (3.51) and (3.52). The o r i g i n  of displacement 5 and of 
time t occurs  under t h e  wave c r e s t  'because of t h e  d e f i n i t i o n  of t h e  
s o l i t a r y  wave, Eq. (3.49). I n  a d d i t i o n ,  s i n c e  t h e  func t ion  f  i n  
Eq. (3.49) tends  t o  zero a s  8 goes t o  i n £  i n i t y ,  t h e  i n t e r c e p t s  of 
t h e  c h a r a c t e r i s t i c s  a s soc i a t ed  wi th  t h e  leading  and t r a i l i n g  edges 
of t h e  wave wi th  t h e  t ime a x i s ,  +to, occur a t  r t m .  However, s i n c e  
p r e c i s i o n  of on ly  t h r e e  s i g n i f i c a n t  f i g u r e s  was a v a i l a b l e  i n  t h e  
a c t u a l  genera t ing  device ,  t h e  i n t e r c e p t s ,  to, were def ined ,  f o r  
p r a c t i c a l  purposes,  by: 
Fig.  3.7 Phase p l ane  showing t y p i c a l  wave p l a t e  t r a j e c t o r y  f o r  a 
s o l i t a r y  wave. 
The s t r o k e  S i s  obta ined  by eva lua t ing  Eq.  (3.50) a t  t imes t = +QJ 
and t = - and s u b t r a c t i n g  t o  y i e l d :  
The du ra t ion  of motion T i s  obtained from Fig. 3.7 by computing 
t h e  t imes a t  which t h e  leading  and t r a i l i n g  edge c h a r a c t e r i s t i c s  
i n t e r s e c t  t h e  t r a j e c t o r y  S ( t )  and s u b t r a c t i n g  which g ives :  
S u b s t i t u t i n g  f o r  t h e  i n t e r c e p t  to and s t r o k e  S y i e l d s  f o r  t h e  
dura t io'n : 
2 H 
T = - (3.80+j-) 
KC 
(3.56) 
1 1 (The o r i g i n  of t h e  t r a j e c t o r y ,  5 (0 ) ,  was moved t o  t h e  po in t  ( - T ~ ,  - T S )  
i n  t h e  x-t p lane  so t h a t  motion s t a r t e d  from r e s t  and proceeded i n  a  
forward d i r e c t i o n . )  
3.2.1.2 The Generation of Cnoidal Waves 
For cno ida l  waves t h e  func t ion  f (B)  i n  Eq.  (3.38) is:  
where B = 2K (L-L) (which, f o r  convenience i n  t h i s  development, is  T L 
of oppos i t e  s i g n  t o  t h e  0  def ined  e a r l i e r ) ,  and K i s  t h e  f i r s t  complete 
e l l i p t i c  i n t e g r a l ,  cn i s  t h e  Jacobian e l l i p t i c  func t ion ,  m i s  the  
e l l i p t i c  parameter,  T i s  t h e  period and L is  t h e  wave length .  
S u b s t i t u t i n g  Eq. (3.57) i n t o  t h e  genera t ion  equat ion,  Eq. (3.43),  
and performing t h e  i n t e g r a t i o n  y i e l d s :  
where .E: (0  lm) is t h e  second incomplete e l l i p t i c  i n t e g r a l ,  and m '  i s  
t h e  corn~plementary parameter,  m '  = 1 - m .  
Su .bs t i tu t ing  t h i s  i n t o  Eq. (3.47) g ives  t h e  i t e r a t i v e  equat ion:  
The e l l i p t i c  func t ions  ~ ( 8  (i) Im) and cn2 ( o ( ~ )  lm) can most e a s i l y  be 
eva lua ted  by t h e  numerical methods descr ibed  i n  Appendix A. 
Having found 8 f o r  given time t ,  t h e  displacement 5 i s  given by: 
Fig. 3.8 shows a t y p i c a l  t r a j e c t o r y  S ( t ) ,  normalized wi th  r e spec t  t o  
t h e  maximum, 
emax 
c a l c u l a t e d  us ing  Eqs. (3.59) and (3.60).  Because 
of t h e  form of t h e  d e f i n i t i o n  of t h e  func t ion  f ( 8 )  i n  Eq. (3.57), 
t h e  o r i g i n  occurs  a t  a po in t  of maximum v e l o c i t y .  However, i t  i s  
d e s i r a b l e  t o  s t a r t  t h e  motion of t h e  wave p l a t e  a t  a p o s i t i o n  where 
t h e  p l a t e  v e l o c i t y  and wave ampli tude a r e  zero,  i . e .  where: 
and 

where €Io i s  t h e  argument of t h e  cnoida l  func t ion  determined such t h a t  
t h e  wave ampli tude i s  zero.  Eq. (3.62) can be w r i t t e n  a s :  
which can be eva lua ted  f o r  a given wave by t h e  numerical method 
descr ibed  i n  Appendix A. 
S u b s t i t u t i n g  f o r  Bo i n  Eq. (3.51) g ives :  
and to 'max - -  -- €I 0 T L + -  2K 
The maximum excurs ion  of t h e  wave p l a t e  o r  s t r o k e  S is: 
Since t h e  l ead ing  wave of a t r a i n  of cno ida l  waves i s  a t r a n s i e n t  wave, 
it  w a s  d e s i r a b l e  t o  make i t  a p o s i t i v e  wave r a t h e r  than  a nega t ive  wave 
so t h e  t r a i n  would not  over take  i t .  Thus, t h e  motion is s t a r t e d  a t  a 
minimum p o i n t  i n  Fig.  3.8,  so t h e  o r i g i n  of t h e  t r a j e c t o r y  ca l cu la t ed  
from Eqs. (3.59) and (3.60) i s  moved forward by a t ime T - t o .  
The a p p l i c a t i o n  of t h i s  theory  and t h e  waves which r e s u l t e d  from 
it a r e  presented i n  Sec t ion  5.1. 
3.3 - The Propagat ion of Long Waves onto a Shelf by t h e  Nonlinear 
Dispers ive  Theory 
- 
Two of t h e  methods which p r e s e n t l y  e x i s t  f o r  numerical ly  so lv ing  
t h e  Boi~ssinesq equat ions i n  cons tan t  depth a r e  t h e  f i n i t e  d i f f e r e n c e  
approach used by Pe reg r ine  (1966) and t h e  method of c h a r a c t e r i s t i c s  
which was employed by Long (1964). The f i n i t e  element method 
descr ibed  h e r e  has c e r t a i n  s i m i l a r i t i e s  t o  t h e  scheme of Peregr ine  
(1966) bu t  i n  c o n t r a s t  t o  those  of Peregr ine  (1966) and Long (1964) 
i t  is  uncondi t iona l ly  s t a b l e  and second o rde r  accu ra t e .  Madsen and 
M e i  (1969) extended t h e  approach of Long (1964) t o  so lve  t h e  
B o u s s i ~ ~ e s q  equat ions  f o r  t h e  c a s e  of a g radua l ly  varying depth.  I n  
o rde r  t o  avoid t h e  r e s t r i c t i o n  of a  gradual  change i n  depth,  t h e  
approach t h a t  was taken i n  t h i s  s tudy  was t o  f i r s t  formulate  a  
f i n i t e  element s o l u t i o n  of t h e  Boussinesq equat ions  f o r  t h e  case  of 
a  cons t an t  depth. The varying depth was then  considered t o  c o n s i s t  
of a  s e r i e s  of s t e p s  between which t h e  Boussinesq equat ions  f o r  a  
cons tan t  depth appl ied .  The s o l u t i o n s  i n  ad jo in ing  reg ions  were 
matched a t  t h e  s t e p s  by applying t h e  boundary cond i t i ons  of c o n t i n u i t y  
of s u r f a c e  e l e v a t i o n  and flow r a t e ;  t h e  l a t t e r  i s  equiva len t  t o  
matching t h e  s u r f a c e  s lopes .  
3 .3 .1  The Numerical So lu t ion  of t h e  Boussinesq Equations f o r  
Constant Depth by a  F i n i t e  Element Method 
3.3.1.1 Ana ly t i ca l  Formulation of t h e  Problem 
Consider t h e  phys i ca l  system shown i n  Fig.  3.9 which 
consisits of a  body of water ,  bounded a t  x =  0 and x = X  w i t h  a  depth h,  
i n  which a  wave propagates  w i th  c h a r a c t e r i s t i c  h o r i z o n t a l  l eng th  R 
and c h a r a c t e r i s t i c  he ight  H. 
Fig.  3.9 D e f i n i t i o n  Sketch f o r  Numerical Scheme 
For long waves ( R > > h )  of moderate ampli tude ( H < h )  where t h e  
U r s e l l  Number ( H R ~ / ~ ~ )  is  of o r d e r  u n i t y ,  t h e  governing equat ions 
a r e  t h e  Boussinesq equat ions ,  Eqs. ( 3  . l o )  and (3.11) , which i n  
dimensional form a r e :  
and 1 ii t +iiiix+ gqx - l-1~8~~ = Q I )  (3.68) 
where i i (x , t )  is  t h e  v e l o c i t y  averaged over  t h e  depth and defined by: 
Following t h e  usua l  f i n i t e  element formulat ion,  t h e  problem i s  f i r s t  
s t a t e d  i n  i t s  t h r e e  forms--Strong, Weak and Galerkin. 
The Strong (or  C lass ica l )  form of the  problem denoted a s  (S) is: 
Find t h e  amplitude n(x , t )  and t h e  ve loc i ty  E(x , t ) ,  i n  t h e  
I i n t e r v a l s  0 5 x 5 X and 0 5 t 5 T, such t h a t :  
( with t h e  boundary conditions: 
G(0,t)  = i io(t)  and ii(X,t) = iim(t) 3 
and t h e  i n i t i a l  condit ions : 
\ n(x,O) = H(x) and G(x,O) = G(x) 
A weak (or v a r i a t i o n a l )  form of (S) denoted a s  (W) is: 
f Find t h e  amplitude n ( x , t )  and t h e  ve loc i ty  i i (x, t)  which I s a t i s f y  t h e  boundary condit ions such t h a t  f o r  a l l  va r i a t ions  
and, ( { n ( x , ~ )  - ~ ( x ) }  ,w) 0 
({n(x,o) - F(x)) ,v)  = 0 
where w is t h e  amplitude v a r i a t i o n  and v i s  t h e  ve loc i ty  v a r i a t i o n  
. 
and rl - , t = ? z  a t  a t  X 
The inner product is defined as :  (u,v) = uv dx , 
and t h e  b i l i n e a r  form: a(u,v)  = / uxvxdx 
-0 
The Ga:Lerkin (o r  d i s c r e t e )  form of (W) which i s  denoted a s  (G) i s :  
h 
f Find t h e  d i s c r e t e  func t ions  T-I ( x , t )  and i h ( x , t )  which s a t i s f y  
t h e  boundary cond i t i ons  such t h a t  f o r  a l l  d i s c r e t e  func t ions  
wh and vh: 
I h and, {(uh(x,0) - G ( x ) ) , v  1 = 0 
I n  t h i s  manner, t h e  problem has been transformed from one of f i nd ing  
t h e  s o l u t i o n s ,  continuous i n  x  and t ,  of a  s e t  of p a r t i a l  d i f f e r e n t i a l  
equat ions  t o  one of f i nd ing  t h e  s o l u t i o n s ,  continuous i n  t but 
d i s c r e t e  i n  x ,  of a s e t  of o rd ina ry  d i f f e r e n t i a l  equat ions.  
3.3.1.2 F i n i t e  Element Formulation 
Consider t h e  one-dimensional f i n i t e  element mesh shown 
i n  Fig. 3.10 where t h e  i n t e r v a l  O < x < X  has been d iv ided  i n t o  N + 1  
h  
elements and N + 2  nodes. Let  t h e  amplitude v a r i a t i o n  w (x) and t h e  
h  
v e l o c i t y  v a r i a t i o n  v  (x) be l i n e a r  combinations of t h e  f i n i t e  element 
b a s i s  func t ions  4 .  (x) and qi(x) r e spec t ive ly :  
1 
N 
where iaubscripts denote t h e  number of t h e  node and Qi(x) and Qi(x) 
a r e  f u ~ w t i o n s  which s a t i s f y  t h e  fol lowing condi t ions :  
The t y p i c a l  b a s i s  func t ions  @ shown i n  Fig.  3.10 a r e  t h e  l i n e a r  i 
piecewise continuous func t ions  def ined  by: 
and 
where Ax. = xi. - 1 
Fig.  3.10 F i n i t e  Element Mesh 
Denoting t h e  ampli tudes a t  t h e  nodes by e i ( t )  and t h e  v e l o c i t i e s  
a t  t h e  nodes by d i ( t ) ,  l e t :  
The o b j e c t  of t h e  numerical scheme i s  t o  f i n d  t h e  nodal amplitudes 
( e i ( t )  i=  0,---N+l) and t h e  nodal  v e l o c i t i e s  (d i ( t )  1'1.2---N) 
f o r  t h e  i n t e r v a l  O < t < T .  A t  a  p a r t i c u l a r  t ime, t h e  amplitude and 
v e l o c i t y  between nodes is  found by i n t e r p o l a t i o n  us ing  t h e  b a s i s  
func t ions ,  $ (x)  and $ (x ) .  Linear  b a s i s  func t ions  imply l i n e a r  
v a r i a t i o n  of v e l o c i t y  and amplitude between nodes. 
S i ~ b s t i t u t i n g  t h e  d i s c r e t e  approximations of t h e  amplitude and 
velociity given by Eqs. (3.75) and (3.76) i n t o  t h e  Galerkin form of 
t h e  problem (G) y i e l d s :  
where 
and 
To w r i t e  E q s .  (3.77) and (3.78) i n  ma t r ix  form, l e t :  
The ma t r ix  form of t h e  Galerkin Pro'blem (G) which i s  denoted a s  (M) i ' s :  
I Find t h e  nodal ampli tude e i ( t )  i = O , l , - - - N + 1  and t h e  nodal I v e l o c i t y  d i ( t )  i=1,2,---N, over  t h e  i n t e r v a l  O <  L I T  such t h a t :  
C The mat r ices  M and $, a r i s i n g  from t h e  c o n t i n u i t y  equat ion E q .  
(3.67) and t h e  momentum equat ion  (3,68) a r e  symmetric p o s i t i v e  
d e f i n i t e  mat r ices  of o rde r  N f 2  and N r e spec t ive ly .  (For l i n e a r  
M 
shape func t ions  they  a r e  t r i d i agona l . )  The v e c t o r s  f C  and f 
con ta in  nonl inear  terms i n  t h e  nodal ampli tudes e  - and t h e  nodal 
M 
v e l o c i t i e s  4. The v e c t o r s  I J ~  and dm con ta in  only  one nonzero term 
f o r  l i n e a r  shape func t ions .  
3.3.1.3 The Time I n t e g r a t i o n  Algorithm 
The time i n t e g r a t i o n  a lgor i thm used t o  so lve  t h e  
ma t r ix  form of t h e  problem, (M), was t h e  Midpoint Rule: 
where 
and tlne s u b s c r i p t s  denote  t h e  number of t h e  t ime s t ep .  
Tlne Midpoint Rule d i f f e r s  from t h e  well-known Trapezoidal  Rule 
(o r  Crank-Nicholson Method) i n  a  s u b t l e  way which i s  apparent  on ly  
when cons ider ing  nonl inear  problems. For t h e  Trapezoidal  Rule,  t h e  
v e c t o r  f  C 
- n35 ' f o r  example, would b e  def ined  as: 
Thus, i n  Midpoint Rule,  t h e  vec to r  f C  i s  found by evaluat ing 
-n+% 
t h e  f u n c t i o n  f C  wi th  arguments which a r e  t h e  average of t hose  a t  t h e  
beginning and end of t h e  time s t e p ,  whi le  f o r  Trapezoidal  Rule t h e  
v e c t o r  is found by eva lua t ing  t h e  func t ion  f C  a t  t h e  beginning 
n35 
and en'd of t h e  t ime s t e p  and averaging t h e s e  func t ions .  C lea r ly ,  i f  
f C  is  a l i n e a r  func t ion ,  t h e  Midpoint Rule and t h e  Trapezoidal  Rule 
C 
a r e  i d e n t i c a l ,  however, i f  f i s  a nonl inear  func t ion ,  Eqs. (3.86) 
and (3.89) a r e  q u i t e  d i f f e r e n t .  Although both  t h e  Midpoint Rule and 
t h e  Tr(apezoida1 Rule a r e  uncondi t iona l ly  s t a b l e  and second order  
accu ra t e ,  t h e  Midpoint Rule is p re fe r r ed  f o r  nonl inear  problems 
because t h e  s t a b i l i t y  a n a l y s i s  more c l o s e l y  p a r a l l e l s  t h e  s t a b i l i t y  
a n a l y s i s  f o r  l i n e a r  problems and thus  r e s u l t s  in  a more d e f i n i t e  
s ta tement  of uncondi t iona l  s t a b i l i t y .  The d e t a i l s  of t h i s  and o the r  
a s p e c t s  of t h e  s t a b i l i t y  a n a l y s i s  of t h e  Midpoint Rule and t h e  
Trapez'oidal Rule f o r  non l inea r  problems a r e  given by Hughes (1977). 
3.3.1.4 The I t e r a t i v e  Scheme 
The i t e r a t i v e  scheme used t o  s o l v e  Eqs. (3.84) and 
(3.85) i s  s i m i l a r  t o  t h a t  used by Pe reg r ine  (1966) t o  s o l v e  a f i n i t e  
d i f f e r e n c e  formulat ion of t h e  Boussinesq equat ions:  
1. F i r s t  I t e r a t i o n :  
C i )  Evalua te  fEG5 = f  (gn,cln) and s o l v e  Eq. (3.84) f o r  t h e  
(1) nodal  amp1 i t u d e s  ,en+l. 
i i )  Evalua te  f M  = f M  (+ { e( ' )  + 1 ,  d ) and s o l v e  Eq. (3.85) 
-n+4 - -n+l -n -n 
' (1) f o r  nodal  v e l o c i t i e s  d 
- n+l 
It is  noted t h e  bracketed s u p e r s c r i p t s  denote i t e r a t i o n  number. 
2. Second and Subsequent I t e r a t i o n s  k = 2,3,--- : 
i )  Evalua te  
(k) and s o l v e  Eq.  (3.84) f o r  t h e  nodal ampli tudes en+l. 
(k) s o l v e  Eq. (3.85) f o r  t h e  nodal v e l o c i t i e s  
The d i f f e r e n c e  i n  t h i s  scheme from t h a t  of Pe reg r ine  is  t h a t ,  i n  t h e  
second and subsequent i t e r a t i o n s ,  Pe reg r ine  's scheme eva lua tes  t h e  
C M func t ions  f  and f f o r  t h e  nodal v e l o c i t y  a t  t h e  previous t i m e  dn 
i n s t ead  of t h e  average  of t h i s  and t h e  b e s t  es t imate  of t h e  nodal 
1 
v e l o c i t i e s  a t  t h e  forward t ime s t e p ,  { i n + d z l ) } .  It was found t h a t  
t h i s  change, which amounts t o  f u l l  ins tead  of p a r t i a l  implementation 
of Midpoint Rule, e l imina ted  numerical d i s s i p a t i o n  and t h u s  e r r o r s  i n  
t h e  q u a n t i t i e s  which should be conserved  volume and energy) were 
reduced from a few percent  t o  zero.  
3.3.1.5 Convergence and Accuracy 
The convergence of t h e  i t e r a t i v e  scheme was t e s t e d  by 
numerical experiments.  The experiments involved f i r s t  s e t t i n g  up t h e  
i n i t i a l .  cond i t i ons  f o r  a s o l i t a r y  wave wi th  he igh t  H and nodal spacing 
Ax. Th~e nodal  spacing w a s  chosen by assuming t h a t ,  f o r  numerical 
purpose!s, t h e  ampli tude of a s o l i t a r y  wave i s  zero  f o r  q/H<0.001. 
Then from Eq. (3.25) t h e  "length" of t h e  wave can b e  def ined  as: 
where 
By s e l e c t i n g  t h e  number of nodes over which t h e  wave is  descr ibed ,  
NX, t h e  nodal  spacing is  found from: 
8 . 3  NXAx = L = -
K 
(3.91) 
The n.wnber N w i l l  b e  termed t h e  "nodal spacing number" and i n  X 
s i m i l a r  manner t h e  "time s t e p  number", NT, is  def ined  a s :  
Having s e t  up t h e  i n i t i a l  cond i t i ons ,  i t e r a t i o n s  f o r  one time s t e p  
were performed t o  determine t h e  minimum number of i t e r a t i o n s  k f o r  
which t h e  e r r o r :  
The r e s u l t s  f o r  two waves with he ight  ~ / h  = 0.1 and 0.7, a r e  presented 
i n  Tables  3 .1  (a) and 3 . l (b)  , where t h e  number of i t e r a t i o n s  f o r  
convergrence i s  given f o r  v a r i o u s  nodal spacing numbers NX and t ime 
s t e p  numbers NT. The d a t a  show t h e  i t e r a t i v e  scheme converges f o r  
t h e  ful.1 range of NX only  i f  NT>40. It i s  noted t h a t  f a i l u r e  t o  
converge f o r  NT<40  does no t  c o n t r a d i c t  t h e  uncondi t iona l  s t a b i l i t y  
Table 3 .1  Number of i t e r a t i o n s  f o r  convergence 
f o r  va r ious  nodal spacing numbers, NX, 
and t ime s t e p  numbers, NT. (NC impl ies  
not convergent.)  
Ca) H/h = 0.1 
of t h e  algori thm; i t  is a  f e a t u r e  of t h e  i t e r a t i v e  scheme chosen t o  
s o l v e  t h e  equat ions a r i s i n g  from t h e  algori thm. Having se l ec t ed  a  
nodal spacing number which provides t h e  des i r ed  degree  of r e s o l u t i o n  
i n  t h e  wave p r o f i l e ,  t h e  optimum t i m e  s t e p  number is  found by 
minimizing t h e  product of NT and t h e  number of i t e r a t i o n s  f o r  con- 
vergence. For t h e  waves i n  t h i s  s tudy ,  t h r e e  i t e r a t i o n s  and 
N = N T =  40 were used. X 
A measure of t h e  accuracy of a  numerical scheme is t h e  accuracy 
wi th  wlhich q u a n t i t i e s  which a r e  conserved a n a l y t i c a l l y  a l s o  a r e  
conserved numerical ly .  For t h e  Boussinesq equat ions t h e s e  conserved 
quant irt i e s  a r e  t h e  volume and t h e  energy ( p o t e n t i a l  + k i n e t i c ) .  
The accuracy of t h e  scheme descr ibed  h e r e  was t e s t e d  by propagating 
t h e  two s o l i t a r y  waves descr ibed  previous ly  ( ~ / h  = 0.1 and 0.7) f o r  
t e n  wave l e n g t h s  us ing  t h r e e  i t e r a t i o n s  and N x =  NT = 40 and comparing 
t h e  r a t i o s  of i n i t i a l  t o  f i n a l  volumes, fTI/VF, and i n i t i a l  t o  f i n a l  
energ ies ,  EI/EF. The r e s u l t s ,  which a r e  presented i n  Table 3 . 2 ,  show 
e r r o r s  in t h e  volume and energy r a t i o s  which a r e  considered neg l ig ib l e .  
This  implies ,  a t  l e a s t  w i th  regard  t o  volume and energy, t h e  numerical. 
scheme has a  h igh  degree  of accuracy. 
Table 3 . 2  Comparison of i n i t i a l  and f i n a l  
conserved q u a n t i t i e s  f o r  t h e  
numerical scheme. 
Also of  i n t e r e s t  was t h e  way i n  which t h e s e  s o l i t a r y  waves 
propagist e. The wave p r o f i l e s  a t  r egu la r  t i m e  i n t e r v a l s  a r e  presented 
i n  Fig.  3.11 where, it is noted,  t h e  a b s c i s s a s  a r e  d i s t a n c e  normalized 
w i t h  r e s p e c t  t o  wave l eng th ,  L,  a s  given by Eq. (3.90). The t o t a l  
d i s t a n c e  of propagat ion i n  each c a s e  i s  t e n  wave l eng ths  (10L); 
thus ,  t h e  wave has  propagated 1.25L between each p r o f i l e .  
I11 both cases  t h e  shape of t h e  i n i t i a l  wave changes a s  it 
propagates.  For t h e  l a r g e r  wave (H/h = 0.7) t h e  wave he ight  decreases  
t o  H/h= 0.66 over  t h e  f i r s t  f i v e  wave l eng ths  and then  remains 
cons tan t .  The t rough which forms i n i t i a l l y  behind t h e  main wave is 
l e f t  behind by t h e  main wave and, a f t e r  propagating a d i s t a n c e  of 
f i v e  wawe l eng ths ,  t hey  a r e  completely s epa ra t e .  For t h e  smal le r  
wave ( ~ / h  = 0.1) t h e  wave he igh t  decreases  t o  H/h = 0.090 over t h e  f i r s t  
f i v e  warve l eng ths  and then  remains cons tan t .  The t rough which forms 
behind t h e  main wave grows i n  ampli tude,  reaching a maximum of a t / h  
= 0.0066 a f t e r  t h e  wave has  t r a v e l l e d  f i v e  wave l eng ths .  Subsequently 
t h e  ampli tude of t h e  t rough s lowly decreases  accompanied by an i n c r e a s e  
i n  t h e  l e n g t h  of t h e  trough. 
The shape of t h e  main wave a f t e r  it has  t r a v e l l e d  t e n  wave l eng ths  
is examined i n  Fig. 3.12. I n  Fig.  3.12(a) t h e  l a r g e r  wave ( ~ / h  = 0.7) 
is compared t o  t h e  Boussinesq and McCowan s o l i t a r y  waves. The wave 
fo l lows  t h e  theory of Boussinesq (1872) i n  t h e  reg ion  of t h e  c r e s t  and 
t h e  theory  of McCowan (1891) near  t h e  l ead ing  and t r a i l i n g  edges. 
(This a l s o  was found t o  be  t r u e  f o r  l a r g e  waves (H/h> 0.3) generated 
i n  t h e  l abo ra to ry ,  and w i l l  b e  d iscussed  i n  Sec t ion  5.1,) I n  Fig. 3.1.2(b) 
Fig.  3.11 Wave p r o f i l e s  c a l c u l a t e d  us ing  t h e  numerical scheme f o r  
(a) H / h = 0 . 7  and (b) H/h=0.1. 
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Fig.  3.1.2 Shapes of the waves a f t e r  they have travelled ten wave 
lengths fo r  (a) H/h= 0.7 and (b) ~ / h =  0.1. 
t h e  smaller wave (H/h = 0.1) is compared t o  t he  Boussinesq s o l i t a r y  
wave. A s  i nd i ca t ed  i n  t h e  f i g u r e ,  t h e  waves both have sech2 shape 
bu t  t h e  "wave number" of t h e  wave obtained numerical ly  i s  0.220 
compared w i t h  0.260 f o r  t h e  s o l i t a r y  wave of t h e  same wave he ight .  
Increas ing  t h e  nodal  spacing number, Nx, o r  t h e  t ime s t e p  number, 
NT, d id  n o t  change t h e  r e s u l t s  presented i n  Figs.  3.11 and 3.12 
s i g n i f i c a n t l y  so  it is  assumed t h e  behavior observed is not  caused 
by t h a t  a spec t  of t h e  numerical scheme. Also, i t  i s  pointed ou t  
t h a t  w i th  t h e  f i n i t e  d i f f e r e n c e  scheme of Pe reg r ine  (P966), numerical 
d i s s i p a t i o n  caused by t h e  p a r t i a l  i n s t e a d  of t h e  f u l l  implementation 
of t h e  IYidpoint Rule ( a s  was d iscussed  previous ly)  e l i m i n a t e s  some 
of t h e  d e t a i l s  of t h e  p r o f i l e s  which a r e  shown i n  F igs .  3.11 and 3.12. 
I n  both c a s e s  considered,  t h e  i n i t i a l  wave i s  a s o l i t a r y  wave 
which i s  an exac t  s o l u t i o n  of t h e  KdV equat ion;  however t h e  shape of 
t h e  wave changes a s  i t  propagates  which is con t r a ry  t o  what t he  KdV 
equat ion  p r e d i c t s ,  A p o s s i b l e  reason f o r  t h i s  i s  t h a t  a l though t h e  
s o l i t a r y  wave is  an exac t  s o l u t i o n  of t h e  KdV equat ion,  t h e  KdV 
equat ion  i s  only an  approximate form of t h e  Boussinesq equat ions;  
t h e r e f o r e  t h e  s o l i t a r y  wave is  not  a n  exac t  s o l u t i o n  of t h e  Boussinesq 
equat ions .  To demonstrate t h i s ,  r e c a l l  t h e  express ion  f o r  v e l o c i t y ,  
Eq. (3.181, which a r i s e s  from t h e  d e r i v a t i o n  of t h e  KdV equat ion and 
which w a s  used t o  compute t h e  i n i t i a l  v e l o c i t i e s  f o r  t h e  waves being 
considered.  I f  t h i s  express ion  i s  s u b s t i t u t e d  i n t o  t h e  f i r s t  of t h e  
Boussinesq equat ions ,  Eq. (3.67), t h e  fol lowing equat ion  i s  obtained:  
3 Co c0h2 
n t + c  ' +-- 'Tlxi---  
o x  2 h 6 'xxx 
where 
The l e f t  hand s i d e  of Eq. (3.94) is  t h e  KdV equat ion  which, i f  t h e  
r i g h t  hand s i d e  were zero,  would have t h e  s o l i t a r y  wave a s  a  so lu t ion .  
However-, s i n c e  t h e  numerical scheme so lves  t h e  Boussinesq equat ions 
w i t h  a  h igh  degree of accuracy, t h e  presence of t h e  h igher  order  terms, 
on t h e  r i g h t  hand s i d e  of Eq. (3.94) (which a r e  0(a2 ,a6) )  prevents  
t h e  s o l i t a r y  wave from being a n  exac t  s o l u t i o n .  Fu r the r  d i scuss ion  
of t h i s  w i t h  r e f e rence  t o  Boussinesq (1872) and Keulegan and Pa t t e r son  
(1940) i s  presented  i n  Appendix B. 
The behavior of t h e  l a r g e r  wave (H/h=0.7)  is  c o n s i s t e n t  wi th  
what i s ;  observed i n  t h e  labora tory :  t h e  shape fo l lows  t h e  theory of 
Boussi~iesq i n  t h e  reg ion  of t h e  c r e s t  and t h a t  of McCowan near  t h e  
l ead ing  and t r a i l i n g  edges and t h e  main wave quick ly  sepa ra t e s  from 
t h e  t r a i l i n g  o s c i l l a t o r y  waves. However, some of t h e  behavior of 
t h e  sma l l e r  wave i s  con t r a ry  t o  what i s  observed i n  t h e  labora tory ;  
i n  p a r t i c u l a r ,  t h e  growth of t h e  t rough and t h e  slow r a t e  a t  which 
t h e  main wave s e p a r a t e s  from i t .  To i n v e s t i g a t e  t h i s  f u r t h e r ,  use  
was made of t h e  f i n i t e  element program developed by Hughes, Liu and 
Zimmerrnann (1978) t o  so lve  t h e  Navier Stokes equat ions .  The program 
uses  a  pena l ty  func t ion  approach t o  t ake  account of t h e  pressure  ( t h e  
i n t e r e s t e d  reader  is r e f e r r e d  t o  Hughes, Liu and Brooks (1978) f o r  
d e t a i l s  of t h e  method) and s o l v e s  t h e  problem of t h e  f r e e  su r f ace  by 
allowin,g t h e  f i n i t e  element mesh t o  deform i n  t h e  v e r t i c a l  d i r e c t i o n .  
The sch~eme is two-dimensional so  t h a t ,  i n  c o n t r a s t  t o  t h e  numerical 
method developed f o r  t h i s  s tudy ,  t h e  v e l o c i t i e s  (ho r i zon ta l  and 
vert ica .1)  can vary  wi th  depth  t o  a  degree which i s  dependent on t h e  
number of elements which a r e  taken i n  t h e  depth. A comparison of 
wave propagat ion us ing  t h i s  scheme wi th  one element i n  t h e  depth wi th  
wave propagat ion us ing  t h e  scheme developed f o r  t h i s  s tudy  was 
conducted. S t a r t i n g  wi th  t h e  same i n i t i a l  wave p r o f i l e  (amplitude 
and v e l o c i t y )  f o r  t he  two schemes, a  wave wi th  i n i t i a l  he ight  H/h=0.086 
was propagated f o r  a nondimensional t ime,  tm, of 78.4. I n  Fig.  
3.13, tlne p r o f i l e s  a t  i n t e r v a l s  of ta = 15.68 a r e  compared, wi th  
the  scheme of Hughes, Liu and Zimmermann (1978) being t h e  dashed 
curves.  The f i g u r e  shows t h e  r e s u l t s  ag ree  remarkably w e l l  consider- 
i ng  they a r i s e  from approaches which a r e  q u i t e  d i f f e r e n t .  Notice t h e  
r a t e  of growth of t h e  trough i s  even g r e a t e r  wi th  the  scheme of 
Hughes, Liu and Zimmerman (1978) ( a t / h  = 0.0101 a t  t = 78.4) than i t  
is  f o r  t h e  scheme developed f o r  t h i s  s tudy  ( a t /h=0 .0063  a t  t = 7 8 . 4 ) .  
This growth almost can be e l imina ted  by us ing  t h e  approach of Hughes, 
Liu and Zimmermann (1978) w i t h  two elements i n  t h e  depth.  The r e s u l t s  
a r e  presented i n  F ig .  3.14 which shows t h e  t rough has been reduced t o  
a t / h =  0.0033 a t  t =  78.4 and t h e  r e l a t i v e  wave he ight  i s  e s s e n t i a l l y  
cons tan t  wi th  propagation. The d i f f e r e n c e  i n  having two in s t ead  of one 
element i n  t h e  depth is  t h a t  t h e  d i s t r i b u t i o n s  of v e l o c i t y  (ho r i zon ta l  
and v e r t i c a l )  are no longer  cons t ra ined  t o  be l i n e a r  wi th  depth. 
Fig .  3.13 Comparison of wave propagat ion us ing  t h e  scheme developed 
f o r  t h i s  p r o j e c t  (-) wi th  t h e  scheme of Hughes, Liu and 
Zimmermann (1978) (---) . 
Fig. 3.1.4 Wave propagat ion us ing  t h e  scheme of Hughes, Liu and 
Zimmermann (1978) w i t h  two elements i n  t h e  depth. 
That t h i s  change reduces t h e  r a t e  of growth of t h e  trough i s  taken t o  
imply t h e  growth of t h e  t rough i s  caused by t h e  one-dimensional 
approximations. These approximations, f o r  t h e  scheme of Hughes, Liu 
and Zimmermann (1978), a r e  made i n  t h e  numerical scheme bu t  f o r  t h e  
scheme developed f o r  t h i s  s tudy  they a r e  i nhe ren t  i n  t h e  d e r i v a t i o n  
of t h e  Boussinesq equat ions.  
Considering t h e  d i s p e r s i v e  n a t u r e  of t h e  t rough,  i t  is  not  
s u r p r i s i n g  t h e s e  e f f e c t s  a r e  more pronounced f o r  t h e  smal le r  wave 
he ight  because f o r  t h e  l a r g e r  wave he ight  t h e  nonl inear  e f f e c t s  would 
be expected t o  be s t ronge r .  I n  f a c t  f o r  t h e  ca ses  considered i n  t h i s  
s tudy where t h e  numerical scheme was used t o  propagate  s o l i t a r y  waves 
onto a s h e l f ,  problems wi th  t h e  formation of a trough d id  not  a r i s e .  
P a r t  of t h e  reason f o r  t h i s  probably is  t h a t  nonl inear  e f f e c t s  caused 
by t h e  reduced depth masked t h i s  behavior ,  but  a l s o  t h e  trough is  
smal l  compared t o  t h e  main wave (~6%) and i t s  growth r equ i r e s  propa- 
ga t ion  over a g r e a t e r  d i s t a n c e  than  was considered f o r  most cases .  
3 . 3 . 2  Extension t o  t h e  Case of Var iab le  Depth 
Consider t h e  problem shown i n  Fig.  3.15 where a long wave 
is  propagat ing from a r eg ion  wi th  a cons tan t  depth hl (Region I) over 
a s t e p  i n t o  Region I1 i n  which t h e  depth a l s o  i s  cons tan t  but  reduced 
I '  
REGION I - I I/ / / / / / .f / 
'JI - I  I I 
60 
Fig. 3.15 D e f i n i t i o n  Sketch f o r  Extension t o  Var iab le  Depth 
Sect ion  (1) i n  Region I and Sec t ion  (2) in Region I1 a r e  loca ted  
c l o s e  t o  t h e  s t e p  on e i t h e r  s i d e  of it. A t  a  p a r t i c u l a r  i n s t a n t  of 
t ime, ithe ampli tudes a t  Sec t ions  ( I )  and (2) a r e  ql and n2,  r e spec t ive ly ,  
and t h e  depth averaged v e l o c i t i e s  a r e  given by: 
I f  t h e  d i s t a n c e  between Sec t ions  (1) and (2)  is  decreased u n t i l  t h e  
s e c t i o n s  a r e  an i n f i n i t e s i m a l  d i s t a n c e  a p a r t  on e i t h e r  s i d e  of t h e  
s t e p ,  then  f o r  c o n t i n u i t y  of t h e  water  s u r f a c e  p r o f i l e :  
and £01: conserva t ion  of mass: 
where q and q2 a r e  t h e  flow r a t e s  per  u n i t  width through Sect ions 1 
(1) and (2) ,  r e s p e c t i v e l y ,  def ined  a s :  
Eq. 3.98 can be w r i t t e n  i n  terms of t h e  depth averaged v e l o c i t i e s  
def ined  by Eqs. (3.95) and (3.96) a s :  
Since, f o r  t h e  problems under cons ide ra t ion ,  n l <  hl and n 2 < h 2 ,  a s  a 
f i r s t  approximation Eq. (3.101) may be w r i t t e n  a s :  
An e s t ima te  of t h e  e r r o r  E i n  us ing  Eq. (3.102) i n s t ead  of Eq. (3.101)1 
may be obtained by tak ing  t h e  d i f f e r e n c e  between Eqs. (3,101) and 
(3.102:) (which, us ing  Eq. (3.97),  g ives :  .'ll(c2 - El)) and d iv id ing  by 
t h e  flow r a t e  U2h2: 
S u b s t i t u t i n g  f o r  t h e  v e l o c i t y  r a t i o  from Eq. (3.102), Eq. (3.108) 
become:; : 
where *nl has  been rep laced  by a  c h a r a c t e r i s t i c  wave he igh t  H and 
Ah=h l -h2 .  Thus, t h e  e r r o r  i n  using Eq. (3.102) i s  l e s s  than t h e  
maximum wave he igh t  r a t i o  H/h2 and may be made a r b i t r a r i l y  small  by 
cons ider ing  only  small d i f f e r e n c e s  i n  depth.  
The f i n i t e  element method descr ibed  i n  Sec t ion  3.3.1 is  extended 
t o  t h e  c a s e  of v a r i a b l e  depth by cons ider ing  t h e  vary ing  bottom a s  
c o n s i s t i n g  of a  s e r i e s  of s t e p s ,  as shown i n  Fig. 3.16. I n  t h e  
Fig .  3.16 The vary ing  bottom considered a s  a s e r i e s  of s t e p s  
reg ions  of cons t an t  depth  between t h e  s t e p s ,  t h e  Boussinesq equat ions ,  
Eqs. (3.67) and (3.68), apply. However, t h e s e  d i f f e r e n t i a l  equat ions  
do not  apply ac ros s  t h e  s t e p s  because a t  a node i which is  a t  a  s t e p ,  
a l though t h e  s u r f a c e  p r o f i l e  is  cont inuous,  v e l o c i t i e s  jump from 
- 
u  t o  ii and t h e  depth  jumps from hi t o  hi+l. To o b t a i n  a  s o l u t i o n ,  i i+l 
the  problem is s i m p l i f i e d  by r e s t r i c t i n g  t h e  change i n  depth between 
s t e p s  t o  be s m a l l  enough so t h a t  t h e  e r r o r  given by Eq. (3.104) i s  
n e g l i g i b l e ;  hence t h e  conserva t ion  of mass is  a s  we l l  represented  by 
Eq. (3.102) as by Eq.  (3.101). By in t roducing  a  volume flow r a t e  
def ined  a s :  
p = iih 9 
t h e  Boussinesq equat ions  i n  cons tan t  depth may be r e w r i t t e n  i n  t h e  
form: 
nt  + ( ( 1  f $q)X = 0 (3.106) 
These equat ions  s t i l l  a r e  a p p l i c a b l e  only i n  a cons tan t  depth,  s i n c e  
t h e  depth h i s  d iscont inuous  a c r o s s  a s t e p ;  however both dependent 
v a r i a b l e s ,  s u r f a c e  p r o f i l e  n (x, t )  and t h e  f low r a t e  ij (x, t )  , now a r e  
cont inuous ac ros s  a s t e p .  The f i n i t e  element scheme is  implemented by 
p lac ing  nodes a t  t h e  s t e p s  a s  shown i n  Fig.  3.16. Upstream Q £  Node i, 
Eqs. (3.106) and (3.107) apply wi th  h = h i ;  downstream of Node i, 
Eqs. (3.106) and (3.107) apply  wi th  h = hif1. Since t h e  same ni and 
?j. a r e  used f o r  both r eg ions ,  t h e  c o n t i n u i t y  cond i t i ons  ac ros s  t h e  1 
s t e p  given by Eqs. (3.97) and (3.98) a r e  au toma t i ca l ly  s a t i s f i e d .  
The technique w a s  t e s t e d  by comparing wi th  phys i ca l  experiments and 
t h e  r e s u l t s  w i l l  be  presented i n  Sec t ion  5. 
3.4 - The Propagat ion of Long Waves Onto a Shelf by t h e  Linear  
Nondispersive Theory 
- 
I n  t h i s  s e c t i o n  t h e  method of s o l u t i o n  of t h e  l i n e a r  n o n d i s p e r s i ~  
theory a s  repor ted  by Wong e t  aZ. (1963) and Dean (1964) i s  appl ied  
t o  the  c a s e  of s o l i t a r y  waves propagat ing onto a s h e l f  over  a t r a n s i -  
t i o n  i.n which t h e  depth  decreases  l i n e a r l y  w i th  d i s t ance .  (These 
approa.ches d i f f e r  from those  of Kajlura (1961) who used t r a n s i t i o n s  
i n  whi.ch t h e  depth  va r i ed  i n  a more complicated manner w i th  d i s t ance . )  
Even t l~ough t h e  s o l i t a r y  wave a r i s e s  as a s o l u t i o n  of a nonl inear  
d i s p e r s i v e  theory,  s i n c e  nonl inear  and d i s p e r s i v e  e f f e c t s  t ake  some 
d i s t a n c e  (o r  t ime) t o  develop (Hammack and Segur (1978)), t h e  
l i n e a r  nondispers ive  theory  may p r e d i c t  t h e  behavior f o r  a n  i n i t i a l  
distanc:e (o r  time) which i s  1i.mited. The l i m i t s  of a p p l i c a t i o n  of 
such art approach t o  propagat ing s o l i t a r y  waves was one of t h e  
object i -ves  of t h i s  p o r t i o n  of t h e  i n v e s t i g a t i o n .  Ce r t a in  a spec t s  
of t h i s  w i l l  be  d iscussed  more f u l l y  i n  Sec t ion  5. 
The domain of s o l u t i o n  i n  Fig. 3.17 c o n s i s t s  of t h r e e  regions.  
I n  Region I, which extends from x = -  t o  x=-L ,  t h e  depth  i s  a 
cons t an t  hl. I n i t i a l l y ,  t h e  i n c i d e n t  wave w i l l  e x i s t  wholly i n  t h i s  
reg ion .  Region 111 extends from x = O  t o  x = ~  and t h e  depth is  a 
c0nstan.t  h2. It is  assumed t h a t  no waves propagate  from x = ~  i n  a 
nega t ive  x-d i rec t ion ,  Region I1 is  of l e n g t h  L and t h e  depth changes 
l i n e a r l y  from hl t o  h2. 
The l i n e a r  nondispers ive  equat ion  f o r  v a r i a b l e  depth a s  der ived 
by Lamb (1932, 9169) assuming s m a l l  ampli tude waves and h y d r o s t a t i c  
p re s su re  d i s t r i b u t i o n ,  is: 
Wong e t  aZ. (1963), Dean (1964) and Kaj i u r a  (1961) solved Eq. (3.108) 
f o r  a s i n g l e  harmonic i n c i d e n t  wave: 
REGION REGION REG ION 
4-- 1- II + m -  -t 
Fig. 3.17 Def in i t ion  sketch f o r  l i n e a r  nondispersive theory. 
where i = m,. w i s  t h e  r a d i a l  frequency, k i s  the  wave number and, 
s ince  i t  is assumed t h a t  the re  i s  no dispers ion,  w = k. The 
method used was t o  solve  Eq. (3.108) f o r  each of the  th ree  regions 
i n  tu rn  and then match the  so lu t ions  a t  t h e  boundaries by assuming 
continu:ity of surface  e levat ion and surface  slope. De ta i l s  of 
t h e  method a r e  presented i n  Appendix C. 
The s o l u t i o n  i s :  
Region I: 
- i w  t - i w  t Region 11: ri2(x,t)  = B1 Jo(X)e +B2Yo(X)e , (3 . I l l )  
where X = 2wL h2 & [?- 6-,) L]" 
Region 111: q3(x , t )  = C1 e  i ( k m  x-we) ¶ 
where J (X) and Y (X) a r e  t h e  zero o rde r  Bessel  func t ions  of t h e  f i r s t  
0 0 
and second kind r e s p e c t i v e l y  and t h e  c o e f f i c i e n t s  A2,  B1, B2 and C1 
a r e  func t ions  of t h e  i n c i d e n t  wave amplitude A1, t h e  depth r a t i o  h2/hl 
and t h e  dimensionless  quan t i t y  U L / J ~ ~ ~  . The r e l a t i o n s h i p s  f o r  t h e  
c o e f f i c i e n t s  A2, B1, B2 and C1 a s  deduced by Wong e t  aZ. (1963) a r e  
l i s t e d  i n  Appendix C .  The r e f l e c t i o n  c o e f f i c i e n t ,  def ined  a s  KR=A2/A:L,  
and t h e  t ransmiss ion  c o e f f i c i e n t ,  def ined  a s  K ~ = c ~ / A ~ ,  can be de t e r -  
mined i n  simple terms only f o r  extreme va lues  of UL/-. 
For wL/& << 1 ( i .  e .  L  = 0, a  s t e p ) ,  t h e  expressions f o r  t h e  
Bessel  func t ions  of small argument can be used and t h e  c o e f f i c i e n t s  
can be evaluated i n  terms of t h e  depth  r a t i o  only:  
(These a l s o  can be obtained by t h e  more b a s i c  approach of Lamb (1932, 
5176). :) 
The magnitude of t h e  r e f l e c t i o n  c o e f f i c i e n t  is  bounded by 
O'KR5 1 and t h e  t ransmiss ion  c o e f f i c i e n t  is  bounded by O s K T <  2. 
When t h e  depth r a t i o  h2/hl is  u n i t y  ( i . e .  t h e r e  i s  no s h e l f )  t h e r e  i s  
zero r e f l e c t i o n  I$=O and p e r f e c t  t ransmission K T = l  a s  expected. 
For s m a l l  depth r a t i o s  h2/hl ( i . e .  h 2 < < h l )  t h e  r e f l e c t i o n  coeff icient :  
K R + l  and t h e  t ransmiss ion  c o e f f i c i e n t  K + 2 ,  however c a r e  must be T  
exerc ised  i n  us ing  these  expressions f o r  smal l  depth r a t i o s  t o  ensure 
t h a t  t h e  smal l  ampli tude assumption i s  not  v i o l a t e d  on t h e  s h e l f .  For: 
example, i f  h2 /h l=0 .01  and t h e  i n c i d e n t  wave amplitude t o  depth r a t i o  
Al/hl= 0.01 (which is  smal l  enough t o  be considered small  ampli tude) ,  
then t h e  t r ansmi t t ed  wave amplitude t o  depth  r a t i o  cl /h2=1.82 which 
i s  c e r t a i n l y  n o t  smal l  amplitude. I n  f a c t  f o r  t h e  waves on t h e  she l f  
t o  have ampli tude t o  depth r a t i o s  Cl/h2<0.01, t h e  inc iden t  wave 
ampli tude t o  depth would have t o  be Al/hl < 5.5 x Simi lar  
arguments apply when t h e  depth r a t i o  i s  l a r g e  h 2 > > h l )  except t h a t  
i n  t h i s  c a s e  c a r e  must be taken t o  ensure t h a t  t h e  long wave assump- 
t i o n  i s  no t  v i o l a t e d .  
F r  L >> 1 ( i .  e.  a long s l o p e ) ,  t h e  r e f l e c t i o n  and t r ans -  
m i s s i o ~ l  c o e f f i c i e n t s  a r e :  
which r e p r e s e n t s  t h e  c l a s s i c a l   ree en's Theorem (Lamb (1932, 5185) f o r  
long waves propagat ing over  gradual  s lopes .  
Wong e t  aZ. (1963), Dean (1964) and Kaj i u r a  (1961) solved Eq. 
(3.108:) f o r  a  s i n g l e  harmonic i n c i d e n t  wave. Since Eq. (3.108) is a 
l i n e a r  equat ion  t h e  s o l u t i o n s  can be superimposed f o r  an  inc iden t  
wave gfiven by: 
Eqs. (3.110), (3.111) and (3.112), become: 
N 5 ( 5 x - a n t )  N Region I: nl (x, t )  = AL e  * C n Z e  -i(knx+wnt) (3.118) 
n=O n n=O n 
N 
Region 11: q2 (x, t )  = { B ~ ~ , ( X ~ )  + B2 yo (xn)) e  -zw,t ' (3.119) 
n=O n 
N i ( k  x-writ) Region 111: qg(x, t )  = C1 e  n  1 2 
n==O n 
For i n c i d e n t  waves given by Eq. (3.117), t h e  r e f l e c t i o n  and t rans-  
miss ion  c o e f f i c i e n t s  f o r  O , L / ~  = 0 (Eqs. (3.113) and (3.114)) 
apply f o r  two condi t ions :  
a )  L/hl = 0 (i. e .  a  s t e p )  . Since Eqs. (3.113) and (3.114) a r e  
indepen.dent of frequency, each frequency component of t h e  inc iden t  
wave A1 i s  r e f l e c t e d  o r  t r ansmi t t ed  by t h e  same propor t ion .  Thus, 
n  
t h e  r e f l e c t e d  and t r ansmi t t ed  waves have t h e  same shape a s  t h e  
i n c i d e n t  wave. This  i s  t h e  c l a s s i c a l  r e s u l t  of Lamb (1932) who used 
a  more fundamental approach and gene ra l  func t ions  f ( x , t )  i n s t ead  of 
harmonic func t ions .  
b) n  = 0 ( i .  e. w = 0) .  Since Eqs . (3.113) and (3.114) a r e  
n 
independent of t h e  s lope  l eng th  L ,  ,the propor t ion  of t h e  mean component 
( i . e .  t h e  volume) of t h e  i n c i d e n t  wave r e f l e c t e d  o r  t ransmi t ted  is 
t h e  same f o r  a l l  s l o p e  l eng ths  L. This  r a t h e r  s u r p r i s i n g  r e s u l t  w i l l  
be  d iscussed  f u r t h e r  i n  Sec t ion  5. 
For t h e  s o l u t i o n s ,  Eqs. (3.1181, (3.119) and (3.120), t o  apply 
t o  a  p ~ ~ r t i c u l a r  long wave given by IEq. (3.117), i t  is  necessary f i r s t  
t h a t  t h e  wave he igh t  be everywhere smal l  compared t o  t h e  depth and 
second t h a t  t h e  wave s a t i s f y  e i t h e r  of t h e  two condi t ions :  
a )  The maximum frequency wN i s  small  enough f o r  t he  nondispersive 
assumpt:ion t o  be v a l i d ,  o r  
b) The e n t i r e  wave form propagates  without  d i spe r s ing .  
A so1it:ary wave propagates i n  cons tan t  depth without  d i spe r s ing  but  
t h e  wave he ight  i s  no t  n e c e s s a r i l y  small  compared t o  t h e  depth. A s  
t h e  wave e n t e r s  a  r eg ion  of changing depth such a s  Region I1 i n  
Fig. 3.17, i t  is  expected t h a t  amplitude and frequency d i spe r s ion  
w i l l  oc:cur. However, Hammack and Segur (11978) po in t  ou t  t h a t  t h e  
l i n e a r  nondispers ive  theory may apply f o r  some time be fo re  i t  i s  
neceasairy t o  u se  t h e  f u l l  Boussinesq equat ions  t o  model t h e  propagation. 
It i s  t:o determine t h i s  range of a p p l i c a b i l i t y  t h e r e f o r e  t h a t  t h e  
l i n e a r  nondispers ive  theory i s  appl ied  t o  a  s o l i t a r y  wave propagating 
onto a  s h e l f .  
The s o l i t a r y  wave def ined  by Eq. (3.25) i n  Sec t ion  3.1 a l s o  can 
be w r i t t e n  a s :  
2 3 6  X-ct 
TI (x, t )  =H sech  -4 
where J? i s  t h e  c h a r a c t e r i s t i c  l e n g t h  def ined  by Hammack (1972): 
To implement t h e  l i n e a r  nondispers ive  theory i t  i s  necessary t o  
u s e  t h e  c e l e r i t y  c  = m. It i s  convenient t o  normalize t h e  inde- 
pendent v a r i a b l e s  wi th  r e spec t  t o  t h e  s l o p e  l eng th ,  L, a s  fol lows:  
(where * denotes  t h e  o r i g i n a l  dimensional v a r i a b l e )  and t o  normalize 
t h e  wave ampli tude wi th  r e spec t  t o  t h e  wave he igh t ,  l a =  q*/H. Then 
Eq . (3.121) becomes : 
To f i n d  t h e  s o l u t i o n  f o r  a n  i n c i d e n t  wave given by Eq. (3.123) i t  is  
necessary  t o  r e s o r t  t o  numerical techniques because the  complicated 
form of t h e  c o e f f i c i e n t s  A2, B1, B2 and C makes t h e  a n a l y t i c a l  1 
Four i e r  Transform method d i f f i c u l t  t o  implement. The development of 
t h e  Fas t  Four ie r  Transform (FFT) a lgor i thm however, has  made 
numerical s o l u t i o n  of t h e  problem accuratle and inexpensive.  
The s o l u t i o n  a t  a p a r t i c u l a r  x is  found i n  fou r  s t eps :  
1. The i n c i d e n t  wave a t  x = O  is approximated by t h e  d i s c r e t e  
f unc t i c ~ n  
where t.he t a r e  N equispaced p o i n t s  i n  t h e  f i n i t e  i n t e r v a l  
m 
where t h e  magnitudes of N and T  a r e  governed by t h e  des i r ed  accuracy 
and r e s o l u t i o n  a s  w i l l  be  d iscussed  p re sen t ly .  
2. The d i s c r e t e  approximation of t h e  i n c i d e n t  wave Eq. (3.124) 
i s  put  i n  t h e  form: 
where 
by compluting t h e  d i s c r e t e  Four ie r  c o e f f i c i e n t s :  
us ing  t h e  F a s t  Four ie r  Transform (FFT) algori thm. 
3 .  The s o l u t i o n s ,  Eqs. (3.118), (3.119) and (3.120) , normalized 
a s  descr ibed  above and w i t h  o = w * ~ / $  and kn = kEL may be t r ans -  
n  n  





Region ILII: ik JhT7i;;x n3 (x,un) = C1 e n 
n n 
The s o l u t i o n  i n  t h e  frequency domain f o r  the  wave a t  t h e  p a r t i c u l a r  
loca t ion ,  x, (Fn) i s  ca lcu la t ed  by evalua t ing  one of Eqs. (3.127), 
(3.128) o r  (3.129) a t  t h a t  pos i t ion ,  f o r  t h e  N components. 
4 .  The s o l u t i o n s  Fn a r e  transformed back i n t o  t h e  time domain: 
using t h ~ e  inverse Fourier transformation. 
The numerical scheme requ i re s  s p e c i f i c a t i o n s  of t h e  two q u a n t i t i e s  
T and N. The t o t a l  l eng th  of t h e  time record T must be made l a r g e  
enough t.o inc lude  the  e n t i r e  wave a t  t h e  l o c a t i o n  x. The number of 
p o i n t s  N i n  t h e  t ime i n t e r v a l  T determine t h e  r e s o l u t i o n  wi th  which 
t h e  soLution a t  x is  determined. The accuracy i s  determined by t h e  
ITN 
maximum frequency w = - which must be l a r g e  enough f o r  I F(w,,,) I 
max T 
t o  be n e g l i g i b l e .  An e s t ima te  of t h e  magnitude of w,, can be 
obta ined  by cons ider ing  t h e  a n a l y t i c a l  Four i e r  Transform of 
3 6  L 
n ( t )  = rsech2 -- 4 R '  which g ives :  
where 3 6 L  5 = = 4 r  
For A1 (:urnax) /Al (0) < 1 x Eq. (3.131) impl ies  omax > 30$2/n which, 
N > 4L by s u b s t i t u t i n g  f o r  w and $2, becomes - 
max R , i . e . ,  t o  accu ra t e ly  
d e f i n e  t h e  inc iden t  wave i n  t h e  frequency domain, t h e  r a t i o  of t h e  
number of p o i n t s  i n  t h e  i n t e r v a l  t o  t h e  l eng th  of t h e  i n t e r v a l  (N/T) 
must be! g r e a t e r  t han  f o u r  t imes t h e  l eng th  r a t i o .  
Resu l t s  of t h i s  a n a l y s i s  and comparison wi th  t h e  nonl inear  
d i s p e r s i v e  theory and experiment w i l l  be  presented i n  Sec t ion  5. 
3 . 5  The Propagat ion of Long Waves t o  I n f i n i t y  by the  Nonlinear 
- 
Dispers ive  Theory 
- 
Dis t an t  propagat ion by inve r se  s c a t t e r i n g  is  a method of de t e r -  
mining asymptot ic  s o l u t i o n s  of t h e  KdV equat ion.  It provides a  way 
of ana.lyzing a  wave of a r b i t r a r y  shape which is  being propagated by 
t h e  - nonl inear  d i s p e r s i v e  theory i n  a n  analogous manner t o  t he  way 
harmon:ic a n a l y s i s  could be used i f  t h e  wave were being propagated by 
a  l i n e a r  d i s p e r s i v e  theory.  
Linear  - dispersive,  equat ions  such a s  t h e  long wave equat ion (Eq. 
3.14) d iscussed  i n  Sec t ion  3.1 have exac t  s o l u t i o n s  i n  t h e  form of 
s i n u s o i d a l  waves. I n  a  corresponding way t h e  KdV equat ion has exact  
s o l u t i o n s  i n  t h e  form of s o l i t a r y  waves. A wave of a r b i t r a r y  shape 
being propagated by a  l i n e a r  d i s p e r s i v e  theory  w i l l  eventua l ly  s p l i t  up 
i n t o  a n  i n f i n i t e  number of s i n u s o i d a l  waves of d i f f e r e n t  wave numbers 
each t ~ r a v e l l i n g  a t  a speed which is a func t ion  of t h e  wave number; a  
wave of a r b i t r a r y  shape being propagated by t h e  nonl inear  d i s p e r s i v e  
theory w i l l  even tua l ly  s p l i t  up i n t o  a  f i n i t e  number of s o l i t a r y  
waves of d i f f e r e n t  he igh t  followed by a  t r a i n  of o s c i l l a t o r y  waves 
and, s i n c e  s o l i t a r y  waves propagate  a t  a  speed which i s  a func t ion  
of t h e  wave he igh t ,  t h e  s o l i t a r y  waves s e p a r a t e  i n t o  a  t r a i n  wi th  t h e  
la rges t :  wave l ead ing  and t h e  sma l l e s t  wave t r a i l i n g .  For t he  l i n e a r  
d i s p e r s i v e  theory,  harmonic a n a l y s i s  provides t h e  amplitudes of t h e  
i n f i n i t i e  number of s i n u s o i d a l  waves which emerge; f o r  t h e  nonl inear  
d i s p e r s i v e  theory,  i nve r se  s c a t t e r i n g  provides  t he  number and t h e  
he ight  of t h e  s o l i t a r y  waves which emerge. 
I n  t h i s  s e c t i o n  t h e  inve r se  s c a t t e r i n g  theory,  which was derived 
by Gartdner e t  aZ. (1967), i s  o u t l i n e d ,  then  one of t h e  few a n a l y t i c a l  
s o l u t i o n s  is  presented and, f i n a l l y ,  numerical methods of s o l u t i o n  
a r e  descr ibed .  
3.5.1 Summary of t h e  Inve r se  S c a t t e r i n g  Theory 
Consider t h e  KdV equat ion,  E q .  (3.22). By changing 
variab:Les a s  fol lows:  
Eq. (3.22) becomes: 
Whithann (1974, P585) shows t h a t  t h e  asymptot ic  s o l u t i o n  of Eq. (3.133) 
can be transformed t o  t h e  Sturm-Louiville problem: 
where primes denote d i f f e r e n t i a t i o n  wi th  r e spec t  t o  r ,  f ( r ,O)  i s  t h e  
normaliized i n i t i a l  wave p r o f i l e  and Jt(r)  +. 0 a s  1 r 1 + m .  Whitham shows 
t h e  number of nega t ive  eigenvalues X g ives  t h e  number of s o l i t a r y  
waves which w i l l  emerge a s  ~ - t m  and t h e  he igh t  of t h e s e  s o l i t a r y  waves 
is : 
The number of nega t ive  eigenvalues is  found by so lv ing  t h e  
i n i t i a l  va lue  problem ( see  Hammack and Segur (1974)): 
and counting t h e  number of zero c ros s ings  of $. 
The i n v e r s e  s c a t t e r i n g  theory  has been app l i ed  t o  p r a c t i c a l  
proble~ms by Hammack and Segur (1974,1978) among o t h e r s .  Hammack and 
Segur (1974) show t h a t  i f  t h e  i n i t i a l  wave p r o f i l e  has  n e t  p o s i t i v e  
volume, a t  l e a s t  one s o l i t a r y  wave w i l l  emerge followed by a  t r a i n  of 
o s c i l l a t o r y  waves. I f  t h e  n e t  volume i s  l e s s  than  o r  equal  t o  zero,  
s o l i t a r y  waves may o r  may not  emerge dependfng on t h e  form of t h e  
i n i t i a l  wave. I f  t h e  wave amplitude i s  e n t i r e l y  nega t ive ,  no s o l i t a r y  
waves w i l l  emerge. 
3.5.2 The Analy t ic  So lu t ion  f o r  a  Wave wi th  sech2 Shape 
Analy t ic  s o l u t i o n s  of t h e  i n v e r s e  s c a t t e r i n g  problem a r e  
ava i la 'b le  f o r  on ly  a  few i n i t i a l  wave p r o f i l e s ,  i . e . ,  n(x,O). One of 
t hese ,  given by Whitham (1974,  p597) ,  is: 
where ,A i s  t h e  wave he ight  and B i s  a type of wave number. 
T'he number of s o l i t a r y  waves emerging a s  x and t + a  is: 
where 
1 Note t h a t  N i s  an  i n t e g e r  which i s  s t r i c t l y  l e s s  than Ti- P (e.g.  i f  
P = 4 . 0 ,  N = l ) .  The he ight  of t h e  emerging s o l i t a r y  waves is given 
by Whitham (1974) a s :  
Si.nce A i s  a wave he ight  and 1 / B  i s  a h o r i z o n t a l  l eng th ,  t h e  
nondimensional quan t i t y  A / ~ ~ B ~  is  a type  of U r s e l l  Number. Eq. (3.139) 
can be  r e w r i t t e n  i n  terms of t h e  U r s e l l  Number defined by Hamrnack 
(1972) a s :  
Evaluatling t h e  U r s e l l  Number f o r  a wave given by Eq. (3.137) using 
Eq. (3.141) g ives :  
and s u k ~ s t i t u t i n g  t h i s  i n  Eq. (3.139) y i e l d s :  
3 A A s p e c i a l  case  occurs  when B2 = - - ( i . e .  a s o l i t a r y  wave) ; then  4 h3 
U =  914 and, from Eq. (3.143), P = 4 ,  hence, us ing  t h e  i n e q u a l i t y  of 
E q .  (3.138), only one s o l i t a r y  wave w i l l  emerge. 
I f ,  f o r  a p a r t i c u l a r  i n i t i a l  wave wi th  t h e  form of E q .  (3.137), 
t h e  U r s e l l  Number l i e s  i n  t h e  i n t e r v a l  0 .: U 5 9/4,  then 2 < P 5 4 and 
t h e r e f o r e  only one s o l i t a r y  wave w i l l  emerge. An important case i n  
t h i s  c l a s s  r e l evan t  t o  t h i s  s tudy i s  when. t h e  i n i t i a l  wave has t h e  
form: 
where a < l ,  i . e .  a  s o l i t a r y  wave whose amplitude has been reduced by 
a  cons tant  r a t i o  over t h e  e n t i r e  wave. The he ight  of t h e  one s o l i t a r y  
wave w'hich emerges a t  i n f i n i t y  from E q .  (3.140) is: 
E q .  (3.145) is  s u r p r i s i n g  i n  t h a t ,  a l though i t  i t  t h e  s o l u t i o n  of 
t h e  s n l i n e a r  d i s p e r s i v e  theory,  t h e  he ight  of t h e  emerging wave i s  
1inear:Ly propor t ional  t o  t h e  wave he ight  which defined i t s  o r i g i n a l  
shape. (This has  important impl ica t ions  i n  da ta  reduct ion  and i s  
discussed i n  d e t a i l  i n  Sec t ion  5.2).  
I:E t h e  U r s e l l  Number U >  9/4, then P >  4 and t h e r e f o r e  more than 
one s o l i t a r y  wave w i l l  emerge. Table 3.3 g ives  t h e  maximum Urse l l  
Number f o r  which a  p a r t i c u l a r  number of s o l i t a r y  waves w i l l  emerge. 
It shows t h a t  i f  f o r  example t h e  U r s e l l  Number of a  p a r t i c u l a r  wave 
of secln2 shape l i e s  i n  t h e  i n t e r v a l  2.25 < U < 6.75, then two s o l i t a r y  
waves w i l l  emerge. 
Table 3.3 Maximum Ursell Numbers for a particular number of 
solitary waves to emerge from a sech2 wave, 
3.5.3 Numerical Solutions for Waves with Arbitrary Shape 
The Sturm-Louiville problem Eq. (3.134) was solved using 
the Rayleigh-Ritz technique: 
Define the linear operator: 
then Eq. (3.134) can be written as: 
LJ, = XJI > 
where ,A is the eigenvalue. 
The Rayleigh Quotient is: 
where the inner product is defined in general terms as: 
T'he eigenvalues X are found by minimizing the Rayleigh Quotient 
Q over all functions JI (r) : 
A = min $Cr) 
The c a l c u l a t e d  eigenvalue:  
r e s u l t i n g  from eva lua t ion  of Eq. (3.148) f o r  a p a r t i c u l a r  func t ion  
$ ( r ) ,  i s  an  upper bound on t h e  a c t u a l  e igenvalue A :  
The proximity of t h e  c a l c u l a t e d  eigenvalue p t o  t h e  a c t u a l  e igenvalue 
A depends on t h e  choice  of t h e  func t ion  $ ( r ) .  Two schemes were 
developed us ing  d i f f e r e n t  func t ions  $ ( r )  and al though t h e  bas i c  
Rayleigh-Ritz techniques were t h e  same, t h e  implementation and app l i -  
c a t i o n s  were q u i t e  d i f f e r e n t .  
N 
Scheme 1 : ( r )  = r ; mi(--) = mi(-) = 0 
i=l 
Scheme 2 : $ ( r )  = $I ( k r )  ; 4 (-a) = @I (a) = 0 
Scheme 1 produces N  e igenvalue e s t ima te s  and involves  N 2 / 2  
numerical i n t e g r a t i o n s  and a mat r ix  eigenvalue problem. Scheme 2 
produces only  t h e  lowest e igenvalue bu t  w i th  a s  few a s  n ine  numerical 
i n t e g r a t i o n s  and no mat r ices .  Thus, i f  t h e  he ight  of on ly  t h e  leading  
so1ita:ry wave i s  required,Scheme 2  i s  p re fe rab le ,bu t  i f  more than one 
he igh t  i s  requi red  Scheme 1 must be used. 
3.5.3.1 Scheme 1: A Sum of Functions 
Let  : 
where t h e  $i a r e  a r b i t r a r y  funct ions .  Then s u b s t i t u t i n g  i n  Eq .  (3.148) 
and minimizing Q wi th  r e spec t  t o  c gives:  i 
where primes denote d i f f e r e n t i a t i o n  wi th  r e spec t  t o  r ,  and y = Q .  
Eq.  (3.153) may be w r i t t e n  i n  mat r ix  form: 
where 
Eq.  (3.154) provides a s tandard mat r ix  eigenvalue problem, t h e  
r e s u l t i n g  eigenvalues ~.l being upper bounds on t h e  a c t u a l  eigenvalues i 
xi: 
11n o rde r  t o  s imp l i fy  t h e  mat r ix  eigenvalue problems i t  was 
decided t o  u se  or thogonal  base func t ions  m i .  The func t ions  chosen 
were t h e  t r igonometr ic  func t ions :  
i ~ r  " (Pi = s i n  -L i = 1 , 2 , .  ..,N , (3.155) 
where L i s  a  l e n g t h  l a r g e  enough t o  be considered i n f i n i t e  f o r  t h e  
p a r t  i c i ~ l a r  i n i t i a l  wave f  ( r  , 0) , and : 
Tlne t r igonometr ic  func t ions  a r e  not  i d e a l  because t h e  d e f i n i t i o n  
of t h e  l e n g t h  L i s  a r b i t r a r y ,  bu t  none of t h e  o t h e r  r e a d i l y  evaluated 
or thogonal  func t ions  such a s  t h e  or thogonal  polynomials have a  s u i t a b l e  
form f o r  t h i s  problem. S u b s t i t u t i n g  f o r  t h e  base func t ions  given by 
Eq.  (3.155) i n  Eq. (3.154) y i e l d s :  
i S n 2  L i n r  ' 
Aij =%[ cos  - co s j 711: ' d r  ' 
L L 
L iTr 'f ( r v , O )  s i n -  s i n  F d r '  L Y 
and us ing  t h e s e  r e l a t i o n s h i p s  t h e  ma t r ix  equat ion i n  Eq. (3.154) can 
be s i m p l i f i e d  to :  
where 
L 
= A  1 f ( r l , O )  s i n  y-- irr  ' s i n  - irr ' d r  ' 
B;j L L 9 
and I is t h e  i d e n t i t y  mat r ix .  
To t e s t  t h e  numerical scheme, t h e  eigenvalues of waves wi th  
i n i t i a l  shape g iven  by Eq. (3.137) were ca l cu la t ed  f o r  var ious  wave 
he igh t s  A and wave numbers B and compared wi th  t h e  t h e o r e t i c a l  
e igenvalues.  (The r e s u l t s  a r e  presented i n  Appendix D.) The t e s t s  
i nd ica t ed  t h a t  t h i s  scheme i s  s e n s i t i v e  t o  t h e  choice of t h e  l eng th  
L (which i s  discussed i n  Appendix D) and t h a t  it i s  most accu ra t e  
f o r  waves from which more than  one s o l i t a r y  wave w i l l  emerge. 
3.5.3.2 Scheme 2: A Sing le  Function 
Since t h e  s o l u t i o n  sought i s  t h e  he ight  of t h e  leading  
s o l i t a r y  wave, an  obvious choice  f o r  t h e  t r i a l  func t ion  JI is: 
which s a t i s f i e s  t h e  boundary cond i t i ons  $ ( + a )  = 0. Using Eq .  (3.158), 
t h e  denominator of t h e  Rayleigh Quotient (Eq. 3.149)) is: 
and the numerator is: 
where 
I = Lw £(r,O) sech4krdr 9 (3.161) 
Thus, the Rayleigh Quotient becomes: 
Th'e best estimate of the lowest eigenvalue is found by minimizing 
the Rayleigh Quotient Q with respect to the parameter k: 
where 
- -  a' - -4 Lw rf(r,O) sech4kr tanh kr dr . (3 .I641 
ak 
Setting aQ/ak=O, Eq. (3.163) was solved for the parameter k 
using Newton' s Rule: 
Put 
then, differentiating with respect to the parameter k: 
where 
- =  a2' -4 Lw r2f(r,0) 1sech6kr - 4sech4kr tanh2kr]dr . (3.167) 
ak2 
Newton's Rule is: 
where s u p e r s c r i p t s  denote i t e r a t i o n  number. Having found k wi th in  
given iaccuracy from Eq.  (3.168) i t  can be s u b s t i t u t e d  i n t o  Eq .  (3.162) 
t o  eva:Luate t h e  Rayleigh Quotient  Q ,  then  
h 5 Q  
Tlze same t e s t s  which were performed f o r  Scheme 1 a l s o  were 
c a r r i e d  ou t  he re ,  us ing  Scheme 2 t o  c a l c u l a t e  t h e  lowest  nega t ive  
eigenvalue of waves wi th  shape given by Eq. (3.137). The r e s u l t s ,  
presentzed i n  Appendix D ,  show t h a t  t h i s  scheme a l s o  is  most accu ra t e  
f o r  waves from which more than  one s o l i t a r y  wave w i l l  emerge. 
CWAPTER 4 
EXPERIMENTAL EQUIPMENT AND PROCEDURES 
Most of t h e  equipment used i n  t h i s  i n v e s t i g a t i o n  was cons t ruc ted  
us ing  "U.S. Customary" u n i t s ;  however, a l l  experimental data  
were ta.ken i n  S I  (System I n t e r n a t i o n a l e )  u n i t s .  In  t h i s  chapter, 
i n  describing t h e  equipment, measurements i n  t h e  system of u n i t s  
used i n  t h e  cons t ruc t ion  of t h e  equipment w i l l  be  s t a t e d  f i r s t  and 
t h e  equ iva l en t  measurement i n  t h e  o t h e r  system of u n i t s  w i l l  be  
s t a t e d  i n  parentheses .  
4 .1 The Wave Tank 
- 
The wave tank which was used f o r  t h e  experimental program 
measures 123.8 f t  (37.73 m) long,  2 f t  (61  cm) deep and 15% in .  
(39.4 em) wide. The tank  is  cons t ruc ted  of t h i r t e e n  sepa ra t e  
modules, twelve of which a r e  i d e n t i c a l ;  t h e  a d d i t i o n a l  module i s  
locatedl a t  one end of t h e  wave tank  and con ta ins  a movable block 
s e c t i o n  of t h e  bed which was used by Hammack (1972). This  module 
w a s  sealled o f f  and n o t  used i n  t h i s  s tudy.  A schematic drawing of 
one of t h e  t e n  s i m i l a r  modules of t h e  wave tank  is  shown i n  Fig.  4.1. 
D e t a i l s  of t h e  cons t ruc t ion  of t h e s e  modules have been given pre- 
v i o u s l y  by French (1969) and w i l l  be  d iscussed  only b r i e f l y  here.  
The sicle w a l l s  of each module a r e  cons t ruc ted  of g l a s s  panels  
measuring 5 f t (1.52 m) long,  25 i n .  (63.5 cm) high and % i n .  (1.27 cm)  
t h i ck .  The instrument  c a r r i a g e  r a i l s  a r e  made of 1 i n .  (2.54 cm) 

diameter  s t a i n l e s s  s t e e l  rod and a r e  mounted on t h e  top  f l anges  of 
t h e  tank  s idewa l l s  w i t h  s t u d s  spaced a t  2  f t  (61 cm) i n t e r v a l s .  The 
rails were c a r e f u l l y  l eve l ed  t o  w i t h i n  0.001 f t  (. 3 mm) of a  s t i l l  
water s u r f a c e  i n  t h e  wave tank.  
To s imu la t e  a s h e l f ,  a f a l s e  bst tam and f o u r  s l o p e s  were 
cons t ruc ted ;  t h e  d e t a i l s  a r e  shown i n  Fig. 4.2. The she l f  was 
cons t ruc ted  of plywood i n  8 f t  u n i t s  and ~ a c h  was weighted wi th  l e a d  
b r i c k s  t o  prevent  i t  f l o a t i n g .  The r i b s  shown i n  F ig .  4.2(a) which 
were placed a t  4 f t  c e n t e r s  were shaped s o  as t o  a l l ow t h e  a i r  t o  
escape a long  t h e  unders ide  of t h e  she l f  as t h e  water l e v e l  r o s e  
during f i l l i n g .  The s h e l f  w a s  sea led  by packing t h e  gap between t h e  
s h e l f  and t h e  g l a s s  w a l l s  of t h e  tank  wi th  3/8 i n .  diameter polyethyle.ne 
rod. 
Three s lopes  w i t h  l eng ths  of 150 cm, 300 cm and 450 cm were 
constrcrcted of 3/4 i n .  plywood a s  shown i n  Fig.  4 .2(b) .  Each s lope  
w a s  approximately 6 i n ,  h igh  ( a c t u a l l y  15.54 cm) a t  t h e  one end where 
it bu t t ed  i n t o  t h e  she l f  and tapered t o  a feather-edge.  The f ea the r -  
edge w a s  cons t ruc ted  of 1 6  gauge shee t  metal .  The ha l f - s ine  t r a n s i t i o n  
s h a m  i n  P i g .  4.2(c) was c u t  from a glued laminated p ine  block. The 
equat ion  r ep re sen t ing  t h e  shape of t h e  f a c e  of t h e  t r a n s i t i o n  is: 







AT 4' CENTERS 
Fig.  4.2(a) Cross-sect ion of t h e  s h e l f .  
Fig.  4.:2(b) Elevat ion  of t h e  s lopes  (L=150  cm, 300 cm and 450 c m ) .  
Fig.  4.2(c) Eleva t ion  of t h e  ha l f - s ine  t r a n s i t i o n .  
4.2 The Wave Generator 
-
The wave genera tor  which was designed and cons t ruc ted  f o r  t h i s  
s tudy  c o n s i s t s  of a v e r t i c a l  p l a t e  which is  moved h o r i z o n t a l l y  i n  a 
prescr ibed  manner by means of a hydrau l i c  servo-system. The system 
accep t s  a programmed inpu t  v o l t a g e  and conver t s  t h e  input  e l e c t r i c a l  
s i g n a l  i n t o  a displacement (which is d i r e c t l y  p ropor t iona l  t o  t h e  
magnitude of t h e  vo l t age ) ;  hence, t h e  displacement-time h i s t o r y ,  o r  
11 t raject:oryl ' ,  of t h e  movement i s  p ropor t iona l  t o  t h e  voltage-time 
h i s t o r y  of t h e  inpu t  s i g n a l .  For purposes of d i scuss ion  t h e  o v e r a l l  
wave genera t ing  system can be d iv ided  i n t o  t h r e e  p a r t s :  t h e  
hydraul ic  system, t h e  e l e c t r i c a l  servo-system and t h e  c a r r i a g e  and 
wave p l a ~ t e .  Schematic drawings of t h e  e n t i r e  system a r e  shown i n  
F ig .  4.3(a) and (b) and an  o v e r a l l  view of t h e  wave genera tor  i s  
shown i r ~  t h e  photograph of F ig .  4.4; t h e  va r ious  components shown i n  
t h e s e  f i g u r e s  now w i l l  be  d iscussed .  
4.2.1 The Hydraulic System 
The hydrau l i c  system c o n s i s t s  of an  o i l  r e s e r v o i r ,  a  pump, 
a  f i l t e r ,  a n  unloading va lve ,  a check va lve ,  two accumulators,  a  
second f i l t e r ,  a servo-valve and two hydrau l i c  cy l inde r s  (only one 
of which can be used a t  a t ime) .  F igure  4.5 is  a photograph of t h e  
hydraulic supply system which a l s o  can be seen  i n  t h e  lower l e f t  of 
Fig.  4.41. I n  t h e  background of Fig.  4.5 i s  t h e  r e s e r v o i r  which has  
a capacj-ty of 40 g a l .  (0.152 m3) of hydrau l i c  o i l ,  I n  f r o n t  of t h e  
r e s e r v o i r  i s  t h e  pump which i s  a  Denison, cons t an t  volume, a x i a l -  
pis ton-type pump, r a t e d  a t  2.9 gpm (0.012 m3/min) a t  3000 p s i  
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(20,000 kN/m2) and 2.8 gpm (0.011 m3/min) a t  3500 p s i  (24,000 kN/m2); 
it is powered by a 7.5 hp (5.6 kW), 1800 rpm e l e c t r i c  motor. Pro- 
v i s i o n  has been made f o r  water cooling the  o i l  but under present 
operat ing condit ions the  o i l  temperature has never exceeded 100°F (38OC) 
and thus t h e  thermostat has never been ac t iva ted .  Immediately 
downstream of the  pump is a f i l t e r  constructed of s t a i n l e s s  s t e e l  
w i r e  c l o t h  with a nominal and absolute  p a r t i c l e  diameter r a t i n g  of 
5 microns and 15 microns respect ively .  Downstream of t h e  f i l t e r  i s  
an unloading valve which i s  followed by a check valve. The unloading 
valve senses t h e  system pressure  a t  a point  downstream of t h e  check 
valve; when the  system pressure is below a p rese t  value (3000 p s i  
during normal operat ion) the  unloading valve  d i r e c t s  the  flow of 
hydraulic f l u i d  i n t o  t h e  system. Once t h e  des i red  system pressure is 
reached, t h e  system s i d e  of t h e  valve c loses  and t h e  flow i s  diverted 
through an air-cooled heat  exchanger ( the  r a d i a t o r  s t r u c t u r e  shown i n  
Fig. 4.5) and back t o  t h e  reservoir .  The check valve prevents a 
reverse  flow through t h e  pump from t h e  pressurized system when power 
t o  t h e  pump i s  turned o f f .  
Fro~m t h e  valves,  t h e  o i l  is  pumped i n t o  two 10 gal .  accumulators 
which a r e  mounted on t h e  wal l  above the  hydraulic supply u n i t  and can 
be seen i n  t h e  background i n  Fig. 4.4. Each accumulator cons i s t s  of a 
rubber bladder f ixed i n s i d e  a pressure  vesse l .  The bladder is  pre- 
charged wi th  n i t rogen gas a t  600 p s i  (4000 k.N/m2) and when the re  is  no 
o i l  i n  t h e  accumulator, t h e  bladder f i l l s  t h e  e n t i r e  vesse l .  When o i l  
is introduced a t  pressure,  t h e  increased pressure  causes t h e  ni trogen 
gas and t h e  bladder which conta ins  i t  t o  compress. A s  more o i l  i s  
pumped i n ,  t h e  pressure  continues t o  r i s e  u n t i l  t h e  r a t ed  pressure 
of 3000 p s i  (20,000 kN/m2) is reached when t h e  unloading valve 
a k t i v a t e s  and d i r e c t s  flow back i n t o  t h e  o i l  r e se rvo i r .  A t  t h i s  
pressure  each accumulator holds approximately 7 ga l .  (0.027 m3) of 
o i l  which provides a r e se rvo i r  t o  supply flows which exceed the  
capaci ty  of t h e  pump ( i . e . ,  2.9 gpm). The accumulators a l s o  serve  t o  
damp out  pressure  f l u c t u a t i o n s  due t o  t h e  opening and c los ing of the  
servo-valve and t h e  unloading valve although t h i s  was not  the  primary 
purpose. 
A second f i l t e r  (Moog Buta N wi th  nominal f i l t r a t i o n  of 1 0  microns) 
is  i n s t a l l e d  downstream of the  accumulators t o  p ro tec t  t h e  servo-valve 
which j.s t h e  most soph i s t i ca ted  and s e n s i t i v e  i t e m  of t h e  hydraulic  
system. The servo-valve a d j u s t s  the  quant i ty  and the  d i r e c t i o n  of 
the  flow of o i l  i n  d i r e c t  proport ion t o  t h e  e l e c t r i c a l  current  it 
receives .  The servo-valve is a Moog Model 72-103 which has a  r a t e d  
flow of 60 gpm (0.24 m3/min) a t  40 m a  cu r ren t .  
The servo-valve d i r e c t s  t h e  flow of o i l  t o  e i t h e r  end of a  double- 
a c t i n g  hydraulic  cyl inder .  Two cy l inders  were used i n  t h i s  study, 
both of which can be seen i n  Fig. 4.4 ; a "long" cyl inder  which i s  
mounted beneath the  t r u s s  and a 'tshort" cyl inder  which is  mounted on 
t h e  sloping f a c e  of t h e  t r u s s .  I n  t h e  photograph the  servo-valve is  
mounted on t h e  shor te r  cyl inder  ind ica t ing  t h i s  cyl inder  was i n  use. 
For opera t ion  of t h e  "long" cyl inder  t h e  servo-valve must be moved t o  
a  pos i t ion  i n s i d e  t h e  t r u s s  not  v i s i b l e  i n  t h e  photograph. The t r u s s  
was made massive t o  avoid v i b r a t i o n  problems and i n  f a c t  the re  is  
no apparent v i b r a t i o n  of t h e  s t r u c t u r e  during operation. The long 
cyl inder  i s  a Mil ler  Model DH77B cyl inder  wi th  2% in .  ( 6 . 3 5  cm) bore 
and 1 3/8 in .  ( 3 . 4 9  cm) rod with a s t roke  of 96 in .  ( 2 . 4 4  m). The 
cyl inder  i s  f i t t e d  with external  drainbacks t o  el iminate o i l  leakage. 
This was important because it was found even a small amount of o i l  
i n  the  water caused t h e  wave gauges to  behave i n  an e r r a t i c  manner. 
The l eng th  of t h e  cylinder was designed so a s  t o  be ab le  t o  gen- 
e r a t e  a s i n g l e  o r  a series of s o l i t a r y  waves; each use requires  move- 
ment i n  t h e  forward d i r e c t i o n  only. However, problems occurred i n  t h e  
generat ion of per iodic  waves with the  a c t u a l  motion being d i s t o r t e d  
from t h e  des i red  motion a t  t h e  ends of t h e  s t roke .  The cause of 
t h i s  a f t e r  some inves t iga t ion  was found t o  be t h e  s t a t i c  f r i c t i o n  
between t h e  s e a l s  and t h e  p i s ton  rod and t h e  p i s ton  and t h e  cylinder 
wal ls  which has t o  be overcome before the  p i s ton  can move. A t  t h e  
end of a s t roke  when t h e  p i s ton  i s  momentarily a t  r e s t ,  before i t  
can begin t o  move a f o r c e  termed t h e  "break-loose force" must be 
applied t o  overcome t h e  s t a t i c  f r i c t i o n .  However, the  fo rce  is  
provided by t h e  d i f f e r e n t i a l  pressure across  t h e  p i s ton  and t h i s  
pressure takes  a f i n i t e  time t o  become s u f f i c i e n t  t o  produce the  
break-loose force.  I n  the  meantime the  input  from t h e  function 
generator  i s  continuing so t h a t  when t h e  break-loose fo rce  i s  reached 
t h e  p i s ton  has t o  move f a s t e r  than des i red  t o  ca tch  up with the  input  
function.  
Two ways of reducing t h i s  problem a r e :  
i )  To i n c r e a s e  t h e  bear ing  a r e a  of t h e  p i s ton  so t h a t  t h e  
d i f f e r e n t i a l  p re s su re  r equ i r ed  t o  produce t h e  break-loose 
f o r c e  is  reduced, and 
i To improve the f r i c t i o n a l  c h a r a c t e r i s t i c s  of t h e  s e a l s ,  
i . e . ,  t o  reduce t h e  break-loose fo rce .  
Both of t h e s e  were employed i n  t h e  des ign  of t h e  smaller cy l inde r  
which :is a Mi l l e r  Model DER-77 cy l inde r  w i t h  5 i n .  (12.7 cm) bore  
and 1 314 in .  (4.45 cm) rod wi th  a s t r o k e  of 16  i n .  (40.6 cm). The 
bear ing  a r e a  of t h i s  c y l i n d e r  is 17.3 i n . 2  (112 cm2) compared wi th  
3.4 i n O 2  (22 cm2) f o r  t h e  longer  cy l inde r .  To ensure  f r i c t i o n  would 
n o t  cause problems f o r  t h i s  c y l i n d e r ,  t h e  manufactured seals were 
removed and rep laced  by low f r i c t i o n  Shamban Varidry R. G. Sea l s  
Model S32573-132. For t h e s e  seals t h e  f r i c t i o n  is  reduced by reducing 
t h e  bear ing  area of t h e  seals t o  a k n i f e  edge. These two measures 
e f f e c t i v e l y  e l imina ted  t h e  problem of f r i c t i o n  f o r  t h e  s h o r t  cy l inder .  
4.2.2 The Servo-System 
The servo-system c o n s i s t s  of a f u n c t i o n  genera tor ,  a 
feedback dev ice  and a servo-cont ro l le r .  The p r i n c i p l e  of ope ra t ion  
i s  t h a t  t h e  v o l t a g e  from t h e  func t ion  genera tor  and t h e  vo l t age  from 
t h e  feedback device  which are of oppos i t e  s i g n  are summed i n  t h e  
servo-cont ro l le r  which then  a m p l i f i e s  t h e  r e s u l t i n g  c u r r e n t  which 
i s  t r ansmi t t ed  t o  t h e  servo-valve. The servo-valve d i r e c t s  flow i n  
one d i r e c t i o n  o r  t h e  o t h e r  depending on t h e  s i g n  of t h e  cu r r en t ;  t h e  
q u a n t i t y  of f low through t h e  va lve  and hence t h e  v e l o c i t y  of t h e  p i s t o n  
is p ropor t iona l  t o  t h e  magnitude of t h e  cu r r en t .  
The purpose of t h e  function generator  i s  t o  provide the  voltage- 
time h i s t o r y  which is  proport ional  t o  t h e  des i red  displacement-time 
history, ,  i .e . ,  t h e  t r a j e c t o r y  of t h e  wave p la te .  The function 
generator  used i n  t h i s  study was designed and constructed by Shapiro 
S c i e n t i f i c  Instruments, Corona d e l  Mar, Cal i fornia ;  a block c i r c u i t  
diagram i s  presented i n  Fig. 4 . 6  and the  f r o n t  f ace  of t h e  e lec t ron ics  
is  shown i n  t h e  photograph of Fig. 4.7. The various components of 
t h e  funct ion generator  shown i n  Fig. 4.7 w i l l  be described b r i e f l y  
f i r s t  and t h e  d e t a i l s  of opera t ion w i l l  be given l a t e r .  
The lower p a r t  of t h e  photograph shows the  paper tape  reader which 
can be used e i t h e r  t o  load a memory u n i t  which can be played back a t  a 
l a t e r  t i m e  o r  t o  d r i v e  the  motion d i r e c t l y .  Located above the  tape 
reader a r e  the  th ree  d i g i t a l  thumbwheel potentiometers which allow 
scal ing of t h e  amplitude of t h e  motion. The d i a l  on t h e  l e f t  i n  t h e  
uppermost panel i s  t h e  t i m e  adjustment. When t h e  switch beside it is  i n  
t h e  UP posi t ion ,  t h e  time base is ca l ib ra ted  i n t e r n a l l y  and the  r a t e  a t  
which t h e  data  a r e  generated i s  determined by t h e  l a rge r  knob and the  
d i a l .  The data  r a t e  can range from 1 word/sec t o  1 x 1 0 ~  wordslsec; 
thus, s ince  the  memory contains 1000 words, t h e  durat ion can range 
from 1000 sec  t o  0.001 sec. When t h e  switch is  i n  the  down posi t ion ,  
t h e  data  r a t e  may be s e t  between t h e  i n t e r n a l l y  ca l ib ra ted  r a t e s  
using t h e  smaller f i n e  tuning knob located on the  outer  p a r t  of t h e  
l a r g e r  knob. The r i g h t  s i d e  of t h e  upper panel contains t h e  controls  
f o r  t h e  mode of operation--Manual, Run o r  Load from Tape--and the  
switches which execute t h e  various phases of operation--Load Data, 
ADDRESS 
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Fig. 4 . 6  Block circuit diagram of the function generator. 
Fig. 4,,7 V i e w  of the front  face o f  the  electronics, 
Increment Address, Selec t  Address and S t a r t .  The number of cycles 
which the  funct ion generator  w i l l  execute is  governed by the  s ingle /  
continuous switch on t h e  lower r i g h t  of t h e  upper panel.  The LED'S 
on the  upper p a r t  of t h e  upper panel d isplay  the  address and the  
data  continnausly. Below these  i n  t h e  center  a r e  the  d i g i t a l  thumb- 
wheel swritches used f o r  manual operat ion.  
The funct ion generator allows almost unlimited f l e x i b i l i t y  i n  
programming the  motion of t h e  wave p la te ;  however, due t o  t h e  
mechanical l i m i t a t i o n s  of t h e  system, t h e  wave generator i s  l e s s  
f l e x i b l e  i n  i ts  operat ion.  The only r e s t r i c t i o n s  on the  function 
a r e  t h a t  it  be adequately described by: 
i )  Equispaced time s teps ,  and 
i i )  Normalizing the  s t roke  between t h e  limits of 0 and 999 with 
each word ( i .e . ,  point)  represented by th ree  d i g i t s .  
The t r a j e c t o r y  may be entered i n  any of the  following th ree  ways: 
i )  With 1000 points  punched on paper tape and s tored i n  the  
memory. The paper tape ,  which may be punched e i t h e r  manually 
o r  by computer, is read i n t o  the  memory by t h e  tape reader. 
Once i n  t h e  memory, t h e  t r a j e c t o r y  remains the re  u n t i l  i t  
is  over-ridden o r  t h e  u n i t  is  switched o f f .  
i i )  With 1000 points  entered manually by means of the  d i g i t a l  
thumbwheel switches and s tored i n  t h e  memory. This f a c i l i t y  
is  useful  i f  t h e  paper tape  described above contains a bad 
point  (or  points)  because correc t ions  can be made to  t h e  
memory without repunching t h e  tape. 
i s % )  W i t h  continuous tape reading, bypassing t h e  memory. I f  t h e  
t r a j e c t o r y  cannot be described by 1000 points ,  more points  
can be used and t h e  t r a j e c t o r y  read d i r e c t l y  from paper tape 
i n t o  t h e  servo-control ler  a t  t h e  constant  r a t e  of 37.5 words 
per second. 
The t r a j e c t o r y  which e i t h e r  i s  s tored i n  t h e  memory o r  is t o  be read 
i n  by t h e  tape reader is  scaled from 0 t o  999 i n  amplitude. 
The a c t u a l  t o t a l  amplitude of the  wave generator ( i . e . ,  t he  
s t roke)  and t h e  pos i t ion  of t h e  wave p l a t e  a r e  control led  by the  
t h r e e  thumbwheel d i g i t a l  potentiometers shown i n  Fig. 4.7 labeled 
I n i t i a l  Value, Gain, and I n i t i a l  Posi t ion .  Each contains 1000 divi -  
s ions  from 0 t o  999 and they have t h e  following purposes: 
i )  I n i t i a l  Value is  the  f i r s t  in teger  of the  t r a jec to ry .  
i i )  Gain i s  an in teger  d i r e c t l y  proport ional  t o  t h e  stroke.  
For a s t roke  of S c m  t h e  gain  is: 
9 5 f o r  t h e  long cyl inder  
Gain = In teger  por t ion  of 
51 S f o r  t h e  shor t  cylinder 
i i i )  I n i t i a l  Pos i t ion  allows adjustment of t h e  a t - res t  pos i t ion  
of t h e  wave p l a t e  and gives t h e  loca t ion  of t h e  p l a t e  p r i o r  
t o  s t a r t i n g  t h e  motion. When t h e  I n i t i a l  Pos i t ion  reads 
500 t h e  p is ton is i n  the  center  of t h e  cylinder and t h e  
input  and feedback voltages a r e  both zero. When t h e  
I n i t i a l  Pos i t ion  reads 0,  t h e  p i s ton  rod i s  completely 
r e t r a c t e d  in to  t h e  cylinder;  when i e  reads 999 t h e  p is ton 
rod is  f u l l y  extended from t h e  cylinder.  
A t  t h e  completion of the  motion, t h e  wave p l a t e  w i l l  be i n  a 
pos i t ion  given by the  product of t h e  Gain and t h e  d i f ference  between 
t h e  last :  and f i r s t  in tegers  of t h e  program. Pressing the  Reset 
button located  beneath t h e  I n i t i a l  Pos i t ion  thumbwheel w i l l  r e t u r n  
t h e  p l a t e  t o  i t s  o r i g i n a l  pos i t ion  a t  a constant  r a t e  of 5.5 cm/sec. 
The dura t ion time of t h e  motion i s  set using the  coarse and f i n e  
adjustment knobs shown i n  Fig. 4.7 (and discussed e a r l i e r )  and a 
d i g i t a l  clock. Shutting t h e  valve j u s t  downstream of the  accumulators 
removes t h e  pressure  from t h e  servo-valve. In  t h i s  depressurized 
s t a t e ,  t h e  function generator  is  put i n  the  Continuous mode and the  
Run switch depressed. The t r a j e c t o r y  w i l l  cycle  continuously with 
t h e  dura t ion of a l t e r n a t e  cycles  displayed on t h e  d i g i t a l  clock. 
Having set t h e  des i red  time, t h e  function generator  i s  switched to  
t h e  Single mode and t h e  Reset button depressed. Af ter  pressur iz ing,  
the  wave generator  is ready f o r  operat ion.  
Two d i f f e r e n t  devices a r e  used f o r  feedback f o r  t h e  two cylinders.  
For the  long cyl inder  the  feedback vol tage  is  supplied by the  voltage 
drop across  a r o t a r y  potentiometer f ixed t o  the  ca r r i age  which is  moved 
by a rack and pinion arrangement. The vol tage  drop across  the  
potentiometer i s  d i r e c t l y  proport ional  t o  t h e  ca r r i age  posi t ion .  The 
potentiometer i s  a Helipot  Model 7603 with a t e n  turn ,  10 K ohm 
r e s i s t a n c e  and 0.15% independent l i n e a r i t y .  The anti-backlash gear 
which has a c i r c u l a r  p i t c h  of 48 and t h e  precis ion rack a r e  Bearing 
S p e c i a l i t i e s  Models AP48W-150 and RI-642 respect ively .  
For t h e  shor t  cyl inder  t h e  pos i t ion  of the  ca r r i age  i s  converted 
i n t o  an e l e c t r i c a l  s i g n a l  by means of an  LVDT ( l inea r ly  va r iab le  
d i f f e r e n t i a l  t ransformer) ,  Co l l ins  Madel LNT 711 P38. The LVDT 
c o n s i s t s  of primary and secondary c o i l s  wound i n  t h e  form of a tube  
i n s i d e  which a  ferro-magnetic co re  moves. The primary c o i l  i s  
suppl ied  wi th  6 VAC from t h e  servo-cont ro l le r  and t h e  output  of  t h e  
secondary c o i l  is  re turned  t o  t h e  se rvo -con t ro l l e r  where i t  i s  demodu- 
l a t e d  i n t o  d i r e c t  cu r r en t .  A s  t h e  co re  moves w i t h i n  t h e  c o i l s ,  
t h e  f i e l d  is changed and t h e  demodulated v o l t a g e  from t h e  secondary 
c o i l  v a r i e s  l i n e a r l y  wi th  t h e  p o s i t i o n  of t h e  core.  The core  i s  
a t t ached  d i r e c t l y  t o  one end of t h e  p i s t o n  rod;  hence, a s  t h e  
p i s t o n  moves, t h e  core  moves w i t h i n  t h e  c o i l s  and t h e  demodulated 
v o l t a g e  from t h e  secondary c o i l  v a r i e s  l i n e a r l y  wi th  t h e  p o s i t i o n  
of t h e  ca r r i age .  
The servo-control ler  r e fe r red  t o  above is  a Moog AC/DC servo- 
contro1:Ler (Model 82-151) and power pack (Model 82-152). The servo- 
contro1:Ler was modified s l i g h t l y  f o r  t h i s  app l i ca t ion  and t h e  modified 
c i r c u i t  diagram i s  presented i n  Fig. 4.8. The modifications are :  
i )  The add i t ion  of the  bank of r e s i s t o r s  which allows f i n e r  
tuning of t h e  e l e c t r i c a l  damping than would be ava i l ab le  
otherwise. 
i i )  The add i t ion  of t h e  in tegra to r  c i r c u i t  a f t e r  t h e  summing 
point  of t h e  funct ion generator  and the  feedback from t h e  
potentiometer. This improved t h e  response f o r  the  longer 
cyl inder .  

i i i )  The o p t i o n a l  f e a t u r e  of t h e  Di the r  O s c i l l a t o r  which provides 
a 600 Hz e x c i t a t i o n  t o  t h e  servo-valve and hence improves 
t h e  response was included a l s o .  
Examples of t h e  response of t h e  wave genera tor  a r e  presented i n  
Fig. 4.9 where t h e  s o l i d  curves  a r e  t h e  programmed motion from t h e  
f u n c t i o n  genera tor  and t h e  dashed curves  a r e  t h e  a c t u a l  motion from 
t h e  feedback device.  F igu re  4.9(a) shows t h e  response t o  a hyperbol ic  
tangent  f u n c t i o n  which would be  used t o  gene ra t e  a s o l i t a r y  wave 
and Fig. 4.9(b) shows t h e  response t o  t h e  f u n c t i o n  which would be 
used t o  gene ra t e  a series of cno ida l  waves. The t i m e  l a g  of approx- 
imate ly  0.05 s e c  between programmed and a c t u a l  motion which is  evident  
i n  both  f i g u r e s  is  a f e a t u r e  of t h e  servo-cont ro l le r .  I n  F ig .  4 .9(a) ,  
near  t h e  s t a r t  and f i n i s h  of t h e  motion, t h e  curves  f o r  both t h e  
function1 and t h e  motion e x h i b i t  some roughness. This  i s  a t t r i b u t e d  
t o  t h e  f u n c t i o n  being descr ibed  w i t h  vo l t ages  equispaced i n  t i m e  and 
wi th  p r e c i s i o n  of on ly  one p a r t  i n  one thousand. Apart from t h i s ,  
t h e  a c t u a l  motion shows good agreement w i th  t h e  programmed motion. 
4 . 2 . 3  The Carr iage  and Wave P l a t e  
The c a r r i a g e  and wave p l a t e  which a r e  i n  t h e  foreground 
i n  Fig.  4.4 a r e  cons t ruc ted  of aluminum I-beams and p l a t e .  The 
c a r r i a g e  is  supported on 1% i n .  (3.18 cm) hardened s t e e l  s h a f t  r a i l s  
( P a c i f i c  Bearings Model SA-20-120) by means of fou r  l i n e a r  b a l l  
bushings ( P a c i f i c  Bearings Model SPB-20-OPN) mounted beneath t h e  
support  p l a t e  a s  shown i n  Fig. 4.4. The v e r t i c a l  pos t  extending 
upward from t h e  c a r r i a g e  a l lows  f o r  t h e  connect ion of e i t h e r  t h e  
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Fig. 4.9 Examples of t h e  a c t u a l  and programmed wave p l a t e  d isp lace-  
ments f o r  (a) s o l i t a r y  wave gene ra t ion  and (b) cno ida l  
wave genera t ion .  
upper s h o r t  cyl inder  o r  t h e  lower long cyl inder  depending on the  
mot ion desired.  
To avoid problems of leakage around t h e  wave p la te ,  the  wave 
p l a t e  is sealed aga ins t  t h e  g lass  s i d e  wal ls  and s t e e l  bottom of t h e  
wave tank by means of rubber windshield wiper blades. The device 
which holds the  wiper blades is  shown i n  Fig. 4.10. It cons i s t s  of 
two i d e n t i c a l  aluminum bars  with grooves c u t  out  t o  accept  the  body 
of t h e  wiper blade. The blade is  held i n  place by t i g h t l y  bol t ing  
t h e  two b a r s  together. The wiper blade and holder a r e  at tached t o  
t h e  wave p l a t e  by i i8  screws a t  4 in .  (10.2 cm) in te rva l s .  The holes 
i n  t h e  holder through which the  screws pass a r e  s l o t t e d  s o  a s  t o  allow 
adjustment of the  d i s t ance  t h e  wiper blade protrudes beyond the  
edge of t h e  p la te .  This d i s t ance  w a s  set such t h a t  t h e  wiper blade 
bears  aga ins t  the  g l a s s  sidewalls  and s t e e l  bottom of t h e  tank i n  
t h e  manner shown i n  Fig. 4.10 over t h e  f u l l  length  of the  t r averse  
of t h e  wave p la te .  
4 . 4  - The Measurement of Wave Amplitudes 
Resistance wave gauges a r e  used i n  conjunction with t h e  Hewlett 
Packard (7700 Ser ies )  recorder i n  order t o  measure wave amplitudes 
a s  a funct ion of t i m e  a t  a s p e c i f i c  loca t ion  i n  t h e  wave tank. A 
drawing of a typ ica l  wave gauge is shown i n  Fig. 4.11. The wave 
gauge c o n s i s t s  of two s t a i n l e s s  s t e e l  wires 3.25 in .  long with a 
diameter of 0.01 in. ,  and spaced 0.16 in .  apa r t .  The w i r e s  a r e  
s t r e tched  t a u t  and p a r a l l e l  i n  a frame constructed of 1 / 8  i n .  diameter 

6 2.37- -4 
Fig. 4.11 Drawing of a t y p i c a l  wave gauge ( a f t e r  Raichlen (1965)). 
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Fig. 4.12 C i r c u i t  diagram f o r  wave gauges ( a f t e r  Okoye (1970)). 
s t a i n l e s s  s t e e l  rod. The wi re s  a r e  i n s u l a t e d  e l e c t r i c a l l y  from each 
o t h e r  i n  t h e  frame, however, a  c u r r e n t  can pass  between t h e  wires  
when they  are immersed i n  a conducting f l u i d .  A Hewlett Packard 
Carrier P reampl i f i e r  (Model 8805 A) i s  used t o  supply t h e  2400 cps14.5 
v o l t  e x c i t a t i o n  f o r  t h e  gauges as ind ica t ed  by t h e  c i r c u i t  diagram 
i n  Fig.  4.12. The output  s i g n a l  from t h e  wave gauge is  a l s o  rece ived  
by t h e  C a r r i e r  Preampl i f ie r  which a f t e r  demodulation and amplif ica-  
t i o n  its d i sp layed  on t h e  record ing  u n i t .  A s  t h e  immersion of a wave 
gauge i s  v a r i e d  i n  a conducting s o l u t i o n ,  t h e  r e s i s t a n c e  i n  t h e  
c i r c u i t  changes p ropor t iona l ly ,  causing a n  imbalance i n  t h e  f u l l  
b r idge  c i r c u i t  shown i n  Fig. 4.12; t h i s  imbalance i s  recorded as a 
change from t h e  balanced p o s i t i o n .  
The wave gauge i s  a t t a c h e d  t o  a remotely c o n t r o l l e d  c a l i b r a t i o n  
dev ice  which a l lows  f i v e  wave gauges t o  be c a l i b r a t e d  simultaneously. 
The c a l i b r a t i o n  dev ice  is mounted on a n  instrument  c a r r i a g e  r e s t i n g  
on t h e  s t a i n l e s s  steel rails which a r e  mounted t o  t h e  w a l l s  of t h e  
wave tank. The c a l i b r a t i o n  device ,  which is  shown i n  Fig. 4.13(a), 
c o n s i s t s  of a  r ack  and p in ion  d r iven  by a  synchronous motor. The 
wave gauge is  a t t ached  t o  t h e  r ack  and i t s  weight i s  counterbalanced 
by a l e a d  weight.  The synchronous motor (GE Model SG 101) i s  connected 
t o  t h e  master c o n t r o l  shown i n  Fig. 4.13(b) which c o n s i s t s  of a  
synchrainous genera tor  (GE Model SF 142) which i s  d r iven  by a p in ion  
and the! r a c k  of a p o i n t  gauge. When t h e  p o i n t  gauge i s  moved, a 
c u r r e n t  i s  generated and re layed  t o  t h e  motors which move t h e  wave 
gauges v e r t i c a l l y .  There is a one-to-one r e l a t i o n s h i p  between movement 
Pig. 4.1.3(at) V i e w  of the calibration device. 
Fig.  4,13(b) V i e w  of the master control. 
of t h e  point  gauge and v e r t i c a l  displacement of the  wave gauge so 
t h a t ,  f o r  example, a  1 cm def lec t ion  of the  point  gauge w i l l  move 
t h e  wave gauge 1 cm v e r t i c a l l y .  To c a l i b r a t e ,  the  f u l l  bridge 
c i r c u i t  f i r s t  is balanced a t  a f ixed gauge immersion, then the  gauge 
i s  immersed and withdrawn a known dis tance  from t h e  balanced pos i t ion  
by means of t h e  point  gauge and t h e  de f lec t ion  of the  s t y l u s  is  noted. 
This procedure is repeated for var ious  immersions and withdrawals 
and a t y p i c a l  c a l i b r a t i o n  curve which r e s u l t s  i s  shown i n  Fig. 4.14(a). 
I f  t h e  wave gauge record is t o  be recorded using an analog-to-digital 
converter, the positionofthe point gauge may be represented electrically 
by means of the potentiometer shown in the foreground of Fig. 4.13(b). A 
t y p i c a l  c a l i b r a t i o n  curve using t h i s  method i s  shown i n  Fig, 4.14(b). 
Notice t h e  c l u s t e r s  of po in t s  a t  regular  i n t e r v a l s  along t h e  curve. 
These occur because, when turning the  wheel on t h e  point  gauge shown 
i n  Fig. 4.13(b), a f t e r  turning t o  t h e  l i m i t  one's wrist w i l l  r o t a t e ,  
t h e  hand is  l i f t e d  and the  w r i s t  ro ta ted  back i n  order t o  continue 
turning,  During t h e  time i t  takes t o  l i f t  one 's  hand and r o t a t e  the  
wrist back, da ta  s t i l l  a r e  being recorded by the  AID converter and 
these  appear as c l u s t e r s  of points  i n  t h e  c a l i b r a t i o n  curve. The 
s c a t t e r  is caused by e r r o r s  i n  the  AID converter.  
Every wave gauge is  ca l ib ra ted  before each experiment; however, 
no c a l i b r a t i o n  curves were obtained a t  t h e  end of t h e  experiment, s ince  
each experiment w a s  completed wi th in  minutes of t h e  i n i t i a l  ca l ib ra t ion .  
A/O INPUT ( V O L T S )  
Fig.  4.1.4 C a l i b r a t i o n  curves f o r  (a )  manual c a l i b r a t i o n  and (b) 
c a l i b r a t i o n  using t h e  AID conver ter .  
CHAPTER 5 
RESULTS AND DISCUSSION OF RESULTS 
The var ious  aspects  of t h e  problem of long waves propagating 
onto a shel f  t o  be discussed i n  t h i s  sec t ion  can be i l l u s t r a t e d  bes t  
by considering a t y p i c a l  experiment, t h e  layout of which i s  shown 
i n  Fig. 5.1. For t h i s  experiment, t h e  upstream depth hl was 25 cm 
and the  height  of t h e  shel f  was 15.54 cm, thus the  depth r a t i o  
(hl/h2) was 2 . 6 4 .  The f r o n t  f ace  of t h e  shelf  was v e r t i c a l  ( i .e .  a 
s t e p ) .  Five wave gauges were located a s  shown i n  t h e  f igure :  Gauge 1 
was placed 23 hl (5.75 m) upstream of the  s tep;  Gauge 2 was placed 
a t  t h e  s t ep ;  and Gauges 3 ,  4.and 5 were placed a t  i n t e r v a l s  of 60 h2 
(5.68 m:) downstream of t h e  step.  The d i s t ance  from Gauge 5 to  t h e  end 
of t h e  lwave tank was 30 h2, so t h a t  waves had t r ave l l ed  60 h2 between 
being f i r s t  recorded a t  Gauge 5, r e f l e c t i n g  off  t h e  tank endwall and 
being rlecorded a second t i m e  a t  Gauge 5. 
A s o l i t a r y  wave was generated by moving the  wave generator with 
t h e  t r a j e c t o r y  given by Eq. (3.50) f o r  a r e l a t i v e  wave height  of 
~ / h = o . 1 ,  a s t roke  of 18.25 cm and a period of 4.24 sec. The v a r i a t i o n  
of t h e  -water surface  e levat ion as a function of time as recorded by 
the  wave gauge is  shown i n  Fig. 5.2. The incident  wave is  the f i r s t  
wave recorded a t  Gauge 1; it has a height  HI of 2.5 cm. Notice t h a t  
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A s  t h e  i n c i d e n t  wave propagates  over t h e  s t e p  and onto t h e  s h e l f ,  
p a r t  of i t  is r e f l e c t e d  and t r a v e l s  back towards t h e  wave genera tor .  
The second wave recarded a t  Gauge 1 is t h i s  r e f l e c t e d  wave. Its 
he igh t  is 0.5 cm and i t s  shape is somewhat d i f f e r e n t  than  t h e  inc iden t  
wave. 
A t  tb l o c a t i ~ n  of Gauge 2 the wave is a t  the s t ep .  Its he ight  
is  2.8 cm compared ta 2.5 cm f o r  t h e  i n c i d e n t  wave but  i t s  shape 
appears  t o  be  about t h e  same a s  t h a t  of t h e  i n c i d e n t  wave. I n  f a c t  
i f  t h e  r e f l ec t ion - t r ansmis s ion  process  were e n t i r e l y  l i n e a r  i t  would 
be  p o s s i b l e  t o  superpose t h e  i n c i d e n t  and r e f l e c t e d  waves t o  o b t a i n  t h e  
wave a t  t h e  s t e p ;  c l e a r l y  t h i s  i s  no t  p o s s i b l e  i n  t h i s  c a s e  and t h e  
reasons w i l l  be  d iscussed  i n  some d e t a i l  l a t e r .  
A s  t h e  wave propagates  on t h e  s h e l f  a r a t h e r  remarkable event  
t a k e s  place:  t h e  s i n g l e  wave recorded a t  t h e  s t e p  s p l i t s  up i n t o  a 
number of s o l i t a r y  waves of d i f f e r e n t  he igh t s  followed by a t r a i n  of 
small ampli tude,  o s c i l l a t o r y  waves. This  is a p r a c t i c a l  example of 
t h e  inve r se  s c a t t e r i n g  theory  d iscussed  i n  Sec t ion  3.5. For t h i s  
p a r t i c u l a r  c a s e  t h e  theory  can be used t o  p r e d i c t  t h e  number and 
he igh t  of t h e  waves as fol lows:  t h e  t i m e  record  of t h e  wave a t  t h e  
s t e p  is  transformed approximately i n t o  a s p a c i a l  record  by mul t ip ly ing  
t h e  t i m e  coord ina te  by a phase speed determined such t h a t  t h e  volumes 
of t h e  t r ansmi t t ed  and r e f l e c t e d  waves sum t o  t h e  inc iden t  wave volume; 
t hen  Eqs. (3.138) and (3.140) p r e d i c t  f o u r  s o l i t a r y  waves w i l l  emerge 
wi th  wave he igh t s  4.5, 2.5, 1.1 and 0.2 cm. The theory  t akes  no 
account  of f r i c t i o n ,  so  applying a n  experimental ly  determined damping 
equat ion  (the d e t a i l s  of which w i l l  be  d iscussed  l a t e r ) ,  t h e  cor rec ted  
wave h e t g h t s  which a r e  p red ic t ed  a t  x = 3 6 0  h2 ( the  second pass  of  
Gauge 3) are 2.6, 1.5, 0.7 and 0.1 cm. The f i r s t  t h r e e  are similar 
t o  t h e  wave he igh t s  recorded experimental ly  a t  x = 3 6 0  h2. 
A s  t h e  wave t r a i n  propagates  of f  t h e  s h e l f  i n t o  deep water ,  
d i s p e r s i o n  t a k e s  p l ace  immediately. The small waves which appear a t  
Gauge 3 a t  about 48 s e c  a r e  t hose  which were r e f l e c t e d  back from the 
s t e p  when t h e  wave t r a i n  propagated i n t o  deep water. 
The va r ious  a s p e c t s  of F igs .  5 .1 and 5.2 (wave genera t ion  and 
propagat ion i n  cons tan t  depth,  r e f l e c t i o n ,  t ransmiss ion ,  t ransformation 
on t h e  she l f  and propagat ion i n t o  deep water)  w i l l  now be  considered 
s e q u e n t i a l l y  and i n  d e t a i l ,  inc luding  t h e o r e t i c a l  a spec t s  of t h e  
problem,, 
5 .1 Wave Generat ion and Propagat ion i n  a Constant Depth 
5.1..1 The Generation of S o l i t a r y  Waves 
Hammack and Segur (1974) showed t h e o r e t i c a l l y  and 
exper imenta l ly  t h a t  from any block of water  w i t h  n e t  p o s i t i v e  volume 
a t  least :  one s o l i t a r y  wave followed by a t r a i n  of o s c i l l a t o r y  waves 
w i l l  even tua l ly  evolve. Consequently, s o l i t a r y  waves can be generated 
i n  t h e  l a b o r a t o r y  simply by producing a block of water  above the  s t i l l  
water l e v e l  and al lowing i t  t o  propagate  a s u f f i c i e n t  d i s t a n c e  f o r  
s o l i t a r y  waves t o  emerge. F igure  5.3 i s  a n  oac i l l og raph  record showing 
t h e  waves which evolve from such a b lock  of water which w a s  produced 
by a l i n e a r  displacement-time h i s t o r y  of t h e  wave generator .  For t h i s  
c a s e  t h e  depth  was cons tan t  throughout t h e  tank  and equal  t o  10 cm, t h e  

s t r o k e  was 10.33 cm and t h e  dura t ion of motion was 0.8 sec. The gauges 
wea;e spaced 2.5 m a p a r t  ( i .e . ,  25 depths) with Gauge 1 placed 1.0 m 
from t h e  wave p la te .  I n i t i a l l y  (Gauge 1 )  t h e  wave has an a r b i t r a r y  
shape with a s i n g l e  main c r e s t  followed by a deep trough and severa l  
o s c i l l a t o r y  waves. By t h e  time t h e  wave has propagated t h e  25 depths 
t o  Gauge 2, a s o l i t a r y  wave with a r e l a t i v e  height  of H/h=0.18 has o M
1 0 
emerged followed by a t r a i n  of o s c i l l a t o r y  waves with heights  which P 
a r e  about 25% of t h e  height  of t h e  leading s o l i t a r y  wave. A s  the  waves 
propagate, t h e  s o l i t a r y  wave quickly outpaces t h e  remainder of t h e  09 
s 
t r a i n  u n t i l  a t  Gauge 5, 110 depths from generat ion,  the  s o l i t a r y  wave (D rl 
P, 
is  completely separa te  from t h e  t r a i l i n g  o s c i l l a t o r y  waves. For 
many labora tory  s t u d i e s  t h i s  method of wave generat ion would be 




a s t e p  o r  a s lope  producing a r e f l e c t e d  wave whose c h a r a c t e r i s t i c s  it  R 
rl 
P, 
was des i red  t o  measure. Tra i l ingwaves  such a s  those following t h e  
0 
- main wave i n  Fig. 5.3 would have in te rac ted  with t h e  re f l ec ted  wave II 
I 
n 
causing d i f f i c u l t i e s  i n  in te rp re t ing  t h e  measured wave. Therefore, v1 
I1 
considerable e f f o r t  was made t o  e l iminate  t h e  t r a i l i n g  waves from the 
i n i t i a l l y  generated wave. 
Referring t o  t h e  wave generat ion theory developed i n  Section 3.2, 
i f  t h e  pos i t ion  of t h e  wave p l a t e  i s  neglected i n  t h e  ve loc i ty  of the  
water p a r t i c l e s  ( i .e . ,  i f  i i (0, t)  is  used ins tead of iI(S,t)),  the  (II 
(D 
0 
generat ion t r a j e c t o r y  f o r  s o l i t a r y  waves of a l l  he ights  is: P, 
i2 
-= 
t 1  
'") S tanh 7.6( ; -T)  9 
where, a s  before,  S is  t h e  s t roke  given by Eq. (3.54) and T is the  
dura t ion of motion given by Eq. (3.56). Using t h i s  t r a j e c t o r y  the  
oscillintory t a i l ,  which was about 25% of the  height  of the  main wave 
when a l i n e a r  t r a j e c t o r y  was used (as  shown i n  Fig. 5.3),  could be 
reduced t o  a s  l i t t l e  a s  10%. Reduction of t h e  o s c i l l a t o r y  t a i l  any 
f u r t h e r ,  however, required implementation of t h e  f u l l  theory of 
Sectio~n 3.2. I n  the  theory, it  w i l l  be reca l l ed ,  t h e  t r a j e c t o r y  is a 
function of t h e  r e l a t i v e  wave height  H/h. Thus seven t r a j e c t o r i e s  were 
prepared f o r  r e l a t i v e  wave heights  of from 0.1 t o  0.7 i n  increments of 
0.1. These t r a j e c t o r i e s ,  with displacement normalized with respect  t o  
t h e  s t roke ,  and time normalized with respect  t o  t h e  durat ion,  a r e  
p lo t t ed  i n  Fig. 5.4. The t r a j e c t o r i e s  a r e  evidently of s imi lar  shape, 
being dis t inguishable  from one another only by the  nondimensional s lope 
a t  midstroke: 
which implies t h e  s lope  of t h e  t r a j e c t o r y  f o r  a r e l a t i v e  wave height  
of H/h=0.7 is  75% of t h a t  f o r  a r e l a t i v e  wave height  of H/h=0.1. The 
d i f fe rence  i n  t r a j e c t o r i e s  from one r e l a t i v e  wave height  t o  another i s  
small; however, s ince  the  degree of "tuning" being attempted was so 
f i n e ,  it w a s  considered necessary, i n i t i a l l y  a t  l e a s t ,  t o  take  d e t a i l s  
a s  f i n e  as t h i s  i n t o  account. 
The osci l lograph record from a t y p i c a l  wave generat ion experiment 
i s  presented i n  Fig. 5.5. The setup was p rec i se ly  the  same a s  was 
described f o r  Fig. 5.3, but  i n  t h i s  case t h e  t r a j e c t o r y  used was the  
s o l i t a r y  wave t r a j e c t o r y  f o r  a wave height  H/h=0.2. A s  before t h e  


depth was 10 cm and the  s t roke  w a s  10.33 cm, but i n  t h i s  case t h e  
dura t ion was 2.044 sec.  The f i g u r e  shows the  t r a i l i n g  waves nearly 
have been eliminated, except f o r  small amplitude, high frequency 
waves which a r e  a t t r i b u t e d  t o  surface  tension e f f e c t s .  
The durat ion,  -c=2.044 sec ,  i s  7.4% grea te r  than t h e  theore t i ca l  
dura t ion ca lcula ted  using Eq. (3.56). It w a s  found t h a t  increasing 
t h e  dura t ion of t h e  t r a j e c t o r y  by 10% t h e  amplitude of t h e  t r a i l i n g  
waves wras reduced by 1% t o  2%. It is  a t  t h i s  s tage  t h a t  using the  
refined t r a j e c t o r i e s  is  important because i f  one at tempts to  generate 
a wave with the  wrong t r a j e c t o r y ,  t h e  t r a i l i n g  waves cannot be reduced 
a s  much by adjus t ing t h e  dura t ion a s  they can be i f  t h e  correc t  
t r a j e c t o r y  is  used. 
That t h e  optimum durat ion i s  not  t h e  t h e o r e t i c a l  durat ion is 
a t t r i b u t e d  t o  the  approximate nature  of the  assumptions tha t :  
i )  t h e  a c t u a l  motion of t h e  wave p l a t e  is  t h e  programmed 
motion (see Section 4.2.2); 
i i )  t h e  ve loc i ty  d i s t r i b u t i o n  i s  constant  with depth (see 
Eq. (3.5) i n  Section 3.1); and 
i i i )  a labora tory  s o l i t a r y  wave is  given by the  Boussinesq 
p r o f i l e  (Eq. (3.25)) . 
The l a t t e r  assumption is addressed i n  Fig. 5.6 i n  which the  shape 
of s o l i t a r y  waves with r e l a t i v e  heights  of H/h= 0.15 and 0.61 a r e  com- 
pared with t h e  theor ies  of Boussinesq (1872) and McCowan (1891). (A 
summary of these  theor ies  is  presented i n  Table 5.1 which was ext rac ted  
from Naheer (1977)). For small wave heights ,  t h e  s o l i t a r y  waves derived 
Fig. 5.16 Comparison of the  shape of s o l i t a r y  waves with r e l a t i v e  
heights  (a) H/h= 0.15 and (b) H/h=0.61 with the  theor ies  
of Boussinesq and McCowan. 
-- --- -- - 
by Boussinesq (1872) and McCowan (1891) a r e  coincident except a t  t h e  
leading and t r a i l i n g  edges and, a s  shown by Fig. 5.6(a),  the  shape of 
small experimental waves compares w e l l  with t h e  theor ies .  However, a s  
t h e  wave height  increases ,  t h e  Boussinesq and McCowan p r o f i l e s  become 
d i f f e r e n t ,  with t h e  Boussinesq p r o f i l e  being wider a t  t h e  c r e s t  and 
narrower a t  t h e  leading and t r a i l i n g  edges. For r e l a t i v e  wave heights  
which aire g rea te r  than 0.3, t h e  experimental waves were found t o  follow 
Boussinesq near t h e  c r e s t  and McCowan a t  t h e  edges, a s  shown i n  
Fig. 5.6(b). (This same phenomenon was observed by French (1969) i n  
experiments conducted i n  t h e  same wave tank a s  was used f o r  these  
experiments, but with a d i f f e r e n t  method of wave generation.) 
Table 51.1 Solutions of t h e  s o l i t a r y  wave due t o  Boussinesq, McCowan 
and Laitone. (Naheer (1977) 1 
W P M  p r o f i l e  n = 
Wave speed C = 
Fluid p a r t i c l e  
v e l o c i t i e s  
horizontal. u = 
v e r t i c a l  v = 
Notes 
Boussinesq 
H sech2 6 
dgh (l+H/h) 
( 1  
cil 
- 
h + ~  
(2 
1 )  u is averaged 
over t h e  depth 
applying cont inu i ty  
cons idera t ion  
2)  expression f o r  the  
v e r t i c a l  v e l o c i t y  was 
no t  presented by 
Boussinesq f o r  s o l i -  
t a r y  waves 
McCowan 
h N sinM (l+TI/h) ( 3  
)I [coslf (I+n/h) t coshEl 61 
CN (l+cos$ cos*) 
CN sid$ s i n ~ f  
3) t h e  r e l a t i o n s h i p s  f o r  
N and M a r e  
2 
N =  -J s in2[N( l t  $ ;)I 
Laitone 
( 4  
>%{; [l+ f(t - $)I sech2 (. g ) + 
(f)'(% -1) sech4 (CL f )) 
- 
4 )  
- 
The generat ion and propagation da ta  f o r  s o l i t a r y  waves which 
w i l l  be presented were obtained from two d i f f e r e n t  s e t s  of experiments. 
I n  the  f i r s t  s e t ,  t h e  data  were obtained from t h e  incident  waves of 
experiments t o  be described i n  Section 5.2. The experiments were 
f o r  r e l a t i v e  wave heights  of from H/h= 0.05 t o  0.65 and f o r  depths 
of from 17.27 cm t o  31.08 cm. The da ta  were obtained from a wave 
gauge placed 8.4 m from t h e  i n i t i a l  pos i t ion  of t h e  wave pla te .  The 
second set of experiments was performed t o  inves t iga te  t h e  behavior 
of s o l i t a r y  waves a s  they propagate. Five wave gauges were used, 
with Gauge 1 placed 1.0 m from the  wave p l a t e  and t h e  o ther  four 
gauges spaced a t  4.0 m i n t e r v a l s  downstream. Two depths were 
considered, h =  5.0 cm and 10.0 cm, and r e l a t i v e  wave heights  var ied  
from H/li=0.1 t o  0.6. I n  t h i s  discussion,  the  data  from t h e  f i r s t  
s e t  of experiments and t h e  da ta  from Gauge 1 of t h e  second s e t  of 
experiments w i l l  be presented f i r s t .  Later  the  da ta  from t h e  remain- 
ing  four  gauges of t h e  second set of experiments w i l l  be compared t o  
t h e  data  from Gauge 1. 
The s o l i t a r y  wave generat ion da ta  a r e  presented i n  Fig. 5.7 
where t h e  r a t i o  of wave height  t o  s t roke  H/s i s  p lo t t ed  a s  a function 
of t h e  r e l a t i v e  wave height  H/h. The equation of the  theore t i ca l  
curve, which can be derived from Eq. (3.541, is: 
For small  wave heights  (H/h5 0.1) t h e  theory agrees qu i t e  well 
Fig. 5.7 Var ia t ion of HIS with the  r e l a t i v e  wave height ,  ~ / h ,  f o r  
s o l i t a r y  wave generation. 
with t h e  data;  however, a s  t h e  r e l a t i v e  wave height  increases,  t h e  
measured wave height  is genera l ly  l e s s  than is  predicted and the  
agreement is  worse t h e  g rea te r  t h e  d i s t ance  i n  depths the  wave gauge 
is  from t h e  wave generator. F r i c t i o n  cannot be t h e  only cause of 
t h i s  because both o rd ina te  and abscissa  have wave height  i n  the  
Th~e time-amplitude h i s t o r i e s  from which t h e  data  presented i n  
Fig. 5.7 were obtained were d i g i t i z e d  and a comparison of the  follow- 
ing p roper t i e s  with those of t h e o r e t i c a l  s o l i t a r y  waves was made: 
i.) The shape of the  s o l i t a r y  waves was compared t o  the  shape 
of t h e  Boussinesq s o l i t a r y  wave by noting t h a t ,  i n  Fig. 5.6, 
2 both waves follow t h e  Boussinesq theory f o r  t h e  upper 3 
of t h e  wave height .  Therefore,a regress ion ana lys i s  could 
be performed on the  p a r t  of the  wave where the  amplitude 
I 
exceeded qH t o  determine RReg9 h n d  to i n  the  expaession: 
For a l l  but 11 of t h e  65 experimental waves considered, the  
c o e f f i c i e n t  of determination, r2, was g rea te r  than 0.999 
and t h e  minimum f o r  a l l  65 experiments w a s  0.990 which 
ind ica tes  t h e  surface  p r o f i l e s  of t h e  waves a r e  w e l l  
described by a sech2 curve. ( In  t h i s  discussion,  waves 
with t h i s  f e a t u r e  f requent ly  w i l l  be re fe r red  t o  a s  having 
"sech2 shape.") The ca lcula ted  wave height ,  % agreed 
eg ' 
with  t h e  measured wave height  t o  wi th in  the  wave gauge 
e r r o r  of 50.04 cm f o r  waves l e s s  than 2 cm i n  height  and 
+2% f o r  l a r g e r  waves. The frequency, Q, is compared with 
t h a t  of t h e  Boussinesq theory described by: 
i n  Fig. 5.8 where t h e  nondimensional frequency $2- i s  
p lo t t ed  a s  a funct ion of t h e  r e l a t i v e  wave height  ~ / h .  
The data  follow t h e  theory f o r  small wave heights  (H/h<0.2) 
but f o r  l a r g e r  wave heights  the  frequency is l e s s  than 
t h e  theory p red ic t s .  This implies the  experimental waves 
were l e s s  peaked than t h e  theory predic ts .  The dashed 
curve i n  Fig. 5.8 represents  t h e  bes t  f i t  of t h e  data  t o  
an  expression with t h e  form: 
CThe regress ion ana lys i s  gave a =  0.28 with coef f i c ien t  of 
determination r2 = 0.69.) 
ii)l Since the  gauge a t  which t h e  s o l i t a r y  waves were measured 
w a s  less than 50 depths from generation, i t  was poss ib le  
t h a t  t h e  propagation d i s t ance  was i n s u f f i c i e n t  f o r  the  
leading s o l i t a r y  wave t o  completely separa te  from t h e  
remainder of t h e  t r a i n .  To check t h i s ,  the  waves were 
propagated a n a l y t i c a l l y  t o  i n f i n i t y  using t h e  technique 
of inverse  sca t t e r ing .  For a p a r t i c u l a r  i n i t i a l  wave, t h e  
ana lys i s  y i e l d s  t h e  number and heights  of s o l i t a r y  waves 
F5g. 5.8 Comparison of the 'tfrequency" of experimental solitary waves 
with  that of the Boussinesq theory. 
which emerge a t  i n f i n i t y .  For a wave which i s  i n i t i a l l y  
a s o l i t a r y  wave, only one s o l i t a r y  wave with the  same 
height  as the  i n i t i a l  wave w i l l  emerge a t  i n f i n i t y .  The 
r e s u l t s  of t h i s  ana lys i s  on t h e  65 waves considered here 
a r e  presented i n  Fig. 5.9 where t h e  r a t i o  of t h e  wave 
height  ca lcula ted  from inverse  s c a t t e r i n g  t o  t h e  wave 
height  which was measured, HrNV /H,  is p lo t t ed  a s  a function 
of t h e  measured r e l a t i v e  wave height ,  H/h. The horizontal  
l i n e  represents  t h e  t h e o r e t i c a l  r e s u l t  t h a t  a wave which 
i s  i n i t i a l l y  a s o l i t a r y  wave w i l l  r e t a i n  i t s  height  a t  
i n f i n i t y .  The da ta  from t h e  second set of experiments a l l  
l i e  below t h e  theore t i ca l  l i n e  and t h i s  w i l l  be discussed 
i n  d e t a i l  present ly .  The majori ty of t h e  data  from t h e  
f i r s t  s e t  of experiments l i e  between HINV/~=0.98 and 1.08 
indicat ing the  waves would have re ta ined t h e i r  shape i f  
they had propagated t o  i n f i n i t y  i n  t h e  absence of f r i c t i o n .  
One exception is  t h e  wave with height  H/h= 0.61 i n  depth 
h=21.76 and f o r  t h i s  wave the  theory predicted two s o l i t a r y  
waves would emerge a t  i n f i n i t y .  
i i i )  The volume under t h e  experimental s o l i t a r y  waves i s  
compared t o  t h e  theor ies  of Boussinesq (1872) and McCowan 
(1891) i n  Fig. 5.10wherenandimensional volume per u n i t  
width, v/h2, is  p lo t t ed  a s  a funct ion of the  r e l a t i v e  wave 
height ,  H/h. The s o l i d  curve is  t h e  theory of Boussinesq 
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Fig .  5.:LO Comparison of the volume under experimental solitary waves 
with that of the Boussinesq and McCowan theories. 
For small wave heights ,  t h e  theor ies  a r e  coincident but 
a s  wave height  increases ,  McCowan's theory p red ic t s  a 
g rea te r  volume than Boussinesq's theory, then a s  the  
height  approaches breaking (H/h z 0 . 7 ) ,  t h e  theor ies  
converge again. For small wave heights  (H/h < 0.2) t h e  
data  agree w e l l  wi th  t h e  theor ies  but  a s  t h e  r e l a t i v e  
wave height  increases  the  experimental waves have g rea te r  
volume than e i t h e r  of t h e  theor ies  predic t .  The reason 
f o r  t h i s  is  evident  from Fig. 5.6 which shows t h e  experi- 
mental p r o f i l e  follows Boussinesq's theory i n  the  c r e s t  
and McCowan's a t  t h e  edges which can only make t h e  t o t a l  
volume grea te r  than e i t h e r  theory. 
These r e s u l t s  show t h e  s o l i t a r y  waves generated i n  t h e  labora tory  
genera l ly  agree wel l  with t h e  theor ies  f o r  small r e l a t i v e  wave heights  
( ~ / h c 0 . 2 )  but diverge s l i g h t l y  f o r  l a r g e r  wave heights .  
5.1.2 The Propagation of S o l i t a r y  Waves i n  a Constant Depth 
A s  a s o l i t a r y  wave propagates i n  a labora tory  flume the  
e f f e c t  of f r i c t i o n  on t h e  s i d e  w a l l s  and t h e  bottom of the  flume 
causes t h e  wave height  t o  decrease. This problem has received con- 
s ide rab le  a t t e n t i o n  i n  t h e  pas t  by, e.g., Scott-Russell (1844), 
Keulegan (1948) , Ippen and Kulin (1955), Van Dorn (1966), Naheer (1977) , 
but i n  none of these  s t u d i e s  is t h e  agreement between theory and 
experiment s u f f i c i e n t l y  good t o  be confident i n  applying t h e  theory 
without corrobara t ive  experiments. Therefore, a set of experiments 
(described previously a s  the  second s e t )  was conducted t o  determine 
the  damping c h a r a c t e r i s t i c s  of s o l i t a r y  waves i n  t h i s  flume and i n  
p a r t i c u l a r  t o  determine, f o r  a range of wave height  and depth, the  
damping exponent f in:  
where 'Ho is  t h e  i n i t i a l  wave height .  The exponential form was used 
because t h e  data  seem t o  f i t  Eq. (5.7) q u i t e  well.  A s  mentioned 
previously, f i v e  wave gauges w e r e  used, wi th  Gauge 1 placed 1.0 m 
from t h e  wave p l a t e  and t h e  o ther  four gauges spaced a t  4.0 m 
i n t e r v a l s  downstream. A s o l i t a r y  wave was generated and recorded 
on t h e  osci l lograph and, i n  addi t ion ,  on magnetic tape  using an 
analog-to-digital  (AID) converter .  
The c r e s t  height  H, t h e  inverse  sca t t e red  wave height  HIWI and 
the  wave height  % and frequency L-2 from regression on t h e  upper 
e g 
2/3 of t h e  wave records were obtained from each d i g i t i z e d  record. 
The data  a r e  presented i n  Figs. 5.11 t o  5.13, Fig. 5.11 is a p l o t  
of t h e  damping exponent f a s  a funct ion of t h e  r e l a t i v e  wave height  
H /h, ,where both f and Ho were obtained by semi-log regression using 
0 
Eq. (5.7). Data from Maheer (1977) which were f o r  g rea te r  depths 
than were considered here  and f o r  a tank width of 110 cm a r e  included 
i n  t h e  f igure .  The curves a r e  t h e  theory of Keulegan (1948) which 
a l s o  can be expressed approximately i n  t h e  form of Eq. (5.7) with 
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rig, 5.1-1 Variation of the damping exponent, f ,  wi th  relative wave 
height ~ / h  for solitary waves. 
where i s  the  kinematic v i s c o s i t y ,  b is  t h e  width of the  tank and 
a l l  o the r  q u a n t i t i e s  a r e  a s  have been defined previously. The theory 
p red ic t s  a small v a r i a t i o n  of t h e  exponent, f ,  with wave height  but 
t h e  da ta  do not appear t o  exh ib i t  t h i s .  However, t h e  increase  i n  
t h e  exponent wi th  decreasing depth which t h e  theory p red ic t s  a l s o  i s  
exhibited by the  data.  
The other  q u a n t i t i e s  C K,.w, IIReg and 51) were ca lcula ted  from 
the  wave records i n  an  e f f o r t  t o  determine i f  and how the  shape of 
t h e  wave changed a s  i t  propagated. I n  Fig. 5.12 t h e  r a t i o  of 
t h e  wave height  ca lcula ted  by inverse  s c a t t e r i n g  t o  t h e  measured 
wave height ,  H = ~ ~ / H ,  is p lo t t ed  a s  a funct ion of t h e  measured r e l a t i v e  
wave height ,  ~ / h .  Each symbol r e f e r s  to  a d i f f e r e n t  experiment and 
the  t i c k s  on t h e  symbol denote t h e  gauge from which t h a t  p a r t i c u l a r  
point  was taken, e.g., symbols with a v e r t i c a l  t i c k  above denote 
Gauge 31. The f i g u r e  shows, f o r  a l l  experiments, the  wave height  
ratio IIINV/B of the waves at Gauge 1 is less than u n i t y  but  for  t h e  
o ther  gauges the  wave height  r a t i o  i s  sca t t e red  about uni ty .  The 
i n t e r p r e t a t i o n  of t h i s  is  t h a t  s ince  Gauge 1 was only 1.0 m from t h e  
wave p l a t e ,  t h e  wave had not  y e t  reached i t s  steady s t a t e  but by 
t h e  time i t  reached Gauge 2 i t  had, and a s  it  propagated reduction i n  
wave height  due t o  f r i c t i o n  was accompanied by the  appropriate change 
i n  shape f o r  t h a t  wave height .  
This is  f u r t h e r  i l l u s t r a t e d  i n  Fig. 5.13 where t h e  frequency, 51, 
ca lcula ted  from regress ion on t h e  upper 213 of t h e  wave i s  p lo t t ed  a s  
a funct ion of r e l a t i v e  height ,  H/h. The s o l i d  curve i n  Fig. 5.13 i s  





Fig. 5.12 Variation of the inverse scattered to measured height ratio,  HINV /H, with relat ive  wave height 
H/h of solitary waves as they propagate. 
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Fig. 5 .13 Variation of the "frequency ," R Jhlg , with relative wave 
height, H/h, of solitary waves as they propagate. 
t h e  theory of Boussinesq as given by Eq. (5.5); t h e  dashed curve 
represents  the  bes t  f i t  of t h e  data ,  o ther  than those from Gauge 1, 
t o  an expression wi th  the  form of Eq. (5.6) ( i n  t h i s  case i t  was 
found a=- .004) .  The frequency of t h e  wave a t  Gauge 1 i n  a l l  cases 
is grea te r  than t h e  frequency of t h e  wave when i t  passes t h e  o ther  
gauges,, This implies the  wave becomes less peaked a s  it  propagates 
from Gauge 1 t o  Gauge 2. However, t h e  data  from t h e  o the r  gauges 
appear t o  be l e s s  sca t t e red  which ind ica tes  the  shape is not changing 
a s  rapi.dly a s  it does between Gauges 1 and 2. 
The speed of propagation, o r  c e l e r i t y ,  of s o l i t a r y  waves was 
measured by placing f i v e  wave gauges 0.45 m a p a r t ,  generating a 
wave and recording t h e  times a t  which t h e  c r e s t  passed each gauge. 
The c e l e r i t y  was ca lcula ted  by l i n e a r  regress ion from the  f i v e  
p a i r s  of x and t and is p lo t t ed  a s  a funct ion of the  r e l a t i v e  wave 
height  i n  Fig. 5.14Ca). With the  gauges only 0.45 m apar t ,  t h e  change 
i n  height  of t h e  wave between t h e  f i r s t  and f i f t h  gauges was neg l ig ib le  
so the  average of t h e  f i v e  wave heights  was used. The th ree  curves 
i n  Fig. 5.14(a) represent  t h e  theor ies  of Boussinesq (1872), McCowan 
(1891) and Laitone (1963). The theor ies  of Boussinesq and Laitone 
agree up to  a wave height  ~ / h =  0.2, then diverge s l i g h t l y  with the  
Boussinesq theory predic t ing a l a r g e r  c e l e r i t y  (2% l a r g e r  f o r  H l h l 0 . 7 ) .  
The theory of McCowan agrees with t h e  o ther  two up t o  a wave height 
H/h= 0.12, then diverges t o  p red ic t  c e l e r i t i e s  which a r e  s i g n i f i c a n t l y  
less than t h e  o the r  two theor ies .  The data  tend t o  follow the  theory 
of Laitone more than any other  which i s  a r e s u l t  a l s o  found by Daily 

and Stelphan (1952) and French (1969). Their da ta  along with those 
of Nahecer (1977) a r e  presented i n  Fig. 5 -14 (b) (f ram (1977)). 
5.1L.3 The Generation of Cnoidal Waves 
The generat ion of long per iodic  waves of constant  form 
i n  t h e  labora tory  i s  d i f f i c u l t  because nonlinear e f f e c t s  can never 
be complletely eliminated. This can be i l l u s t r a t e d  by considering 
a wave of form: 
n(x, t)  = a s in (kx-  wt) , (5.9) 
and s u b s t i t u t i n g  i n t o  the  KdV equation: 
where co, = . For nonlinear e f f e c t s  t o  be neg l ig ib le ,  t h e  magnitude 
3 
of t h e  nonlinear term ~ c o n n x  must be much less than t h e  magnitude 
1 2  of t h e  d i spers ive  term -c h q,, which, from Eqs. (5.9) and (5.10), 6 o 
implies : 
For long waves, i t  is usual ly  assumed t h a t  k h ~ * r r / l O ,  thus Eq. (5.11) 
implies : 
Hence f o r  a depth o f ,  say, 30 cm i n  a labora tory  flume, t h e  long waves 
generated w i l l  be l i n e a r  only f o r  amplitudes a << 0.2 cm which is 
extremely small. Because of t h i s ,  the  per iodic  waves considered i n  
t h i s  study were cnoidal  waves which although nonlinear, propagate with 
constant  form. 
The wave generation theory developed i n  Section 3.2 was applied 
t o  produce s i x  cnoidal  wave generat ion t r a j e c t o r i e s ,  named C N 1  t o  CN6, 
which were s tored on punched paper tape.  The t r a j e c t o r i e s ,  the  
t h e o r e t i c a l  shape of t h e  waves the  t r a j e c t o r i e s  generate, and o the r  
associa ted  data  a r e  presented i n  Fig. 5.15, where the  abscissas  
a r e  time normalized by the  wave period, t /T ,  and t h e  ordinates  a r e  
t h e  displacement normalized by t h e  s t roke ,  S/S,  and t h e  wave amplitude 
normalized by t h e  wave height ,  n/H. Tra jec to r ies  CN1 t o  CN4 have a 
nondimensional period: Tm= 20.3 and wave heights  which, s t a r t i n g  
with H/h=0.025, double successively.  For t r a j e c t o r i e s  CN5 and CN6 
the  r e l a t i v e  wave height  is: H/h=0.6 and t h e  nondimensional periods 
are :  Tm= 20 and 40. The t r a j e c t o r i e s  i n  Fig. 5.15 correspond 
t o  a range of t h e  complementary parameter, m' , of 0.470 L m' 2 9.53 x 10'14. 
A s  t h e  c:omplementary parameter, m ' ,  decreases,  t h e  c r e s t  of the  
trajectory moves towards the le f t  which means the average speed i n  
the  forward d i r e c t i o n  is  g rea te r  than the  average speed i n  the  reverse  
d i rec t ion .  Since forward motion of the  generator  p l a t e  produces the  
wave c r e s t  while reverse  motion produces t h e  trough, g rea te r  speed 
i n  t h e  forward d i r e c t i o n  produces a higher c r e s t  and consequently a 
shallower trough than i f  t h e  average speed were t h e  same i n  both 
d i rec t ions .  I n  addi t ion ,  a s  t h e  proportion of t h e  period i n  which 
forward motion of t h e  p l a t e  takes  place decreases, t h e  wave c r e s t  
becomes more peaked. 

















a r e  compared t o  t h e o r e t i c a l  cnoidal  wave shapes i n  Fig. 5.16. For 
these  experiments a wave gauge was placed 1.0 m from t h e  wave 
generator  and a t r a i n  of cnoidal  waves was generated. The data  f o r  
Fig. 5.16 were taken from t h e  t h i r d  cycle  which passed t h e  gauge. 
The wave height  used f o r  t h e  t h e o r e t i c a l  wave was the  measured wave 
height ,  which was i n  general  less than what t h e  generat ion theory 
predicted.  Fig. 5.16 ind ica tes  t h a t  t h e  generated wave shapes a r e  
predicted q u i t e  wel l  by t h e  theory. 
Figure 5.17 i s  t h e  osci l lograph recording of the  v a r i a t i o n  of 
t h e  wat:er surface  during a t y p i c a l  wave generat ion experiment using 
t r a j e c t o r y  CN4. The f i v e  wave gauges w e r e  spaced 2.5 m apar t  with 
Gauge 1. placed 1.0 m away from t h e  wave generator .  For t h i s  experi- 
ment t h e  depth was h = 2 0  cm, t h e  s t roke  was S=11.18 cm and the  
period was T =  2.90 sec. The wave generator  executed four cycles,  
a s  shown by t h e  displacement time record a t  t h e  bottom of the  f igure ,  
and four waves resul ted .  The behavior of the  leading and t r a i l i n g  
waves w i l l  be discussed l a t e r .  Attention is  ca l l ed  here t o  t h e  waves 
i n  t h e  middle of t h e  t r a i n  which r e t a i n  t h e  same shape from gauge t o  
gauge. Compare t h i s  with the  recording shown i n  Fig. 5.18 i n  which 
everything i s  the  same a s  f o r  Fig. 5.17 except t h a t  t h e  period was 
increased t o  4.28 sec. I n  Fig. 5.18 t h e  wave shape i s  not constant 
between gauges; t h e r e  appears t o  be a secondary wave a s  indicated i n  
t h e  f i g u r e  with a period half  the main period. This phenomenon was 
examined by Madsen (1971) f o r  waves wi th  small Ursell Numbers, 
H L ~ / ~ ~ , ,  H e  showed, using Stokes second order theory, t h a t  the  waves 
TR4J. H/h T r O  HL2/h3 m' 
CNI 0.03 18.87 10.2 4.63 xIO-' 
TRAJ. H/h T m  HL2/h3 m' 
CN2 0.05 20.26 20.7 2.15~10-' 
TRAJ. H/h T m  HL2/h3 m' 
CN3 0.10 20.39 42.2 5.21 ~ 1 0 ' ~  
Fig. 5.16(a) Comparison of t h e  shape of experimental cnoidal waves 
with theory. (Tra jec to r ies  CN1,  CN2 and CN3) 
TRAJ. H/h T m h  Hf/h3 rn' 
CN4 0.20 20.33 85.0 5.38 X lo-" 
TRAJ. H/h T m h  HL%' rn' 
CN5 0.60 20.01 332 2.22 X lo-' 
Fig. 5.16(b) Comparison of t h e  shape of experimental cnoidal  waves 
wi th  theory. (Tra jec to r i e s  CN4, CN5 and CN6) 


generated by s inusoidal  t r a j e c t o r y ,  5 = Slsinut,  have the  form: 
qCx,t) = a s i n k  - wt) + a  s i n  2(kx - wt) P 
(5.13) 
+aL sin(klw- 2wt) 
where 
o2 = gk tanh kh and kl > 2k, 
The f i r s t  two terms represent  a Stokes wave. The t h i r d  term i s  a 
f r e e  second harmonic wave which t r a v e l s  a t  a slower speed than t h e  
Stokes wave and thus causes the  wave shape t o  change as i t  propagates. 
Madsen showed t h a t  t h e  second f r e e  harmonic wave can be eliminated 
by using a t r a j e c t o r y  with the  form: 
i n  which t h e  second half-stroke t2 i s  adjusted so  a s  t o  make aL-O.  
A s  was shown i n  Section 3.2, f o r  H L ~ / ~ ~  5 1 0 ,  Stokes waves and 
cnoidal  waves a r e  coincident. Hence, t h e  theory of Section 3.2 
produces t h e  same C1 and C2 i n  Eq. (5.14) a s  does Madsen's theory; 
however, f o r  t h i s  theory the  arguments of t h e  trigonometric function 
i n  Eq. (5.14) a r e  (wt-kc) ins tead of w t .  The changing wave shape 
i n  Fig. 5.18 cannot be expressed i n  t h e  form of Eq. (5.13) because 
f o r  t h i s  case lK2/h3 Q 120 which i s  w e l l  ou t s ide  t h e  range of appl i -  
c a b i l i t y  of Stokes waves ( H L ~ / ~ ~  5 LO) , however t h e  phenomenon is  
s imi la r .  Cnoidal waves, therefore ,  a r e  generated only by t h e i r  unique 
t r a j e c t o r y  and unless t h i s  t r a j e c t o r y  is used, the  waves change shape 
a s  they propagate. 
This  d i scuss ion  seems t o  imply t h a t  t r a j e c o t r i e s  CN1 t o  CN6 w i l l  
produce only  t h e  waves f o r  which they  were designed. However, s i n c e  
t h e  t r a j e c t o r i e s  were s t o r e d  on t a p e  i n  t h e  normalized form i n  which 
they  are p l o t t e d  i n  Fig.  5.15 (i.e. wi th  displacement normalized by 
s t r o k e ) ,  i t  was p o s s i b l e  t o  gene ra t e  o t h e r  cno ida l  waves wi th  
t r a j e c t o r i e s  w i t h  t h e  same shape b u t  d i f f e r e n t  s t r o k e  and period.  
To f i n d  which waves have t r a j e c t o r i e s  w i t h  t h e  same shape, i t  was 
noted i n  Fig.  5.15, t h e  only parameter which obviously d i s t i ngu i shes  
one t r a j e c t o r y  from another  i s  t h e  a b s c i s s a 1  d i s t a n c e  from t h e  
o r d i n a t e  a x i s  t o  t h e  c r e s t ,  i . e . ,  t h e  va lue  of t h e  r a t i o  t / T  t o  t h e  
c r e s t .  Re fe r r ing  back t o  Fig.  3.8, i t  can  be seen  t h i s  d i s t a n c e  has 
been def ined  a l ready:  i t  i s  twice t h e  t ime t h e  o r i g i n  was moved t o  
start  motion from zero,  2to/T. Fig.  5.19 i s  a p l o t  of  to/^ a g a i n s t  
t h e  nondimensional per iod  ~ m .  The curves are f o r  cons tan t  wave 
h e i g h t  H/h and t h e  h o r i z o n t a l  l i n e s  are f o r  t h e  p a r t i c u l a r   to/^ 
corresponding t o  t r a j e c t o r i e s  C N 1  t o  CN6. It can be  seen, f o r  example, 
t h a t  f o r  CN5 which was designed f o r  per iod  ~ m =  20 and r e l a t i v e  wave 
he igh t  H/h=0.60 ,  waves wi th  (period,  wave he igh t )  p a i r s  of (21.4, 0.5),  
(23.3, 0 .4) ,  (26.2, 0 .3) ,  e t c .  have t h e  same magnitude of to /T  = 0.135. 
The h a l f  t r a j e c t o r i e s  of a number of per iod ,  wave he ight  p a i r s  
f o r  which t o / T =  0.200 a r e  compared i n  Table 5.2, where t h e  displacement 
normalized w i t h  r e s p e c t  t o  t h e  maximum displacement ,  iZ/cmax, i s  l i s t e d .  
The t a b l e  i l l u s t r a t e s  a f e a t u r e  common t o  a l l  comparisons made: f o r  
a p a r t i c u l a r  to/T and f o r  ~ J g l h 2  20 t h e  t r a j e c t o r i e s  a r e  e s s e n t i a l l y  
t h e  same. Therefore,  f o r  a given t r a j e c t o r y  shape,  i t  was p o s s i b l e  
Fig. 5.19 Var ia t ions  of t h e  r e l a t i v e  t i m e ,  to/T, with nondimensional 
period,  ~ m ,  f o r  cnoidal  wave generat ion t r a j e c t o r i e s .  
Table 5.2 Comparison of Generation T r a j e c t o r i e s  f o r  to/T=0.200.  
E/E, for a ha l f  per iod f o r  v a r i o u s  wave he igh t  and 
per iod  combinations. 
t o  s e t  t h e  period and t h e  s t r o k e  t o  genera te  cnoidal  waves other  
than those  f o r  which t h e  t r a j e c t o r y  was designed without generat ing 
secondary waves. That t h i s  was c o r r e c t  only f o r  ~ m 1 2 0  r a i s e s  
an  i n t e r e s t i n g  poin t .  The cnoidal  wave r e l a t i o n s  (Appendix A) have 
no mathemaiical r e s t r i c t i o n s  on t h e  period (or ,  equivalent ly ,  t he  
wave length) .  The r e l a t i o n s  apply equal ly  a s  we l l  t o  a wave with 
T m =  1 a s  they do t o  a wave wi th  Tm= 100. Thus, t he  long 
wave assumption i s  an ex te rna l  phys ica l  requirement.  However, when 
t h e  genera t ion  theory is extended t o  waves which a r e  not  long, i.e., 
~ m <  20, i t  produces r e s u l t s  which a r e  d i f f e r e n t  from those  f o r  
phys ica l ly  long waves C T ~ >  20) w i t h  t h e  same t , /~ .  For example, 
t h e  t r a j e c t o r y  shapes change s l i g h t l y  f o r  cons tant  to/T a s  shown i n  
Table 5.2,and t h e  curves f o r  va r ious  H/h i n  Fig. 5.19 converge. The 
reason f o r  t h i s  is t h a t  al though t h e  long wave assumption is  not 
e x p l i c i t  i n  t h e  mathematical r e l a t i o n s ,  i t  s t i l l  must be t h e r e  
i m p l i c i t l y .  
Another example of t h i s  i s  shown i n  Fig.  5.20 which i s  t h e  long 
wave p a r t  of t h e  HIS v s  1/T- p l o t  o f t e n  used f o r  small amplitude 
wave generat ion.  The well-known small  amplitude theory (see ,  e.g., 
Ursell e t  aZ. (1958)) i s  represented by t h e  curve passing through the  
o r ig in .  The o the r  curves a r e  f o r  cnoidal  waves and each a r e  f o r  a 
cons tant  r e l a t i v e  wave he ight  ~ / h .  For 1/~m= 0, i. e . ,  waves with 
i n f i n i t e  period ( s o l i t a r y  waves), t h e  v a r i a t i o n  of HIS wi th  H/h i s  
given by: = in, which is  Eq. (3  '54) . A s  t h e  quant i ty  l/Tm S 16 h 
increases ,  t h e  curves i n  Fig. 5.20 converge and, i n  f a c t ,  a c t u a l l y  

c r o s s  f o r  1/~a> 0.06. C lea r ly ,  t h e  theory  i s  i n v a l i d  when t h i s  
occurs ,  i , e . ,  when t h e  long wave c r i t e r i o n  ( h 1 ~ ~ 0 . 0 5 )  is v i o l a t e d .  
The experiments performed t o  t e s t  t h e  gene ra t ion  theory involved 
gene ra t ing  waves of va r ious  per iods  wi th  each of t h e  t r a j e c t o r i e s ,  
. C N 1  t o  CN6; and measuring t h e  wave h e i g h t s  1 .0 m from t h e  wave p l a t e .  
The r e s u l t s  a r e  presented i n  Fig.  5.21 which is  t h e  same as Fig .  5.20 
bu t  w i th  t h e  a d d i t i o n  of curves of cons t an t  to/T ( t h e  dashed curves) 
and t h e  experimental  da t a .  Comparison of experiment wi th  theory t akes  
p l ace  i n  two ways. F i r s t ,  t h e  symbol shapes a r e  a s soc i a t ed  wi th  a 
p a r t i c u l a r  t r a j e c t o r y  represented  by a dashed curve  (e.g., t h e  p o i n t s  
represented  by s o l i d  t r i a n g l e s  were generated by t r a j e c t o r y  CN6). 
Second, t h e  p o s i t i o n  of t h e  f l a g  on t h e  symbol d e f i n e s  t h e  range of 
wave he igh t  i n  which a p a r t i c u l a r  p o i n t  l ies,  (e.g., symbols wi th  a 
v e r t i c a l  f l a g  imply t h e  r e l a t i v e  wave he ight :  H/h 5 0.05) . Thus, t h e  
p o s i t i o n  of t h e  po in t  r e l a t i v e  t o  t h e  curves  of cons t an t  wave 
he igh t  is a l s o  a comparison w i t h  t h e  theory .  It is evident  t h a t  f o r  
t r a j e c t o r i e s  CN5 and CN6 (which were designed f o r  H/h-0.6 and 
~ a =  20 and 40) a l l  t h e  experimental  p o i n t s  l i e  below t h e  t h e o r e t i c a l  
curves .  For t h e  waves generated by t r a j e c t o r y  CN4, HIS is e i t h e r  on 
o r  below t h e  t h e o r e t i c a l  curve. For t r a j e c t o r i e s  CN1,  CN2 and C N 3  t h e  
p o i n t s  l i e  above, below o r  on t h e  t h e o r e t i c a l  curves.  Thus, t h e  
agreement w i th  t h e  theory  i s  b e t t e r  f o r  l a r g e r  to/T. A poss ib l e  
reason f o r  t h i s  i s  t h a t  t h e  t r a j e c t o r i e s  w i th  smal le r   to/^ genera te  
h igh  frequency smal l  amplitude waves which appear i n  t h e  trough of  t h e  
main wave. Th i s  can be seen i n  Fig. 5.16 where a wave wi th  H/h=0.54 

w a s  generated by t r a j e c t o r y  CN6 and a l s o  t o  a l e s s e r  ex t en t  i n  
Fig.  5.17 where t h e  t r a j e c t o r y  used w a s  CN4. The e f f e c t  i s  even 
more pronounced i n  F ig .  5.22 which shows t h e  waves generated by 
t r a j e c t o r y  CN6 i n  a depth of 5  cm w i t h  s t r o k e  S = 6 . 0 7  cm and period 
T = 3.40 see ,  which corresponds t o  H/S = 0.304 and I / T ~ =  0.021 i n  
Fig.  5.21. (This  f i g u r e  w i l l  be  d iscussed  i n  more d e t a i l  p resent ly . )  
The gene ra t ion  of spur ious  h igh  frequency waves d e t r a c t s  from 
t h e  energy a v a i l a b l e  t o  genera te  t h e  d e s i r e d  wave, so  t h e  e f f e c t  i s  
a  r educ t ion  i n  wave he ight .  Harmonic a n a l y s i s  proved f r u i t l e s s  f o r  
t h i s  problem because cnoida l  waves have c o n t r i b u t i o n s  a t  a l l  frequen- 
c i e s  so  t h e  spur ious  h igh  frequency waves could n o t  be  separated from 
t h e  cnoida l  wave components. A per iod  r e p r e s e n t a t i v e  of t h e  waves 
i n  t h e  t rough a t  Gauge 1 i n  Fig.  5.22 is  0.35 s e c  which g ives  a  
nondimensional per iod  of ~ m x 5  and a wave l e n g t h  of L x l O  cm, 
C a p i l l a r y  waves a t  a n  a i r / w a t e r  i n t e r f a c e  have Lm1.7 cm which is an 
o r d e r  of magnitude less than  t h e  observed waves s o  i t  is  concluded 
t h a t  t h e  waves a r e  no t  caused by sur f  a c e  tens ion .  Conversely, T ~ Z  5 
is about a q u a r t e r  of t h e  minimum per iod  f o r  long waves s o  t h e  
spur ious  waves would no t  be predic ted  by any long wave theory. Having 
excluded t h e  two extremes of c a p i l l a r y  and long waves, only s h o r t  
and in t e rmed ia t e  waves remain, b u t  no theory  o t h e r  than  t h e  f u l l  
Navier Stokes equat ions  i s  known which could p r e d i c t  t h e  simultaneous 
appearance of bo th  cnoida l  waves and s h o r t  waves. 
One approximation which is made i n  t h e  gene ra t ion  theory and its 
a p p l i c a t i o n  which can be e l imina ted  as a cause of lower wave he ights  

than  expected is  t h e  u s e  of depth  averaged v e l o c i t i e s  and a v e r t i c a l  
wave p l a t e .  Th i s  i s  because t h e  disagreement is  worse f o r  l a r g e  
per iods  where t h e  v e l o c i t y  d i s t r i b u t i o n  wi th  dep th  would be  n e a r l y  
cons tan t  than  i t  i s  f o r  smal le r  per iods  where t h e  v e l o c i t y  d i s t r i b u -  
t i o n  varie 's  more w i t h  depth.  
5.1.4 The Propagat ion of Cnoidal Waves i n  a Constant Depth 
The propagat ion of cno ida l  waves was considered i n  two 
phases: s h o r t  range propagat ion which is  r e l e v a n t  t o  t h i s  s tudy 
and long range  propagat ion which i s  of gene ra l  i n t e r e s t .  
An example of s h o r t  range propagat ion was presented i n  Fig.  5.17 
which shows a packet  of fou r  waves propagat ing 50 depths.  A t  Gauge 1, 
f i v e  depths  from t h e  wave genera tor ,  t h e  c r e s t  and t rough amplitudes 
a r e  t h e  same f o r  a l l  f o u r  waves and t h e  c r e s t s  a r e  equispaced i n  
time. A s  t h e  t r a i n  propagates ,  t h e  h e i g h t  of t h e  leading  wave 
decreases  r e l a t i v e  t o  t h e  he igh t  of t h e  o t h e r  waves and t h e  time 
between i t s  c r e s t  and t h e  c r e s t  of t h e  next  wave i n c r e a s e s  by about 
1% of t h e  per iod  from gauge t o  gauge i n d i c a t i n g  t h e  l ead ing  wave i s  
t r a v e l l i n g  f a s t e r  than  t h e  r e s t  of t h e  t r a i n .  The t rough a t  t h e  
r e a r  of t h e  t r a i n  main ta ins  t h e  same ampli tude a s  t h e  two c e n t r a l  
t roughs bu t  i n c r e a s e s  i n  per iod  as t h e  t r a i n  propagates .  The small, 
o s c i l l a t o r y  waves which fo l low t h i s  t rough grow i n  amplitude and 
per iod  from gauge t o  gauge. 
However, i n  s p i t e  of t h e s e  t r a n s i e n t  e f f e c t s  a t  e i t h e r  end of 
t h e  t r a i n ,  t h e  c e n t r a l  p a r t  of t h e  t r a i n  between t h e  second and f o u r t h  
c r e s t s  appears  una f fec t ed ,  Hence,the decrease  i n  he igh t  from gauge 
t o  gauge of t h e  waves i n  t h e  center  of t h e  t r a i n  is  a t t r i b u t e d  t o  
f r i c t i o n  e n t i r e l y .  Two s e t s  of experiments were performed t o  t e s t  
t h e  e f f e c t  of f r i c t i o n  i n  which f i v e  wave gauges were spaced 2.5 m 
a p a r t  i n  water of depth 4.5 cm and 10.0 cm. A packet of waves was 
generated and t h e  height  of t h e  t h i r d  wave passing each gauge was 
recorded. A regress ion ana lys i s  was performed on these  wave heights  
t o  determine t h e  i n i t i a l  height  Ho and t h e  exponent f i n  the  damping 
equation, Eq. (5.7). The r e s u l t s  of t h i s  ana lys i s  a r e  presented i n  
Fig. 5.23 which is a p l o t  of t h e  exponent f vs  t h e  i n i t i a l  r e l a t i v e  
wave height  Ho/h. Included i n  the  f i g u r e  i s  a t a b l e  which l is ts  the  
da ta  including t h e  coef f i c ien t  of determination, r2. For twenty 
of t h e  twenty-eight experiments t h e  l a t t e r  exceeded 0.9 which 
ind ica tes  t h e  decrease i n  wave height  with propagation dis tance  
i s  reasonably wel l  represented by t h e  exponential equation, Eq. (5 .7 ) .  
The da ta  e x h i b i t  considerable scatter but ,  even allowing f o r  t h i s ,  
no v a r i a t i o n  of damping exponent f with wave height  ~ ~ / h  i s  apparent 
i n  Fig. 5.23. Comparing Fig. 5.23 with Fig. 5.11 which showed t h e  
damping exponent f o r  s o l i t a r y  waves, t h e  magnitude of the  damping 
exponents f o r  cnoidal  waves and s o l i t a r y  waves appear s imi lar  fo r  
t h e  s imi la r  depths considered. (For comparison, t h e  curves described 
by Eq. (5.8) f o r  s o l i t a r y  wave damping a r e  presented i n  Fig. 5.23 .) 
The wave gauge records of t h e  experiments marked with an a s t e r i s k  
(*) i n  Fig. 5.22 were d i g i t i z e d  using an A/D converter  and an  
harmonic a n a l y s i s  was performed on a s i n g l e  wave cycle  from each 
gauge. Of i n t e r e s t  was the  way i n  which t h e  shape of the  waves 
Fig. 5.23 Var ia t ion  of t h e  damping exponent, f ,  with r e l a t i v e  wave 
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change a s  t h e i r  height  decreases due t o  f r i c t i o n a l  e f f e c t s  and whether 
t h e  shape remains cnoidal.  Harmonic ana lys i s  was used only because 
i t  provides a means of quan t i t a t ive ly  descr ib ing the  complitated 
shape of a wave. The r e s u l t s  f o r  the  f i r s t  th ree  frequency components 
. a r e p r e s e n k e d i n F i g .  5 .24where thecomponentampl i tudes ,normal ized  
H L ~  
with respect  t o  t h e  wave height ,  a r e  p lo t t ed  aga ins t  -3- . The curves h 
presented i n  Fig. 5.24 a r e  t h e  t h e o r e t i c a l  curves which were described 
i n  Section 3.1 and p lo t t ed  i n  Fig. 3.5; they represent  the  f i r s t  t h r e e  
t h e o r e t i c a l  Fourier  components of cnoidal  waves. A s  the  wave propa- 
gates ,  the  period remains constant  but t h e  wave height ,  H, and hence 
the  c e l e r i t y  (and t h e  wave length,  L) decrease; therefore ,  - 
h 
decreases. Hence, t h e  progression from one wave gauge to another i n  
a downstream d i r e c t i o n  corresponds t o  moving from r i g h t  t o  l e f t  i n  
H L ~  Fig. 5.24 ( i .e .  i n  t h e  d i r e c t i o n  of decreasing -). For a p a r t i c u l a r  
h 
experiment t h e  point  a t  t h e  r i g h t  w i l l  have come from Gauge 1 and the  
point  a t  t h e  l e f t  from Gauge 5. Apart from one experiment, t h e  
t h e o r e t i c a l  curves agree w e l l  with t h e  d a t a  with no apparent t rend 
of the  data  e i t h e r  towards o r  away from t h e  t h e o r e t i c a l  curves. Thus, 
t h e  waves r e t a i n  cnoidal  shape a s  they propagate even though the  wave 
height  decreases due to  f r i c t i o n .  The exception is t h e  experiment 
wi th  ~ m =  20 which exh ib i t s  l a r g e  v a r i a t i o n s  i n  t h e  second and 
t h i r d  components. It i s  t h i s  experiment f o r  which, i n  Fig. 5.23, 
t h e  damping exponent f i s  considerably g rea te r  than f o r  t h e  other 
exponents (f = 3.25 x . Therefore, i t  is  concluded t h a t  f o r  t h i s  
wave the  wave shape was changing a s  i t  propagated due t o  improper 
10 
0 5  
0 
Fig.  5.24 Comparison of the amplitudes of the first three Fourier 
components of experimental cnoidal waves with the theory. 
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genera t ion .  
Another q u a n t i t y  of i n t e r e s t  i n  t h e  propagat ion of cnoida l  waves 
is  t h e i r  speed of propagat ion o r  c e l e r i t y .  The t h e o r e t i c a l  r e l a t i o n  
f o r  c e l e r i t y  (see,  e.g., Svendsen (1974)) is: 
where m i s  t h e  e l l i p t i c  parameter and K and E a r e  t h e  f i r s t  and 
second complete e l l i p t i c  i n t e g r a l s  r e s p e c t i v e l y ,  The parameter a ,  
H L ~  
which is a f u n c t i o n  of on ly  m o r ,  equ iva l en t ly ,  on ly  7, is p l o t t e d  
L I  
H L ~  
a g a i n s t  - 
h3 ' 
i n  Fig. 5.25. For l a r g e  - a tends  t o  u n i t y  and 
h3 ' 
Fig.  5.25 V a r i a t i o n  of t h e  c e l e r i t y  parameter,  a, wi th  U r s e l l  Number, 
HL2/ h3,  f o r  cnoida l  waves. 
t h e  c e l e r i t y  tends t o  the  s o l i t a r y  wave c e l e r i t y ,  c = d g h ( l  +!) , 
A s  - goes t o  zero t h e  parameter a goes t o  negative i n f i n i t y  but ,  h 
implies small wave height  a l s o ,  t h e  c e l e r i t y  remains s i n c e  small - 
h 
f i n i t e  and tends t o  c = Jg?;. 
The c e l e r i t y  of cnoidal  waves generated i n  t h e  laboratory was 
measured by placing f i v e  wave gauges 0.45 m a p a r t ,  generating a 
group of waves and recording t h e  t i m e  a t  which a p a r t i c u l a r  c res t ,  
passed each gauge. The c e l e r i t y  was ca lcula ted  by l i n e a r  regression 
from t h e  f i v e  p a i r s  of x and t and is  p l o t t e d  a s  a funct ion  of wave 
height  i n  Fig. 5.26. With t h e  gauges only 0.45 cm a p a r t ,  t he  change 
i n  he ight  of t h e  waves between the  f i r s t  and f i f t h  gauges was 
n e g l i g i b l e  so the  average of t h e  f i v e  wave he igh t s  was used. The 
H L ~  
numbers next  t o  t h e  po in t s  i n  Fig. 5.26 represent  the  va lue  of - 
h3 
(- denotes a s o l i t a r y  wave). The curves a r e  t h e  theory a s  given by 
E ~ S .  (5.15) and (5.16),  f o r  constant values of - . The dashed curve 
h 
r ep resen t s  t h e  long wave l i m i t  of h / ~ <  .05. The s c a t t e r  exhibi ted 
by the  da ta  i s  p a r t i a l l y  explained by t h e  s e n s i t i v i t y  of t h e  graph 
exceeding t h e  accuracy of t h e  da ta .  (For waves wi th  l a r g e  Ursell 
Number t h i s  i s  l e s s  of a problem because t h e  wave c r e s t s  a r e  sharp 
and the re fo re  we l l  defined,  but f o r  waves with a small  Ursell Number 
the  c r e s t  is  l e s s  peaked and i ts  pos i t ion  i s  not  a s  wel l  defined.) 
I n  s p i t e  of t h e  s c a t t e r  the  trend i s  f o r  t h e  cnoidal  wave c e l e r i t y  
t o  be genera l ly  l e s s  than the  theory p r e d i c t s ,  while the  s o l i t a r y  
wave c e l e r i t y  i s  wel l  defined by the  theory. 
Only near  f i e l d  propagation has been considered so  f a r .  Also 
NUMBERS NEXT TO THE 
POINTS ARE H L ' / ~ ~ .  
Fig. 5.26 Var i a t ion  of c e l e r i t y  of s o l i t a r y  and cnoidal  waves wi th  
r e l a t i v e  wave he ight ,  H/h. 
of i n t e r e s t  i s  what happens t o  a t r a i n  of cnoidal  waves a s  i t  
propagates t o  i n f i n i t y .  The inverse s c a t t e r i n g  theory p red ic t s  
one s o l i t a r y  wave w i l l  emerge--the lead wave, but  t h e  theory does 
not provide information about t h e  t r a i l i n g  waves. An example of 
t h e  long d i s t ance  propagation i n  the  labora tory  of a t r a i n  of cnoidal 
waves was presented e a r l i e r  i n  Fig. 5.22 which shows a packet of 
four cnoidal  waves propagating 340 depths from generation. The 
behavior of t h e  leading c r e s t ,  which slowly separa tes  from the  t r a i n  
and t h e  t r a i l i n g  trough, which increases  i n  dura t ion,  was described 
e a r l i e r  when considering near f i e l d  propagation. Of more i n t e r e s t  
here  a r e  any changes which occur i n  t h e  center  of t h e  t r a i n .  Careful 
inspect ion of each wave shows t h e  heights  of t h e  th ree  c e n t r a l  c r e s t s  
vary by up t o  0.025 cm ( i . e . ,  1.3% of t h e  wave height) .  The period, 
s e t  a t  3.40 see,  v a r i e s  between 3.37 sec  and 3.40 sec.  These 
f luc tua t ions  a r e  considered too small t o  imply any change i s  taking 
place  t o  t h e  center  of t h e  t r a i n  a s  i t  propagates t h e  340 depths 
from generation. However, i t  cannot be concluded from t h i s  l imi ted  
aspect  of t h e  study t h a t  the  t r a i n  would continue t o  propagate i n  
t h i s  manner t o  i n f i n i t y  even i n  t h e  absence of f r i c t i o n .  
5.2 The Ref lec t ion of Long Waves from a Change i n  Depth 
5.2.1 The Ref lec t ion of S o l i t a r y  Waves from a Step 
The l i n e a r  nondispersive theory described i n  Section 3.4, 
when applied t o  s o l i t a r y  waves propagating over a s t e p  onto a she l f ,  
p r e d i c t s  the  r e f l e c t e d  wave w i l l  r e t a i n  t h e  same shape as  the  
inc ident  wave, but t h e  amplitude w i l l  be scaled by t h e  r e f l e c t i o n  
coef f i c ien t  KR (given by Eq. (3.113)). Hence,the predicted r e f l e c t e d  
wave would be given by: 
where HI i s  t h e  height  of t h e  inc ident  s o l i t a r y  wave and HR i s  t h e  
r e f l e c t e d  wave height  given by: 
A s e r i e s  of experiments were conducted, f o r  a range of wave 
heights  and depths, t o  test t h e  v a l i d i t y  of the  l i n e a r  nondispersive 
theory when applied t o  t h e  r e f l e c t i o n  of s o l i t a r y  waves from a s tep .  
The experiments comprised e s s e n t i a l l y  t h e  arrangement described 
e a r l i e r  and shown i n  Fig. 5.1 except t h a t  one of t h e  gauges from 
t h e  shel f  was removed and placed adjacent  t o  Gauge 1. This gauge 
was adjusted t o  be more s e n s i t i v e  than Gauge 1 so t h a t  maximum resolu- 
t i o n  of the  r e f l e c t e d  wave (which had height  10-452 of t h e  incident  
wave) could be achieved. E l e c t r i c a l  in te r fe rence  between the  gauges 
was minimized by c a r e f u l l y  and d i r e c t l y  grounding the  gauge support 
clamps. 
The experiments were performed i n  two s e t s :  i n  the  f i r s t  set 
t h e  e f f e c t  of t h e  height  of the  inc ident  wave on t h e  r e f l e c t e d  wave 
was examined; i n  t h e  second set t h e  e f f e c t  of t h e  depth r a t i o  on the  
re f l ec ted  wave was examined. 
The f i r s t  s e t  comprised 51 experiments with incident  wave 
height  t o  depth r a t i o s  Hy/hl varying from 0.05 t o  0.65 and with depth 
r a t i o s :  hl/h2 of 2 ,  3, 3.5, 4 ,  7 and 10. The height  of the  shel f  
was 15.54 cm and Gauge 1 was s i t u a t e d  5.7 m upstream of the s tep .  
A s o l i t a r y  wave was generated and the  incident  and re f l ec ted  waves 
were recorded. Both waves were d i g i t i z e d  and t h e  following q u a n t i t i e s  
were calculated:  maximum wave amplitude, inverse  sca t t e red  wave 
height  and volume. The r e s u l t s  f o r  t h e  inc ident  waves were presented 
i n  Section 5.1.2; t h e  r e s u l t s  f o r  t h e  r e f l e c t e d  waves r e l a t i v e  t o  
these  inc ident  waves a r e  p lo t t ed  a s  a funct ion of the  r e l a t i v e  wave 
height ,  FII/hl, i n  Figs. 5.27 t o  5.29. 
Figure 5.27 shows t h e  r a t i o  of measured wave heights  %IH, 
p lo t t ed  a s  a funct ion of t h e  inc ident  wave height  r a t i o  HI/hl. The 
l i n e s  represent  the  bes t  f i t  through t h e  experimental points .  They 
ind ica te  t h a t ,  as t h e  incident  wave height  increases ,  the  r e l a t i v e  
height  of t h e  r e f l e c t e d  wave decreases and, a s  t h e  depth r a t i o  
increases ,  t h i s  decrease takes place a t  a  g rea te r  r a t e .  Clearly t h i s  
is  contrary t o  the  l i n e a r  nondispersive theory which from Eq. (5.17) 
p red ic t s ,  f o r  constant  depth r a t i o ,  hl/h2, no v a r i a t i o n  i n  the  wave 
height  r a t i o  %/HI wi th  inc ident  wave height .  Therefore, the  l i n e a r  
nondispersive theory is inva l id  f o r  some time between the  t i m e  the  
inc ident  wave leaves the  gauge u n t i l  t h e  r e f l e c t e d  wave reaches t h e  
same gauge. The propagation of the  inc ident  wave toward the  s t ep  i s  
expected t o  be predicted well  by t h e  l i n e a r  nondispersive (as wel l  a s  





Fig .  5.27 Var ia t ion  of t h e  wave he igh t  r a t i o ,  HR/HI, wi th  the relat ive 
i n c i d e n t  wave he igh t ,  HI/hl. 
Fig. 5.28 Var ia t ion  of t h e  inverse  s c a t t e r e d  wave height  r a t i o ,  
/HI, wi th  the  r e l a t i v e  inc iden t  wave height ,  HI/hl. 
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is a s o l i t a r y  wave which propagates with constant  shape, however 
t h i s  is  not t r u e  f o r  t h e  propagation of t h e  r e f l e c t e d  wave from t h e  
s t e p  back to  t h e  gauge. Assumingthe r e f l e c t e d  wave a t  t h e  s t e p  
(x = 0) i s  given by Eq, (5.17) , then computing t h e  Ursell Number 
. a f t e r  ~am&ck (1974) Eq. (3.141) gives U12.25 %, i.e. less than 
t h e  Ursell Number of a s o l i t a r y  wave (U= 2.25). Hence, t h e  wave 
w i l l  change i ts  shape a s  i t  propagates u n t i l  one o r  more s o l i t a r y  
waves emerge followed by a t r a i n  of o s c i l l a t o r y  waves. Since the 
gauge measuring t h e  r e f l e c t e d  wave is  a f i n i t e  d i s t ance  (18-34 depths) 
from t h e  s t e p ,  d ispers ive  and possibly nonlinear e f f e c t s  w i l l  occur 
and cause t h e  r e f l e c t e d  wave to  be d i f f e r e n t  i n  shape from t h a t  a t  
t h e  s tep .  I n  addi t ion ,  s ince  t h e  d i s t ance  f o r  complete separa t ion 
i n t o  s o l i t a r y  waves is a function of t h e  wave height ,  waves with 
d i f f e r e n t  he ights  w i l l  be i n  d i f f e r e n t  s tages  of evolution a s  they 
pass the  wave gauge. Thus, the  r a t i o  of t h e  r e f l e c t e d  wave height  
t o  t h e  inc ident  wave height  HR/HI w i l l  be a funct ion of t h e  d is tance  
from t h e  s t e p  and, therefore ,  dependent on t h e  inc ident  wave height.  
A so lu t ion  of t h i s  problem would be t o  measure t h e  re f l ec ted  wave a 
l a r g e  d i s t ance  from t h e  s t e p  a f t e r  the  separa t ion process has taken 
place. This i s  not p r a c t i c a l  f i r s t  because t h e  length  of the  flume 
i s  l imi ted  and second because f r i c t i o n  causes a reduction i n  the  
wave height .  However, propagation t o  i n f i n i t y  i n  the  absence of 
f r i c t i o n  can be performed a n a l y t i c a l l y  by t h e  method of inverse 
s c a t t e r i n g  discussed i n  Section 3.5. A s  was shown i n  Section 3.5, 
from a wave with the  form of Eq. (5.17) one s o l i t a r y  wave emerges 
with the  height  given by: 
where KR is  t h e  r e f l e c t i o n  c o e f f i c i e n t  from the  l i n e a r  nondispersive 
theory, Eq. (3.113). Hence, using t h e  inverse  sca t t e red  height  of 
t h e  r e f l e c t e d  wave, % , computed from t h e  record of a  wave gauge 
INV 
located  a t  some posi t ion  upstream of t h e  s t ep ,  t h e  dependence of the  
r e s u l t s  on t h e  a c t u a l  pos i t ion  of t h e  gauge w i l l  be eliminated. 
I n  addi t ion ,  i f  the  l i n e a r  nondispersive theory accura te ly  describes 
t h e  r e f l e c t i o n  process a t  t h e  s t ep ,  from Eq. (5.19) the re  w i l l  be 
no v a r i a t i o n  of wave height  r a t i o  HR /H wi th  inc ident  wave height.  
INV I 
The r e s u l t s  of t h i s  ana lys i s  f o r  t h e  experiments p lo t t ed  i n  Fig. 5.27 
a r e  presented i n  Fig. 5.28 where t h e  wave height  r a t i o  HR /HI is  
INV 
p lo t t ed  a s  a funct ion of the  inc ident  wave height  t o  depth r a t i o  
HI/hl. The d i f fe rence  between Figs.  5.27 and 5.28 is qu i t e  marked 
i n  t h a t  most (but  not  a l l )  of t h e  v a r i a t i o n  of the  wave height  r a t i o  
with r e l a t i v e  inc ident  wave height  has been removed, p a r t i c u l a r l y  f o r  
small r e l a t i v e  wave heights  and small depth r a t i o s .  I n  f a c t ,  f o r  
inc ident  wave heights  HI/hlc0.3 and depth r a t i o s  h l /h257 t h e  data  
ind ica te  no v a r i a t i o n  of t h e  wave height  r a t i o  HR /HI with incident  
INV 
r e l a t i v e  wave height  HI/hl. Hence, f o r  these  parameters the  inverse 
sca t t e red  r e f l e c t e d  wave height  % i s  proport ional  to  the  inc ident  
INV 
wave height  HI a s  predicted by t h e  l i n e a r  nondispersive theory, 
Eq. (5.19). 
For incident  wave heights  HI/hl > 0. 3 o r  depth r a t i o s  h /h > 7 1 2  
t h e  v a r i a t i o n  of wave height  r a t i o  with inc ident  wave height s t i l l  
occurs and s ince ,  by using inverse s c a t t e r i n g ,  t h e  propagation of 
t h e  r e f l e c t e d  wave back t o  the  gauge i s  eliminated a s  the  cause, i t  
is concludkd t h a t  the  process a t  the  s t e p  is not predicted by the  
l i n e a r  nondispersive theory. An obvious reason f o r  t h i s  i s  t h a t  
f o r  l a r g e  wave heights  o r  l a r g e  depth r a t i o s  t h e  wave breaks on 
t h e  shel f  c l o s e  to  the  change i n  depth. I n  f a c t ,  using t h e  l i n e a r  
nondispersive theory and the  c r i t e r i o n  t h a t  a wave w i l l  break i f  the  
height  t o  depth r a t i o  exceeds 0.7, t h e  l i m i t i n g  r e l a t i v e  incident  
wave height  f o r  a non-breaking wave on t h e  shel f  is: 
The l i m i t i n g  r e l a t i v e  inc ident  wave heights  f o r  t h e  depth r a t i o s  
considered here  obtained from Eq. (5.20) a r e  presented i n  Table 5.3. 
A comparison of t h e  l imi t ing  wave heights  i n  Table 5.3 with the  range 
of wave heights  i n  Fig. 5.28 f o r  which t h e  r e f l e c t e d  wave height i s  
independent of t h e  inc ident  wave height  ind ica tes  the  l i n e a r  
nondispersive theory p red ic t s  the  cor rec t  behavior f o r  some cases 
even though t h e  wave may break on t h e  s h e l f ,  
This f e a t u r e  of t h e  problem is f u r t h e r  i l l u s t r a t e d  i n  Fig. 5.29 
where, f o r  t h e  51 experiments under considerat ion,  the  r a t i o  of t h e  
r e f l e c t e d  t o  t h e  inc ident  volumes of t h e  waves, vR/ffI, is plot ted  a s  
a funct ion of t h e  r e l a t i v e  inc ident  wave height ,  ~ ~ / h ~ .  The volume 
Table 5 . 3  Maximum r e l a t i v e  incident  wave heights  f o r  non-breaking 
waves on t h e  shel f  a s  predicted by the  l i n e a r  nondispersive 
theory. 
r a t i o  appears independent of inc ident  wave height  f o r  a l l  depth 
r a t i o s  and even f o r  waves which obviously break onto t h e  s h e l f .  
Hence, the  r e f l e c t e d  volume appears t o  be a l i n e a r  function of t h e  
inc ident  volume, as predicted by l i n e a r  nondispersive theory. 
Included i n  Figs. 5 .27  t o  5 .29  a r e  data  from experiments i n  
which t h e  s t e p  w a s  replaced by the  half-sine t r a n s i t i o n  described 
i n  Section 4.1. These da ta  l i e  c lose  enough t o  t h e  data  f o r  the  
s t e p  t o  imply t h e  t r a n s i t i o n  has no e f f e c t  on t h e  r e f l e c t e d  wave. 
The f i n i t e  element numerical scheme described i n  Section 3 . 3  
a l s o  was used t o  determine t h e  waves r e f l e c t e d  from a s t ep .  However, 
i t  was found t h e  r e f l e c t e d  waves were dependent on t h e  incident  wave 
height ,  an  e f f e c t  t h e  physical  experiments do not predic t  and an 
e f f e c t  which d id  not  occur when a s lope  ins tead of a s t e p  was used 
( t h i s  w i l l  be discussed i n  more d e t a i l  i n  Section 3 . 2 . 3 ) .  Hence, i t  
was concluded, t h e  approximation used t o  match flow r a t e s  across a 
s tep ,  which was described i n  Section 3 . 3 . 2 ,  caused e r r o r s  i n  the 
numerical scheme i n  t h i s  case. To avoid t h i s ,  t h e  numerical scheme 
was used with the  s t e p  replaced by t h e  hal f -s ine  t r a n s i t i o n .  T h i s  
change, the  physical  experiments show, has e s s e n t i a l l y  no e f fec t  on 
t h e  r e f l e c t e d  wave, bu t  i t  reduces t h e  e r r o r  g iven  by Eq. (3.104) by 
reducing t h e  change i n  depth between t h e  elements,  Ah. The e f f e c t  of 
t h i s  is shown i n  Figs.  5.28 and 5.29 where f o r  a  depth  r a t i o  of 
hl/h2= 3 and r e l a t i v e  i n c i d e n t  wave h e i g h t s  of HI/hl= 0.05, 0.10 and 
0.15, t h e  k e f l e c t i o n  c o e f f i c i e n t s  c a l c u l a t e d  by t h e  f i n i t e  element 
scheme a r e  t h e  same f o r  a l l  t h r e e  wave he igh t s .  
A s  was mentioned e a r l i e r ,  t h e  experiments were conducted i n  two 
s e t s .  The experiments descr ibed  so  f a r  c o m p ~ i s e  t h e  f i r s t  s e t  i n  
which t h e  v a r i a t i o n  wi th  wave he igh t  w a s  examined. The second set 
of experiments involved keeping t h e  r e l a t i v e  i n c i d e n t  wave he ight  
cons t an t  and vary ing  t h e  depth  r a t i o  t o  determine t h e  behavior w i th  
depth r a t i o .  The experiments were arranged i n  t h e  same manner a s  
f o r  t h e  f i r s t  s e t  wi th  ad j acen t  gauges placed 5.7 m from t h e  p l a t e ;  
one ad jus t ed  t o  measure t h e  i n c i d e n t  wave and t h e  o t h e r  ad jus ted  w i t h  
increased  s e n s i t i v i t y  t o  measure t h e  r e f l e c t e d  wave. The r e l a t i v e  
i n c i d e n t  wave he igh t  was f ixed  nominally a t  HI/hl=O.10 and a l l  t h e  
waves were wi th in :  0 .090<HI/h< 0.103. I n i t i a l l y  fou r t een  experiments 
were conducted wi th  depth  r a t i o s  i n  t h e  range: 1 .51<hl /h2(68 .4 ;  
f o r  hl/h2=68.4 t h e  depth  on t h e  s h e l f  was 0.19 cm. To determine i f  
t h e r e  was any dependence on t h e  he igh t  of t h e  s h e l f ,  two subsequent 
sets of experiments were conducted w i t h  s h e l v e s  of smaller he igh t .  
For t h e  f i r s t  set t h e  she l f -he ight  was 5.97 cm and t h e  waves were 
measured a t  gauges loca t ed  3.0 m from t h e  s t e p .  For t h e  second s e t ,  
t h e  she l f -he ight  was 5.68 cm and t h e  waves were measured wi th  gauges 
loca t ed  2.08 m from t h e  s t ep .  (This la t ter  s e t  of experiments is 
equivalent  to  those with the  15.54 cm s t e p  because the  wave gauges 
were placed t h e  same number of shelf-heights  from t h e  step.)  The 
r e s u l t s  i n  t h e  form of t h e  r a t i o s  of r e f l e c t e d  t o  inc ident  measured 
quan t i t i e s :  wave height  H ~ / H ~ ,  inverse sca t t e red  wave height HR /HI 
INV 
and volume VR/By a r e  p lo t t ed  a s  functions of depth r a t i o  hl/h2 i n  
Figs.  5.30 t o  5.32. The curves i n  each of these  f igures  represent  
t h e  l i n e a r  nondispersive theory. For Figs.  5.30 and 5.32 t h i s  is 
given by E q .  (3.113) which i s  t h e  r e f l e c t i o n  c o e f f i c i e n t  fo r  a s tep .  
For Fig. 5.31 the  curve is  given by Eq. (3.145) and a l s o  Eq.  (5.19) 
which gives t h e  r a t i o  s f  t h e  inverse sca t t e red  re f l ec ted  wave height 
t o  the  inc ident  wave height ,  
For a l l  t h r e e  p lo t s ,  t h e  data  l i e  below t h e  theore t i ca l  curves 
and t h e  d i s t ance  below increases  wi th  increasing depth r a t i o  h / h  1 2'  
One reason f o r  t h i s  i s  t h a t  from t h e  equation which p red ic t s  approx- 
imately the  condit ions f o r  breaking onto t h e  s h e l f ,  Eq. (5.20), the  
maximum depth r a t i o  f o r  an incident  wave of height  HIhl=O.l t o  be  
a nonbreaking wave is hl/h2=5.  Therefore t h e  l i n e a r  nondispersive 
theory would not  be expected t o  p red ic t  accura te ly  t h e  re f l ec ted  
wave f o r  depth r a t i o s  h l /h2>5,  and t h e  da ta  do seem t o  depart  more 
from the  theory f o r  h l /h2>5.  F r i c t i o n  a l s o  is  a cause of t h e  wave 
height  data  ly ing  below the  t h e o r e t i c a l  curve but accounting fo r  i ts 
e f f e c t s  only s l i g h t l y  increases  the  wave height  r a t i o s  (by from 4% f o r  
hl /h2=1.5 t o  11% f o r  hl/h2=60) and t h i s  does not  bring the  data  up 
t o  t h e  t h e o r e t i c a l  curve. I n  addi t ion ,  i n  Fig. 5.32, which shows t h e  
r e f l e c t e d  volume r a t i o ,  t h e  data  a r e  not  a f fec ted  by f r i c t i o n  but 
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Fig .  5.31 VarPation of t he  inverse scat tered wave height  r a t i o ,  HR / H ~ ,  with depth r a t i o ,  hl/h2. 
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Fig. 5.32 Variat ion of the  volume r a t i o ,  7PR/II, with depth r a t i o ,  hl/h2. 
s t i l l  tend t o  be below t h e  t h e o r e t i c a l  curve. 
I n  Figs. 5.31 and 5.32 the  data  from t h e  four d i f f e r e n t  s e t s  
of experiments f i t  together wel l  indica t ing the re  i s  no dependence 
on shelf-height .  However, i n  Fig. 5.30, which shows the  measured 
wave height  r a t i o  HR/Hr, t he  d a t a  from the  experiments with the  5.97 cm 
shel f  placed 3.0 m from the  gauge a r e  genera l ly  l e s s  than the  o ther  
data .  The reason f o r  t h i s  is  t h a t  t h e  d i s t ance  from t h e  s t e p  to the  
gauge f o r  t h i s  s e t  of experiments w a s  50.25 shelf-heights whereas 
the  d i s t ance  f o r  t h e  o ther  experiments was 36.68 shelf-heights;  thus, 
f o r  t h e  former, t h e  wave had t r ave l l ed  f u r t h e r  and dispers ive  and 
perhaps nonlinear e f f e c t s  had more time t o  develop. Notice t h a t  t h i s  
tendency is s u b s t a n t i a l l y  reduced i n  Fig. 5.31 which shows t h e  inverse  
sca t t e red  wave height  r a t i o  HR /HI. 
I N V  
Also included i n  Figs. 5.30 t o  5.32 a r e  t h e  da ta  from four experi- 
ments i n  which t h e  half-sine t r a n s i t i o n  ins tead of t h e  s t e p  was used. 
The data  show no di f ference  from the  da ta  obtained when t h e  s t e p  was 
used. 
The r e s u l t s  f o r  t h e  nonlinear d i spe rs ive  theory, calculated using 
the  f i n i t e  element scheme with the  half-sine t r a n s i t i o n ,  coincide 
wi th  the  l i n e a r  nondispersive theory i n  Figs. 5.30 t o  5.32. Thus, 
from t h i s  and from t h e  experiments conducted, i t  may be concluded 
f o r  depth r a t i o s  of hl/h2(10 t h e  r e f l e c t i o n  of s o l i t a r y  waves from 
a s t e p  is  a l i n e a r  process, apa r t  from t h e  propagation and t h e  
r e f l e c t e d  wave may be approximately predicted by the  l i n e a r  nondis- 
pe r s ive  theory. 
5.2.2 The Ref l ec t ion  of Cnoidal Waves from a Step 
Experiments conducted t o  measure t h e  waves which a r e  
r e f l e c t e d  when cno ida l  waves propagate  over  a s t e p  onto a she l f  
r e q u i r e  a d i f f e r e n t  l abo ra to ry  technique than  t h a t  used i f  t h e  waves 
were small 'ampli tude,  harmonic waves. I n  t h e  l a t t e r  ca se  a s tandard  
procedure i s  t o  deduce t h e  r e f l e c t e d  waves from t h e  combined inc iden t  
and r e f l e c t e d  waves us ing  t h e  p r i n c i p l e  of supe rpos i t i on .  However 
f o r  cno ida l  waves, which propagate  i n  accordance wi th  t h e  nonl inear  
d i s p e r s i v e  theory ,  t h e  p r i n c i p l e  of supe rpos i t i on  i s  no t  v a l i d ,  
t h e r e f o r e  an  a l t e r n a t i v e  method must be devised.  The technique used 
i n  t h i s  s tudy  w a s  t o  genera te  a f i n i t e  number of cnoida l  waves and 
measure t h e  i n c i d e n t  and r e f l e c t e d  waves a t  a p o i n t  i n  t h e  flume 
where t h e  t r a i l i n g  edge of t h e  i n c i d e n t  wave group had passed be fo re  
t h e  l ead ing  edge of t h e  r e f l e c t e d  wave group a r r i v e d .  The method has 
two c o n f l i c t i n g  requirements  : 
( i )  The wave group must con ta in  a s u f f i c i e n t  number of waves so 
t h a t  t h e  waves i n  t h e  c e n t e r  of t h e  group where measurements w i l l  
t a k e  p l ace  a r e  n o t  a f f e c t e d  by t r a n s i e n t  e f f e c t s  a t  t h e  leading  and 
t r a i l i n g  edges of t h e  wave group. 
( i i )  The wave group must be  s h o r t  enough t h a t  t h e  inc iden t  and 
r e f l e c t e d  wave groups a r e  separa ted  a t  t h e  p o i n t  of measurement. 
A s  was demonstrated e a r l i e r  ( see  Sec t ion  5.1.2),  f o r  s h o r t  
d i s t a n c e  propagat ion,  t h e  requirement t h a t  t r a n s i e n t  e f f e c t s  do n o t  
a f f e c t  t h e  waves i n  t h e  cen te r  of t h e  packet  may b e  s a t i s f i e d  by a 
group c o n s i s t i n g  of as few as fou r  waves. Thus, t h e  procedure used 
he re  was t o  p l ace  t h e  wave gauges midway between t h e  wave generator  
and t h e  s t e p  and t o  genera te  as many waves a s  p o s s i b l e  (four  o r  
g r e a t e r )  b u t  s t i l l  s a t i s f y  t h e  requirement t h a t  i nc iden t  and r e f l e c t e d  
wave packets  be sepa ra t e  a t  t h e  po in t  of measurement. 
To i l l u s t r a t e  t h e  experimental  d e t a i l s ,  t h e  r e s u l t s  of f i v e  
expe r immts ,  i n  t h e  form of t h e  wave amplitude--time h i s t o r y  a r e  
presented  i n  Fig.  5.33, where t h e  o r d i n a t e  i s  t h e  wave amplitude 
normalized wi th  r e spec t  t o  t h e  depth,  and t h e  a b s c i s s a  is  the  non- 
dimensional t ime tJglhl. The experiments were conducted us ing  t h e  
15.54 cm she l f  w i t h  t h e  s t e p  s i t u a t e d  23.84 m from t h e  wave genera tor  
and t h e  wave gauge which gave t h e  r eco rds  presented  i n  Fig.  5.29 
s i t u a t e d  midway between t h e  s t e p  and t h e  wave gene ra to r  ( i .e . ,  11.92 m 
from both) .  For each experiment,  fou r  waves were generated using 
t r a j e c t o r y  CN4 wi th  a s t r o k e  S/hl= 0.378 and a per iod T-= 27.2, 
which t h e o r e t i c a l l y  should have produced waves w i t h  a r e l a t i v e  he igh t  
of H/hl=O.l.  The f i v e  experiments were performed wi th  f i v e  d i f f e r e n t  
upstream depths  and consequently f i v e  d i f f e r e n t  depth r a t i o s .  The 
four  waves t o  t h e  l e f t  i n  each p a r t  of Fig.  5.33 a r e  t hose  which 
comprise t h e  i n c i d e n t  wave group; t h e  fou r  t o  t h e  r i g h t  i n  each p a r t  
comprise t h e  r e f l e c t e d  waves. Progress ing  down t h e  f i g u r e ,  t h e  depth  
upstream of t h e  s t e p ,  hl, i n c r e a s e s  and, consequent ly,  t h e  depth r a t i o ,  
hl/h2, dec reases  as does t h e  d i s t a n c e  of t h e  gauge from t h e  s t e p  
expressed as t h e  number of depths ,  x/hl. The decreas ing  depth  r a t i o ,  
h /h , produces r e f l e c t e d  waves of sma l l e r  he igh t ;  t h e  decreasing 1 2  
r e l a t i v e  d i s t a n c e ,  x/hl, causes t h e  t ime between inc iden t  and r e f l e c t e d  
Fig. 5.33 Incident  cnoidal  waves (HI/hl = 0.1, T-= 27.2) and t h e  
waves r e f l e c t e d  from t h e  s t e p  f o r  va r ious  depths.  
wave packets  a l s o  t o  decrease.  Close i n s p e c t i o n  of  F ig .  5.33 r evea l s  
t h a t ,  f o r  bo th  i n c i d e n t  and r e f l e c t e d  waves, t h e  ampli tudes of t h e  
t h i r d  and f o u r t h  c r e s t s  a r e  about equal ,  as a r e  t h e  second and t h i r d  
troughs. I n  a d d i t i o n  t o  t h e  constancy of per iod  between t h e  second, 
t h i r d  and f o u r t h  c r e s t s  f o r  both i n c i d e n t  and r e f l e c t e d  waves, t h i s  
i n d i c a t e s  t h e  t r a n s i e n t  e f f e c t s  a t  t h e  l ead ing  and t r a i l i n g  edges of 
t h e  wave group do no t  a f f e c t  t h e  c e n t r a l  p o r t i o n  of t h e  group, a s  
was assumed previous ly .  F igure  5.33 was in t roduced  a t  t h i s  s t a g e  of 
t h e  d i scuss ion  f o r  i l l u s t r a t i v e  purposes; i t  w i l l  be  discussed i n  
more d e t a i l  p r e sen t ly .  
Using t h e  arrangement j u s t  descr ibed ,  experiments were conducted 
f o r  depth  r a t i o s :  h l /h2=3,  4 ,  7 and 10.  The r e s u l t s  a r e  presented 
i n  Fig.  5.34 where t h e  r a t i o  of r e f l e c t e d  t o  i n c i d e n t  wave he igh t s  
%/HI i s  p l o t t e d  as a func t ion  of t h e  r e l a t i v e  i n c i d e n t  wave he ight  
~ ~ / h ~ .  The numbers bes ide  t h e  p o i n t s  a r e  t h e  nondimensional quant i ty :  
g ~ I ~ 2 / h : ,  which is a type  of Ursell Number. It is  used i n  preference  to  
t h e  U r s e l l  Numbers descr ibed  e a r l i e r  (m and HL2/h:) because i t  can be 
c a l c u l a t e d  d i r e c t l y  from experimental ly  measured q u a n t i t i e s  whereas 
t h e  o t h e r s  must be  deduced us ing  complex numerical c a l c u l a t i o n s .  It 
i s  r e l a t e d  t o  HL2/h3 by t h e  c e l e r i t y ,  c  = LIT. The d a t a  e x h i b i t  
s c a t t e r  (some reasons  f o r  t h i s  w i l l  be presented  s h o r t l y )  bu t  show 
no t r end  i n  t h e  v a r i a t i o n  of r e f l e c t i o n  c o e f f i c i e n t ,  HR/HI, wi th  
e i t h e r  t h e  r e l a t i v e  inc iden t  wave he igh t ,  HI/hl, o r  t h e  U r s e l l  Number, 
g ~ I ~ 2 / h :  . The dashed l i n e s  i n  t h e  f i g u r e  i n d i c a t e  t h e  l i m i t i n g  wave 
he ight  f o r  a nonbreaking wave on t h e  s h e l f  as p red ic t ed  by t h e  l i n e a r  
Fig. 5.34 Var ia t ion of t he  wave height  r a t i o ,  HR/HI, with r e l a t i v e  
incident  wave height ,  ~ = / h ~ ,  f o r  cnoidal  waves. 
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nondispers&e theory,  Eq. (5.20) . 
Included i n  t h e  f i g u r e  a r e  d a t a  from experiments i n  which a 
she l f  w i t h  a he igh t  of 5.97 cm ~7as used. For t h e s e  experiments t h e  
wave gauge measuring i n c i d e n t  and r e f l e c t e d  waves was placed t h e  
same r e l a t i v e  d i s t a n c e ,  x/hl, from t h e  s t e p  a s  t h e  equiva len t  
experiments w i t h  t h e  15.54 cm s h e l f ,  i . e . ,  x / h l =  5 1  f o r  t h e  depth 
r a t i o  h / h  = 3.  I n  Fig.  5.34, t h e  d a t a  gene ra l ly  l i e  below t h e  1 2  
d a t a  f o r  t h e  15.54 cm she l f  and t h i s  i s  a t t r i b u t e d  t o  t h e  increased 
e f f e c t  of f r i c t i o n  f o r  t h e  smal le r  depth.  
I n  Fig. 5.35 t h e  r a t i o  of r e f l e c t e d  t o  i n c i d e n t  wave he igh t s ,  
HR/HI, is p l o t t e d  a s  a f u n c t i o n  of t h e  dep th  r a t i o ,  hl/h2. The 
curve w a s  ob ta ined  from t h e  l i n e a r  nondispers ive  theory  ( a s  given 
by Eq. (3.113)). The d a t a  were obta ined  from t h e  experiments pre- 
v i o u s l y  descr ibed  and from experiments i n  which t h e  r e l a t i v e  inc iden t  
wave he igh t  and per iod  were set a t  HI/hl = 0 .1  and T%= 27.2 and 
t h e  depth,  hl, was changed. The d a t a  f o l l o w  t h e  t r end  of t h e  l i n e a r  
nondispers ive  theory  b u t  t h e  r e f l e c t i o n  c o e f f i c i e n t  is  genera l ly  
l e s s  than theory  p r e d i c t s  a s  was found t o  be  t r u e  a l s o  f o r  s o l i t a r y  
waves. P a r t  of t h e  reason  f o r  t h i s  is ,  of course ,  t h e  e f f e c t  of 
f r i c t i o n  f i r s t  on t h e  i n c i d e n t  waves a s  they  propagate  t h e  11.92 m 
from t h e  gauge t o  t h e  s t e p  and second on t h e  r e f l e c t e d  waves as they 
propagate  t h e  same d i s t a n c e  from t h e  s t e p  back t o  t h e  gauge. However, 
a more important  e f f e c t  i s  t h e  change i n  shape of t h e  r e f l e c t e d  waves 
as they propagate ,  due t o  ampli tude and frequency d ispers ion .  
Fig. 5.35 Var ia t ion  of t h e  wave height  r a t i o ,  %/HIS with depth r a t i o ,  hl/h2, f o r  cnoidal  waves. 
This  e f f e c t  was examined f o r  f i v e  of t h e  seven experiments 
represented  by s o l i d  c i r c l e s  i n  Fig. 5.35 ( for  which, i t  w i l l  be 
r e c a l l e d ,  t h e  nominal i n c i d e n t  wave h e i g h t  was HI/hl= 0.1 and t h e  
per iod  w a s  T-= 27.2). These a r e  t h e  f i v e  r eco rds  which were 
. presented p rev ious ly  i n  Fig.  5.33 and now w i l l  be  considered i n  
d e t a i l .  The l i n e a r  nondispers ive  theory  p r e d i c t s  t h e  r e f l e c t e d  
waves w i l l  have t h e  same shape as t h e  i n c i d e n t  waves and w i l l  r e t a i n  
t h i s  shape as they  propagate.  Examination of Fig.  5.33, however, 
i n d i c a t e s  the c r e s t s  of t h e  r e f l e c t e d  waves a r e  only  approximately 
symmetric, t ending  t o  be s t e e p e r  on t h e  back f a c e  of t h e  wave than 
on t h e  f r o n t  f ace .  I n  a d d i t i o n ,  t h e  t roughs e x h i b i t  secondary waves 
which vary  from experiment t o  experiment. Hence t h e  l i n e a r  nondisper- 
s i v e  theory  appears  t o  be  i n v a l i d  f o r  some p o r t i o n  of t h e  t i m e  between 
t h e  time t h e  i n c i d e n t  waves l e a v e  t h e  gauge and t h e  time when the  
r e f l e c t e d  waves r each  it. The obvious r e g i o n  where t h e  l i n e a r  
nondispers ive  theory  does not  apply  i s  i n  t h e  propagat ion of t he  
r e f l e c t e d  waves from t h e  s t e p  back t o  t h e  gauge. 
For s o l i t a r y  waves, t h i s  e f f e c t  was accounted f o r  by propagating 
t h e  r e f l e c t e d  waves t o  i n f i n i t y  i n  a n  a n a l y t i c a l  manner us ing  
i n v e r s e  s c a t t e r i n g .  
For cno ida l  waves, t o  i n v e s t i g a t e  t h e  e f f e c t  of ampli tude and 
frequency d i spe r s ion ,  t h e  fol lowing a n a l y s i s  was performed. F i r s t ,  
t h e  i n c i d e n t  wave group was assumed t o  propagate  without  change 
of shape t o  t h e  s t e p .  Second, t h e  l i n e a r  nondispers ive  r e f l e c t i o n  
c o e f f i c i e n t  (Eq. (3.113)) was app l i ed  t o  the  incident  wave group t o  give 
t h e  t h e o r e t i c a l  r e f l e c t e d  wave group. Thus, t h e  shape of t h e  
r e f l e c t e d  wave group a t  t h e  s t e p  was assumed t o  be  i d e n t i c a l  t o  t h a t  
of t h e  i n c i d e n t  wave group. F i n a l l y ,  t h i s  r e f l e c t e d  wave group w a s  
propagated numerical ly  t h e  11.92 m back t o  t h e  wave gauge by: ( i )  t h e  
l i n e a r  d i s p e r s i v e  theory  us ing  a Four ie r  t ransform method, and ( i i )  
t h e  KdV equat ion  using Pe reg r ine ' s  f i n i t e  d i f f e r e n c e  scheme (from 
Pe reg r ine  (1966)).  The l a t t e r  w a s  used i n  p re fe rence  t o  t h e  numerical 
scheme developed f o r  t h i s  s tudy because t h e  waves were t r a v e l l i n g  
i n  one d i r e c t i a a  only.  The r e s u l t s  a r e  compared wi th  t h e  wave gauge 
record  from Fig.  5.33 i n  Figs.  5.36 and 5.37 which a r e  arranged i n  
a similar manner t o  Fig.  5.33, w i t h  t h e  normalized amplitude, d h l ,  
p l o t t e d  a s  a f u n c t i o n  of t h e  nondimensional t ime, tr'glhl. The f i v e  
r e f l e c t e d  wave groups from Fig .  5.33 a r e  r ep re sen ted  by t h e  s o l i d  
curves  and t h e  t h e o r e t i c a l  r e s u l t s  a r e  r ep re sen ted  by t h e  dashed 
curves.  I n  F ig .  5.36 which shows t h e  l i n e a r  d i s p e r s i v e  theory 
compared w i t h  experiment,  t h e  theory  p r e d i c t s  t h e  r e f l e c t e d  waves 
q u i t e  w e l l  f o r  s m a l l  depth r a t i o s  bu t  as t h e  depth  r a t i o  i nc reases  
t h e  r e f l e c t e d  waves a r e  more peaked than  t h i s  theory  p r e d i c t s .  The 
reason f o r  t h i s  i s  t h e  experimental  Ursell Number, g ~ R ~ 2 / h f ,  i nc reases  
w i t h  depth r a t i o  because t h e  r e f l e c t e d  wave h e i g h t  i nc reases .  There- 
f o r e ,  s i n c e  t h e  Ursell Number i s  a r a t i o  of nonl inear  t o  l i n e a r  
e f f e c t s ,  t h e  nonl inear  e f f e c t s  a r e  g r e a t e r  f o r  l a r g e r  depth r a t i o s  
than  f o r  smal le r  depth  r a t i o s  and consequent ly t h e  l i n e a r  d i s p e r s i v e  
theory  is l e s s  l i k e l y  t o  be a p p l i c a b l e  t o  l a r g e  depth  r a t i o s .  The 
v e r a c i t y  of t h i s  is  i l l u s t r a t e d  by Fig.  5.37 where t h e  nonl inear  
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Fig. 5.36 Comparison of the  experimental re f lec ted  cnoidal waves 
with those calculated from the  l i n e a r  d ispers ive  theory. 
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Fig. 5.37 Comparison of t h e  experimental r e f l e c t e d  cnoidal  waves wi th  
those  ca lcu la t ed  from t h e  nonl inear  d i s p e r s i v e  theory. 
d i s p e r s i v e  theory  is  compared w i t h  experiment.  Here t h e  agreement 
between theory  and experiment is good, w i t h  even t h e  secondary c r e s t s  
i n  t h e  t roughs predic ted  by t h e  theory ,  The only  d i f f e r e n c e  between 
t h e  t h e o r i e s  i n  F igs .  5 . 3 6  and 5.37  is  t h e  inc lus ion ,  i n  t h e  l a t t e r ,  
of t h e  non l inea r  term. The good agreement between t h e  theory and 
t h e  experiments f o r  t h e  l a r g e r  depth  r a t i o s  i s  somewhat s u r p r i s i n g  
cons ider ing ,  as w a s  determined e a r l i e r ,  t h e  wave breaks on t h e  she l f  
f o r  depth  r a t i o s  hl/h2 > 5 .  
Reca l l  t h a t  some of t h e  d a t a  presented  e a r l i e r  i n  Fig.  5 . 3 5  
were from t h e  r e f l e c t e d  waves shown i n  F igs .  5 . 3 6  and 5 . 3 7 .  I n  
Fig.  5 . 3 5 ,  t h e  wave he igh t  r a t i o ,  %/HI, is p l o t t e d  a s  a  func t ion  of 
depth  r a t i o  and t h e  d a t a  a r e  compared w i t h  t h e  l i n e a r  nondispersive 
theory.  However, t h e  comparison does n o t  appear  as good t h e r e  a s  i t  
does i n  F igs .  5 . 3 6  and 5 . 3 7 .  The reason  f o r  t h i s  i s  t h a t  t h e  wave 
he igh t ,  which i s  def ined  as t h e  d i f f e r e n c e  between t h e  maximum and 
t h e  minimum ampli tudes,  is  a measure only  of t h e  extremes of t h e  
wave whereas F igs .  5 . 3 6  and 5 .37  g i v e  t h e  shape a l s o .  
The wave he igh t  r a t i o s  from t h e  t h r e e  t h e o r i e s  and from t h e  
f i v e  experiments being considered a r e  l i s t e d  i n  Table 5 . 4 .  The wave 
h e i g h t s  were taken from t h e  t h i r d  wave i n  t h e  group i n  each case.  
The t a b l e  shows t h e  t h r e e  t h e o r i e s  p r e d i c t  e s s e n t i a l l y  t h e  same 
wave he igh t  r a t i o  which is  up t o  10% g r e a t e r  than  t h e  experiments. 
The d i f f e r e n c e  between t h e  experiments and t h e  t h e o r i e s  is a t t r i b u t e d  
t o  d i s s i p a t i v e  e f f e c t s  which are no t  included i n  t h e  theo r i e s .  
Although t h e  t h e o r i e s  ag ree  i n  t h e  he igh t  of t h e  r e f l e c t e d  waves, 
Table 5.4 Wave he igh t  r a t i o s  f o r  experiments,  (H /H ) , l i n e a r  
I Expt 
nondispersive theory, (HR/HI) , l i n e a r  d i s p e r s i v e  
L.N. 




t h e  t h e o r i e s  p r e d i c t  d i f f e r e n t  shapes f o r  t h e  r e f l e c t e d  waves. This  
can be  seen by comparing t h e  dashed curves i n  F ig .  5.36 which show 
t h e  l i n e a r  d i s p e r s i v e  theory wi th  those  i n  Fig.  5.37 which show 
t h e  nonl inear  d i s p e r s i v e  theory.  The shape of t h e  r e f l e c t e d  waves 
predic ted  by t h e  l i n e a r  nondispersive is  t h e  same as t h a t  of t h e  
inc iden t  waves shown i n  Fig. 5.33. 
Thus, t h e  experiments conducted he re ,  as was found f o r  s o l i t a r y  






waves, i n d i c a t e  t h e  r e f l e c t i o n  process is l i n e a r  and governed by the  














l i n e a r  nondispers ive  theory. However, t h e  propagat ion of t h e  r e f l e c t e d  
waves r e q u i r e s  a h igher  o rde r  theory i n  o rde r  t o  accura t e ly  determine 
t h e  shape of t h e  waves. 
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5.2.3 The Ref l ec t ion  of S o l i t a r y  Waves from a Slope 
I n  t h i s  s e c t i o n  t h e  r e s u l t s  from two t h e o r i e s  and from 
experiments w i l l  be presented.  The t h e o r i e s  a r e :  t h e  l i n e a r  
nondispers ive  theory,  which was solved by t h e  Four i e r  t ransform 
method deskribed i n  Sec t ion  3.4, and, t h e  non l inea r  d i s p e r s i v e  
theory,  which was solved by t h e  f i n i t e  element method descr ibed i n  
Sec t ion  3.3. 
The parameters  involved i n  t h e  problem of r e f l e c t i o n  of s o l i t a r y  
waves from a s l o p e  i n  t h e  absence of f r i c t i o n  a r e :  
t h e  upstream depth,  hl; 
t h e  downstream depth ,  h2; 
t h e  s l o p e  l eng th ,  L; 
t h e  i n c i d e n t  wave he igh t ,  HI; and 
t h e  r e f l e c t e d  wave he igh t ,  HR. 
The c h a r a c t e r i s t i c  h o r i z o n t a l  l e n g t h  of t h e  wave, R ,  i n  genera l  a l s o  
is  a parameter bu t  f o r  t h e  p a r t i c u l a r  c a s e  of s o l i t a r y  waves R is a 
func t ion  of on ly  t h e  i n c i d e n t  wave he igh t  and t h e  upstream depth a s  
-b 
given by Eq.  (3.122) ( i .  e .  , 2 = 1.5 (HI/hl) 2hl) . The problem has 
f i v e  v a r i a b l e s  and one dimension; hence, using t h e  Buckingham n 
theorem, t h e r e  a r e  fou r  dimensionless  groups: 
That is ,  t h e  r e f l e c t e d  wave he igh t  r a t i o ,  - % '  is  a func t ion  of t h e  L. 
depth  r a t i o  hl/h2, t h e  l e n g t h  r a t i o  L/R and t h e  inc iden t  wave he ight  
t o  depth  r a t i o  HI/hl For both  t h e  experiments and t h e  nonl inear  
d i s p e r s i v e  theory,  t h e  r e f l e c t e d  wave he igh t  r a t i o ,  %/HI, i s  a 
f u n c t i o n  of a l l  t h r e e  of t h e s e  parameters,  bu t  f o r  t h e  l i n e a r  
nondispers ive  theory  i t  i s  a func t ion  of on ly  t h e  depth  r a t i o  and 
t h e  l e n g t h ' r a t i o ,  Hence, the r e s u l t s  of t h e  l i n e a r  nondispersive 
theory  are presented f i r s t  and, wi th  corresponding experimental d a t a ,  
t h e  r e s u l t s  of t h e  nonl inear  d i s p e r s i v e  theory  w i l l  be  presented l a t e r .  
It i s  r e c a l l e d  from Sect ion  3.4 t h a t  t h e  method used t o  so lve  
t h e  problem us ing  t h e  l i n e a r  nondispers ive  theory  i s  a Fourier  
t ransform method i n  which t h e  i n c i d e n t  wave i s  transformed i n t o  t h e  
frequency domain and t h e  r e f l e c t i o n  c o e f f i c i e n t ,  which is  a func t ion  
of frequency, is  appl ied  t o  each frequency component of t h e  inc ident  
wave i n  t u rn .  The r e s u l t a n t  r e f l e c t e d  wave is  obta ined  by t h e  
s y n t h e s i s  of t h e s e  components. I n  a d d i t i o n ,  i t  was shown i n  Sec t ion  
3.4, us ing  t h e  dimensionless  frequency U L / ~  , t h e  Four ie r  t ransform 
of a s o l i t a r y  wave f o r  t h e  purposes of t h e  a n a l y s i s  may be considered 
t o  be  a f u n c t i o n  of t h e  l eng th  r a t i o ,  L/Q,  and t h e  frequency, U L / ~ ,  
whi le  t h e  r e f l e c t i o n  c o e f f i c i e n t  i s  a f u n c t i o n  of t h e  depth r a t i o ,  
hl/h2, and t h e  frequency, U L / ~  . Thi s  i s  i l l u s t r a t e d  i n  Fig.  5.38(a) 
and (b) . 
Figure  5.38(a) shows t h e  Four ie r  t ransform of t h e  inc iden t  s o l i t a r y  
wave, as g iven  by Eq. C3.1311, w i th  t h e  ampli tude normalized wi th  
r e s p e c t  t o  t h e  ampli tude a t  u = 0, A l ( ~ ) / ~ l ( 0 ) ,  p l o t t e d  a s  a func t ion  
of the nondimensional frequency UL/&. The curves ,  which a r e  f o r  
va r ious  l e n g t h  r a t i o s ,  L/R, e v i d e n t l y  have similar shape but  r o l l o f f  
Fig. 5.38 Theoret ica l  v a r i a t i o n  of (a) t h e  Fourier  transform of a 
s o l i t a r y  wave and (b) the  r e f l e c t i o n  c o e f f i c i e n t  with 
frequency . 
from u n i t y  a t  d i f f e r e n t  f requencies  which a r e  a l i n e a r  func t ion  of 
t h e  l eng th  r a t i o  (e.g. Al(w)/A1(0) = 0.95 occurs  a t  OIL/&= 0.461 LIL) . 
Figure  5.38(b) shows t h e  modulus of t h e  r e f l e c t i o n  c o e f f i c i e n t ,  
I K ~ ( o )  I ( r e c a l l  %(a)  i n  gene ra l  is complex) p l o t t e d  as a func t ion  of 
t h e  nondimensional frequency U L / ~ .  The curves ,  which a r e  f o r  
v a r i o u s  depth  r a t i o s ,  hl/h2, have similar shape bu t  a r e  d isp laced  from 
one another  according t o  t h e  magnitude of t h e  r e f l e c t i o n  c o e f f i c i e n t  
a t  w =  0. 
Kajiura 0 9 6 1 )  presented  curves  similar t o  F ig .  5.38(b) but  used 
as t h e  a b s c i s s a  LIL where L is t h e  wave l e n g t h  of t h e  harmonic wave 
under cons idera t ion .  However, t h e  a b s c i s s a s  a r e  equiva len t  because 
us ing  t h e  r e l a t i o n s h i p  L = q T , t h e  frequency w L / q  reduces t o  
2rLIL. Kaju i ra  (1961) considered s l o p e s  i n  which t h e  depth was a 
nonl inear  f u n c t i o n  of t h e  d i s t a n c e  along t h e  s lope ,  whereas, i n  t h i s  
s tudy  t h e  depth  was a l i n e a r  f u n c t i o n  of d i s t a n c e  along t h e  s lopes .  
I n  p r i n c i p l e ,  t h e  process  of c a l c u l a t i n g  t h e  r e f l e c t e d  wave i s  
t o  t ake  t h e  func t ion  desc r ib ing  a curve  f o r  a  p a r t i c u l a r  l eng th  r a t i o ,  
LIR, from Fig.  5.38(a) and mul t ip ly  i t  by t h e  f u n c t i o n  descr ib ing  a  
curve f o r  a p a r t i c u l a r  depth  r a t i o ,  hl/h2, from Fig.  5.38(b).  This  
g ives  t h e  r e f l e c t e d  wave i n  t h e  frequency domain which can be t rans-  
formed i n t o  t h e  t ime domain by mul t ip ly ing  by e  and i n t e g r a t i n g  
over  t h e  frequency range. CIn p r a c t i c e ,  t h i s  procedure i s  performed 
numerical ly .  ) 
Before p re sen t ing  t h e  r e s u l t s  of t h e s e  c a l c u l a t i o n s ,  Fig. 5.38(a) 
and (b) can b e  used t o  deduce t h e  o v e r a l l  behavior:  
i )  For small l e n g t h  r a t i o s  (L/R < 1 )  t h e  ma jo r i t y  of t he  Fourier  
t ransform curve l i e s  i n  t h e  frequency range 0  5 UL/ Jghl 2 10-I 
where t h e  r e f l e c t i o n  c o e f f i c i e n t  i s  e s s e n t i a l l y  cons tan t .  
Hence, t h e  shape of t h e  r e f l e c t e d  wave is  almost t h e  same a s  
t h a t  of t h e  inc iden t  wave. A s p e c i a l  c a s e  of t h i s  which 
a l r e a d y  $as been considered i s  when L / R = O ,  i . e . ,  a  s t e p .  
i i )  For l a r g e  l e n g t h  r a t i o s  ( L / R > l )  a cons ide rab le  po r t ion  of 
t h e  Four ie r  t ransform curve  l ies  a t  f r equenc ie s  w ~ 1 - r  1 
where t h e  r e f l e c t i o n  c o e f f i c i e n t  is  e s s e n t i a l l y  zero.  Hence, 
when t h e  m u l t i p l i c a t i o n  of t h e  two func t ions  t akes  p l ace ,  
t h e  h igh  frequency components of t h e  i n c i d e n t  wave a r e  
reduced t o  zero and, s i n c e  i t  is  t h e s e  h igh  frequency com- 
ponents  which a f f e c t  t h e  peakedness of t h e  wave, t h e  r e f l e c t e d  
wave i s  l e s s  peaked than  t h e  i n c i d e n t  wave. 
i i i )  Because t h e  r e f l e c t i o n  c o e f f i c i e n t  curves  a r e  similar i n  
shape b u t  d i sp l aced  v e r t i c a l l y  i n  F ig .  5.38(b),  t h e  shape 
of t h e  r e f l e c t e d  wave f o r  a  p a r t i c u l a r  l e n g t h  r a t i o  i s  almost  
independent of t h e  depth  r a t i o ,  However, t h e  amplitude of 
t h e  r e f l e c t e d  wave f o r  a p a r t i c u l a r  l e n g t h  r a t i o  is propor- 
t i o n a l  t o  t h e  r e f l e c t i o n  c o e f f i c i e n t  a t  w = O  which is  a  
f u n c t i o n  of t h e  dep th  r a t i o .  
The t r a n s i t i o n  between t h e  two extremes of l e n g t h  r a t i o  descr ibed  
i n  i )  and i i )  above i s  i l l u s t r a t e d  i n  Fig.  5.39 where t h e  r e f l e c t e d  
waves p red ic t ed  by t h e  l i n e a r  nondispers ive  theory  f o r  a  depth  r a t i o  
of h l /h2=3  a r e  p l o t t e d  f o r  l e n g t h  r a t i o s  of L/R=O, 0.25, 0.5, 1, 2, 
Fig .  5 . 3 9  The waves r e f l e c t e d  when a s o l i t a r y  wave propagates up 
va r ious  s lopes  a s  predic ted  by the l i n e a r  nondispersive 
theory. 
4 and 8. I n  t h e  t a b l e  a longs ide  t h e  f i g u r e  t h e  q u a n t i t i e s  shown a r e  
a s  def ined  p rev ious ly  except f o r  t h e  l e n g t h  L* which i s  defined as 
t h e  d i s t a n c e  between p o i n t s  i n  t h e  wave where t h e  r a t i o  n / H >  0.01, 
i .e . ,  t h e  l e n g t h  occupied by t h e  upper 99% of t h e  wave; thus ,  Lir/lf 
is t h e  r a t i o  of t h e  l e n g t h  occupied by t h e  upper 99% of t h e  r e f l e c t e d  
wave t o  t h e  corresponding l e n g t h  of t h e  i n c i d e n t  wave. The absc i s sa  
is t,'glhl- x/hl which means t h e  l ead ing  edge of t h e  wave i s  towards 
t h e  l e f t  i n  t h e  p l o t s  (which can be thought of e i t h e r  a s  t i m e  records  
o r  as p r o f i l e s  w i th  t h e  wave moving t o  t h e  l e f t ) .  
For L / R < l  t h e  shape of t h e  r e f l e c t e d  wave is  similar t o  t h e  
shape of t h e  i n c i d e n t  wave and t h e  s l o p e  can be thought of a s  
r e l a t i v e l y  abrupt ,  s i n c e  i t  does no t  a f f e c t  s i g n i f i c a n t l y  t h e  shape 
of t h e  wave. However, f o r  l e n g t h  r a t i o s  g r e a t e r  than  un i ty ,  the  wave 
shape does change wi th  t h e  r e f l e c t e d  wave t ak ing  t h e  form of a 
1 I p la teau"  which s l o p e s  down towards t h e  f r o n t  of t h e  wave. The h ighe r  
ampli tude near  t h e  r e a r  of t h e  wave i n d i c a t e s  t h e  propor t ion  of t h e  
wave r e f l e c t e d  inc reases  a s  t h e  wave cl imbs t h e  s lope .  
The s i m i l a r i t y  of r e f l e c t e d  waves f o r  a p a r t i c u l a r  l e n g t h  r a t i o  
b u t  va r ious  depth  r a t i o s  as d iscussed  p rev ious ly  i s  i l l u s t r a t e d  i n  
F ig .  5.40 which shows t h e  r e f l e c t e d  wave he igh t  r a t i o  H~/H= p l o t t e d  
as a f u n c t i o n  of t h e  l eng th  r a t i o ,  LIE, f o r  v a r i o u s  depth r a t i o s ,  
hl/hl The curves  i n  Fig. 5.40 appear t o  have s i m i l a r  shape and, i n  
f a c t ,  can be  co l l apsed  almost t o  a  s i n g l e  curve by normalizing t h e  
r e f l e c t e d  wave he igh t ,  HR , (") wi th  r e s p e c t  t o  t h e  r e f l e c t e d  wave he igh t  





nondispers ive  theory  t h e  depth  r a t i o ,  j u s t  l i k e  t h e  r e l a t i v e  inc iden t  
wave he igh t ,  HI/hl, is  n o t  a parameter i n  t h e  so lu t ion .  
F igure  5.41 shows as t h e  l eng th  r a t i o  i n c r e a s e s  from zero t o  
u n i t y  t h e  r e f l e c t e d  wave he igh t  decreases  r a p i d l y  bu t  as t h e  l eng th  
r a t i o  i n c r e a s e s  beyond u n i t y  t h e  r e f l e c t e d  wave he igh t  decreases  a t  
a slower r a t e .  
The s o l u t i o n s  descr ibed  s o  f a r  a r e  s o l u t i o n s  t o  t h e  l i n e a r  non- 
d i s p e r s i v e  - theory  i n  which t h e  r e l a t i v e  inc iden t  wave he igh t ,  ~ ~ / h ~ ,  
does n o t  a f f e c t  t h e  shape of t h e  r e f l e c t e d  wave. However, i n  t h e  
a c t u a l  phys i ca l  problem i t  is  expected t h e  r e l a t i v e  i n c i d e n t  wave 
he igh t  would have some in f luence  on t h e  shape of t h e  r e f l e c t e d  wave. 
To i n v e s t i g a t e  t h i s ,  a series of numerical experiments and a s e r i e s  
of phys l ca l  experiments were performed, The numerical experiments 
comprised us ing  t h e  f i n i t e  element program descr ibed  i n  Sec t ion  3 . 3  
f o r  a range  of condi t ions .  
The phys i ca l  experiments,  i n  which t h e  o b j e c t i v e  w a s  t o  measure 
t h e  wave r e f l e c t e d  when a s o l i t a r y  wave propagates  up a s lope  onto a 
s h e l f ,  had a number of d i f f i c u l t i e s  which l i m i t e d  t h e i r  ex t en t .  The 
main problems were: 
i) When one wishes t o  measure two waves, one of which i s  a t e n t h  
oe l e s s  i n  he ight  than  t h e  o t h e r ,  t h e  accuracy of measurement 
of t h e  smal le r  wave is cons iderably  l e s s  than  t h a t  of t h e  
l a r g e r  wave. For example, i f  t h e  waves t r a i l i n g  t h e  inc iden t  
wave are 1% of t h e  he igh t ,  they are n e g l i g i b l e  w i t h  r e spec t  
t o  t h e  i n c i d e n t  wave. However, f o r  a r e f l e c t e d  wave which 
is  a t e n t h  the  height  of t h e  inc ident  wave, the  t r a i l i n g  
waves represent  10% of the  r e f l e c t e d  wave and thus can a f f e c t  
t h e  shape considerably. 
i i )  A s  the  length r a t i o  increases ,  Fig. 5.39 shows t h e  length of 
t h e  r e f l e c t e d  wave a l s o  increases.  Hence, t h e  length of tank 
upstream of t h e  s lope  must be l a r g e  enough t o  accommodate 
t h e  r e f l e c t e d  wave which may be many times longer than the  
incident  wave. 
Th~e physical  experiments were performed f o r  two depth r a t i o s ,  
hl /h2=3.0 and 4.0, and f o r  th ree  slopes,  L = 150 cm, 300 cm and 
450 cm, and t h e  s t e p  (L= 0);  t h e  shel f  height  was 15.54 cm. The 
r e l a t i v e  incident  wave height  was var ied  from HI/hl=0.033 t o  0.125; 
the  lower bound arose  from t h e  d i f f i c u l t y  of accura te ly  measuring 
waves with smaller height  and t h e  upper bound a rose  because waves of 
g rea te r  he ight  broke on t h e  slope.  For a p a r t i c u l a r  s lope  a four-fold 
increase  i n  t h e  inc ident  wave height  halves the  length  r a t i o ,  L/R, 
because, i t  w i l l  be reca l l ed ,  t h e  c h a r a c t e r i s t i c  length,  R ,  i s  defined 
a s  2 = 1.5(HI/hl)-'hl. Hence, a range of length r a t i o s  could be 
covered with one s lope  simply by varying the  incident  wave height.  
However, t o  allow f o r  t h e  e f f e c t s  of incildent wave height  it  was 
necessary t o  overlap t h e  regions of lengtlh r a t i o  which each of t h e  
s lopes  covered. 
The r e s u l t s  of t h e  physical  experiments, and t h e  l i n e a r  nondisper- 
s i v e  theory and t h e  nonlinear d i spe rs ive  theory a r e  presented i n  
-
Figs.  5.42 and 5.43, i n  which t h e  r a t i o  of r e f l e c t e d  t o  incident  wave 
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Fig. 5.43(b) Var i a t ion  of t h e  inve r se  s c a t t e r e d  r e f l e c t e d  wave he igh t  r a t i o ,  HR /H=, wi th  l eng th  r a t i o ,  
LIE, f o r  a depth  r a t i o  of hi /h2=4.  I N V  
he igh t  is p l o t t e d  as a func t ion  of t h e  l eng th  r a t i o ,  LIR. F igures  
5.42(a) and (b) a r e  f o r  t h e  depth  r a t i o  hl/h2 = 3; F igs .  5=43(a)  and (b) 
a r e  f o r  t h e  depth  r a t i o  h l /h2=4.  F igures  5.42(a) and 5.43(a) a r e  
r e f l e c t e d  wave he igh t  r a t i o s  HR/HI; F igs .  5.42(b) and 5.43(b) a r e  
i n v e r s e  s c a t t e r e d  r e f l e c t e d  wave he igh t  r a t i o s  % /HI. The s o l i d  
I W  
curves  a r e  t h e  l i n e a r  nondispers ive  theory;  t h e  dashed curves a r e  
t h e  nonl inear  d i s p e r s i v e  theory f o r  a r e l a t i v e  inc iden t  wave he ight  
of HI/hl = 0.1. The experimental p o i n t s  have d i f f e r e n t  symbols 
according t o  t h e  s l o p e  which w a s  used, and t h e  numbers bes ide  t h e  
p o i n t s  a r e  t h e  r e l a t i v e  i n c i d e n t  wave he igh t  ~ = / h ~ .  
The f i g u r e s  show t h e  d i f f e r e n c e  between t h e  l i n e a r  nondispersive 
theory and t h e  nonl inear  d i s p e r s i v e  theory  w i t h  ~ ~ / h ~ = 0 . 1  is  small, 
and t h e  experiments show good agreement w i t h  t h e  t h e o r i e s ,  p a r t i c u l a r l y  
cons ider ing  t h e  problems of accuracy d iscussed  e a r l i e r .  For t h e  
experimental  da t a ,  t h e  d a t a  i n  t h e  overlapping r eg ions  descr ibed  
e a r l i e r  e x h i b i t  some d i f f e r e n c e s  bu t  i n  such a  random manner they 
a r e  assumed t o  be  s c a t t e r  due t o  problenls a s s o c i a t e d  w i t h  experimen- 
t a l  accuracy. Hence, t h e  experimental  d a t a  seem t o  i n d i c a t e  t he  
i n c i d e n t  wave he igh t  does n o t  a f f e c t  t h e  r e f l e c t e d  wave f o r  t h e  
range of r e l a t i v e  h e i g h t s  i nves t iga t ed .  
To i n v e s t i g a t e  t h i s  f u r t h e r ,  t h e  f i n i t e  element a n a l y s i s  was used 
f o r  a depth  r a t i o :  h l /h2=3  and a  range of i n c i d e n t  wave he igh t s  and 
l e n g t h  r a t i o s ;  t h e  h e i g h t s  of t h e  r e f l e c t e d  waves a r e  compared i n  
Tables  5.5(a)  and (b) ,  where zero r e l a t i v e  i n c i d e n t  wave he igh t  
r e p r e s e n t s  t h e  l i n e a r  nondispersive theory.  The t a b l e s  show t h e  
Table 5.5 Reflected wave height  r a t i o s ,  (a) HR/HI and (b) HI( /HI, 
INV 
f o r  various length  r a t i o s  and r e l a t i v e  inc ident  wave 
heights  f o r  depth r a t i o  hl /hpZ3. (nonlinear d ispers ive  
theory) 
(b) HR /HI 
INV 
r e s u l t s  f o r  t h e  nonlinear d i spe rs ive  theory agree with each other 
within 5% which ind ica tes  no de tec tab le  influence of incident  wave 
height  on t h e  so lu t ion  f o r  t h e  range used. However, f o r  t h i s  depth 
r a t i o  (hl/h2=3) t h e  maximum incident  wave f o r  a nonbreaking wave 
on t h e  s h e l f ,  a s  given by Eq . (5.20), i s  : HI/hl = 0.18, which i s  
not a very l a r g e  wave. To increase  t h e  s i z e  of the  incident  wave 
but avoid breaking waves on t h e  s h e l f ,  the  depth r a t i o  was reduced 
t o  h /h =1.5;  then incident  waves with r e l a t i v e  heights  up t o  1 2  
H1/hl=0.4 could be considered. The r e s u l t s  of t h e  analysis ,  again 
using t h e  f i n i t e  element formulation, a r e  presented i n  Table 5.6. 
Evidently, f o r  these  extreme cases,  t h e  height  of t h e  re f l ec ted  
wave is dependent on the  height  of t h e  inc ident  wave, however t h e  
dependence i s  only weak, with a fourfold increase  i n  t h e  incident  
wave height  r e s u l t i n g  i n  a t  most a 16% change i n  t h e  re f l ec ted  wave 
height  r a t i o .  
The l i n e a r  nondispersive theory genera l ly  p red ic t s  lower wave 
heights  than t h e  nonlinear d i spe rs ive  theory and a reason f o r  t h i s  
is  shown i n  Fig. 5.44(a) and (b) where the  p r o f i l e s  of two waves 
from t h e  experiments and the  theor ies  a r e  compared. The ordinates  
i n  the  f igures  a r e  amplitude normalized with respect  t o  incident  
wave height ,  n/HI, s o  t h a t  t h e  r e f l e c t e d  waves from incident  waves 
of d i f f e r e n t  heights  can be compared d i r e c t l y .  The waves from t h e  
nonlinear d i spe rs ive  theory f o r  various wave heights  a r e  shown a s  
dashed curves and a p a r t  from small d i f fe rences  which can be a t t r i b u t e d  
t o  numerical e f f e c t s  they p red ic t  t h e  same wave p r o f i l e .  However, 
Table 5.6 Reflected wave height  r a t i o s ,  (a) %/HI and (b) 5 / H ~ ,  
I N V  
f o r  various length  r a t i o s  and : re la t ive  incident  wave 
heights  f o r  depth r a t i o ,  hl/h2=1.5. (nonlinear d ispers ive  
theory) 
(b) % /HI 
I N V  
Fig. 5.44 Comparison of t h e  t h e o r e t i c a l  r e f l e c t e d  waves wi th  t h e  
experimental  wave. 
t h e  wave p red ic t ed  by t h e  l i n e a r  nondispers ive  theory  has a d i f f e r e n t  
shape and t h e  d i f f e r e n c e  is a t t r i b u t e d  t o  t h e  e f f e c t  mentioned 
e a r l i e r  of ampli tude and frequency d i s p e r s i o n  i n  t h e  propagation of 
t h e  wave from t h e  s lope  back t o  t h e  p o i n t  where t h e  p r o f i l e  was 
taken. 
The p r o f i l e s  from t h e  two experiments a l s o  a r e  p l o t t e d  i n  Figs.  
5.44(a) and (b) .  I n  Fig.  5.44(a) t h e  d a t a  from t h e  experiment agree  
w i t h  t h e  t h e o r i e s  except  i n  t h e  r eg ion  of t h e  c r e s t  and t h i s  d i f f e r -  
ence i s  a t t r i b u t e d  t o  f r i c t i o n  which is  n o t  included i n  e i t h e r  theory.  
I n  Fig. 5.44(b) t h e  agreement is no t  a s  good a l though t h e  o v e r a l l  
shape of t h e  wave p red ic t ed  by t h e  non l inea r  d i s p e r s i v e  theory a l s o  
is  evident  i n  t h e  experimental r e f l e c t e d  wave. However, t o  i l l u s t r a t e  
t h e  problem of accuracy mentioned e a r l i e r ,  an  e r r o r  of 0.01 cm i n  
t h e  measurement of t h e  r e f l e c t e d  wave becomes a n  e r r o r  of 0.008 
i n  t h e  ampli tude 11/HIY i.e.,  an  e r r o r  of about  8% of t h e  wave he ight  
i n  Fig. 5.44(b).  
The process  of r e f l e c t i o n  of s o l i t a r y  waves from a s lope  i n  most 
c a s e s  may be  p red ic t ed  approximately by t h e  l i n e a r  nondispersive theory  
bu t  t h e  non l inea r  d i s p e r s i v e  theory  should be used f o r  propagat ion 
upstream of t h e  s lope .  
5.3 The Transmission of Long Waves over  a Change i n  Depth 
For t h e  purposes of t h i s  s tudy  t h e  " t ransmi t ted  wave" w i l l  b e  
def ined  a s  t h e  t ime-his tory of t h e  v a r i a t i o n  of t h e  water  su r f ace  
e l e v a t i o n  ( t h e  wave) a t  t h e  upstream edge of t h e  s h e l f .  This  concept 
a r i s e s  f rov  the  l i n e a r  nondispersive theory whicb p red ic t s  t h i s  wave i s  
i n  f a c t  t h e  wave measured a t  any pos i t ion  on t h e  shel f  because under 
t h i s  theory waves propagate unchanged i n  shape i n  a constant depth. 
The predic t ion of t h e  transmitted wave i s  a p a r t i c u l a r l y  important 
aspect  of t h e  problem. Once i t  i s  known it can be used a s  the  boundary 
condit ion of one of the  more straightforward theor ies  of propagation 
f o r  waves t r a v e l l i n g  i n  one d i r e c t i o n  only (e.g., t h e  KdV equation) t o  
ob ta in  t h e  c h a r a c t e r i s t i c s  of t h e  wave a t  any pos i t ion  on the  she l f .  
5.3.1 The Transmission of S o l i t a r y  Waves over a Step 
I n  t h e  experiments described i n  Section 5.2.1, i n  addi t ion  
t o  measuring t h e  incident  and r e f l e c t e d  waves, t h e  waves at  t h e  s t e p  
a l s o  were recorded. The da ta  from these  experiments a r e  presented i n  
Fig. 5.45 where the  r a t i o  of t h e  wave height  a t  t h e  s t e p  to  the  incident  
wave height ,  HT/HI, is  p lo t t ed  a s  a funct ion of t h e  r e l a t i v e  inc ident  
wave height ,  ~ ~ / h ~ ,  f o r  various depth r a t i o s ,  hl/h2. The v e r t i c a l  
dashed l i n e s  represent  t h e  inc ident  wave height  a t  which the  l i n e a r  
nondispersive theory p red ic t s  t h e  wave w i l l  break onto t h e  shelf  (see 
Table 5.3). I n  f a c t ,  i n  the  experiments, t h e  inc ident  wave height  a t  
which t h e  wave broke onto t h e  shel f  was not w e l l  defined, and i n  most 
cases the  only ind ica t ion  of breaking was i r r e g u l a r i t i e s  j u s t  pas t  
t h e  c r e s t  i n  t h e  recorded water surface-time h i s to ry .  
The data  exh ib i t  considerable s c a t t e r ,  but f o r  depth r a t i o s  
hl/h2'3.5 i n  t h e  nonbreaking region t h e r e  appears to  be a s l i g h t  
t rend f o r  t h e  transmitted wave height  r a t i o  to  decrease with increasing 
r e l a t i v e  inc ident  wave height .  However, t h i s  i s  not r e f l e c t e d  i n  the  
r e s u l t s  of t h e  nonlinear d i spe rs ive  theory applied to the case of the  
o STEP 
Fig. 5.45 Var i a t ion  of t h e  t ransmit ted wave he igh t  r a t i o ,  %/HI, 
with  t h e  r e l a t i v e  inc iden t  wave he igh t ,  H 4h f o r  
s o l i t a r y  waves. I 1' 
waves transmitted over t h e  half-sine t r a n s i t i o n  slope.  These r e s u l t s ,  
which a r e  presented i n  Table 5.7, i n d i c a t e  no s i g n i f i c a n t  dependence 
of t h e  transmitted wave height  r a t i o ,  HT/H1, on t h e  r e l a t i v e  inc ident  
wave height ,  HI/hl (although the  frequency r a t i o ,  n T / ~ I ,  does vary 
with HI/hi and t h i s  w i l l  be discussed present ly) .  Hence, t h e  trend 
i n  Fig. 5.45 i s  a t t r i b u t e d  t o  d i s s i p a t i v e  e f f e c t s  which increase 
wi th  r e l a t i v e  inc ident  wave height .  
Table 5 . 7  Transmitted waves ca lcula ted  using the  
nonlinear d i spe rs ive  theory f o r  hl/h2= 3 .  
The data  from these  experiments and a l s o  from t h e  experiments 
described i n  Section 5.3.1 as t h e  second s e t  of experiments a r e  
compared with t h e  l i n e a r  nondispersive theory a s  given by Eq.  (3.114) 
i n  Fig. 5.46 where the  transmitted wave height  r a t i o ,  H ~ / H ~ ,  i s  
p lo t t ed  a s  a funct ion of t h e  depth r a t i o ,  hl/h2. The heights  of the  
SHELF DISTANCE NOMINAL REMARKS 
HEIGHT TO GAUGE HI/ h (cm) (m) 
0 15.54 5-70 > 0.05 < 0.65 
15.54 5.70 0.10 TRANSITION SLOPE 
0 15.54 5.70 0.10 
A 5 .97  3.00 0.10 
NONLINEAR DISPERSIVE THEORY 
. 
SYMBOL H I / ~ I  
0.05 -0.25 
0.45- 0.65 
Fig. 5.46 Variation of the transmitted wave height ratio, H ~ / H ~ ,  with 
depth ratio, hl/hp, for solitary waves. 
wave a t  t h e  s t e p  ev iden t ly  a r e  l e s s  than  t h e  theory  p r e d i c t s  f o r  t h e  
e n t i r e  range of depth  r a t i o s  which i s  a t t r i b u t e d  t o  d i s s i p a t i v e  
e f f e c t s .  The d a t a  depa r t  more from t h e  theory  f o r  depth r a t i o s  
hl/h2> 5. (Reca l l ,  as mentioned e a r l i e r ,  a n  inc iden t  wave, wi th  a  
r e l a t i v e  he igh t  of Hrlhl=O.l  w i l l  break onto t h e  s h e l f  a t  depth 
r a t i o s  hl/h2 g r e a t e r  than  5 . )  The d a t a  from t h e  experiments wi th  
d i f f e r e n t  s h e l f  h e i g h t s  ag ree  s u f f i c i e n t l y  w e l l  t o  i n d i c a t e  t h e r e  
i s  no dependence on t h e  a c t u a l  s h e l f  he igh t .  
Also p l o t t e d  i n  Fig. 5.46 a r e  d a t a  from experiments i n  which the  
v e r t i c a l  f a c e  on t h e  she l f  was rep laced  by t h e  ha l f - s ine  t r a n s i t i o n  
s lope .  These d a t a  l i e  c l o s e  enough t o  t h e  d a t a  from experiments i n  
which a s t e p  was used t o  i n d i c a t e  t h e  t r a n s i t i o n  has  no e f f e c t  on 
t h e  wave a t  t h e  s t ep .  
The nonl inear  d i s p e r s i v e  theory  when app l i ed  t o  t h e  case  of 
s o l i t a r y  waves w i t h  r e l a t i v e  he igh t  ~ ~ / h ~ = 0 . 1  propagat ing over t h e  
ha l f - s ine  t r a n s i t i o n  s l o p e  gave t r ansmi t t ed  wave he igh t s  which a r e  
p l o t t e d  as s o l i d  c i r c l e s  i n  Fig.  5.46 w i t h i n  1% of those  predic ted  
by t h e  l i n e a r  nondispers ive  theory  f o r  h l / h 2 1 3 .  
A s  mentioned e a r l i e r  when desc r ib ing  Fig.  5.2, t h e  shape of t h e  
t r ansmi t t ed  wave appears  t h e  same a s  t h e  shape of t h e  inc iden t  wave, 
a s  t h e  l i n e a r  nondispers ive  theory  p r e d i c t s .  To i n v e s t i g a t e  t h i s ,  
t h e  t r ansmi t t ed  waves f o r  experiments w i th  t h e  depth  r a t i o s  hl /h2=2,  3 ,  
4,  and 10  were d i g i t i z e d  and t h e  frequency, 9, and wave he igh t ,  HR 
eg' 
i n  Eq. (5.4) were c a l c u l a t e d  by performing a r e g r e s s i o n  a n a l y s i s  on 
t h e  upper 213 of t h e  wave. The r e s u l t s  a r e  presented i n  Fig.  5.47 

where t h e  r a t i o  of  t h e  frequency of t h e  t r ansmi t t ed  wave t o  t h e  f r e -  
quency of t h e  i n c i d e n t  wave, RT/RI,  i s  p l o t t e d  a s  a func t ion  of t h e  
r e l a t i v e  i n c i d e n t  wave he igh t ,  Hy/hl. The d a t a  appear t o  l i e  about 
a  r a t i o  of f r equenc ie s  RT/Qyz0.95 f o r  wave h e i g h t s  HI/h150.2, 
. then  t h e  rHt io  of f requencies  decreases  a s  t h e  wave he igh t  i nc reases  
w i t h  those  f o r  l a r g e r  dep th  r a t i o s  decreas ing  a t  a  f a s t e r  r a t e .  
The l i n e a r  nondispers ive  theory  p r e d i c t s  R T / R I = l . O O  a s  denoted 
by t h e  h o r i z o n t a l  l i n e  i n  Fig. 5.47. However, t h e  nonl inear  d i s p e r s i v e  
theory p r e d i c t s  t h e  frequency r a t i o  decreases  w i t h  r e l a t i v e  inc iden t  
wave he igh t  a s  shown by t h e  experimental  d a t a  i n  Table 5.7 which 
a l s o  a r e  p l o t t e d  i n  Fig.  5.47. 
Unlike t h e  process  of r e f l e c t i o n ,  t h e  process  of t ransmiss ion  
of a  s o l i t a r y  wave over  a s t e p  appears  t o  b e  one i n  which nonl inear  
e f f e c t s  are important ,  p a r t i c u l a r l y  i n  t h e  de te rmina t ion  of t h e  shape 
of t h e  t r ansmi t t ed  wave. 
5.3.2 The Transmission of Cnoidal Waves over a  Step 
The r e s u l t s  of experiments conducted t o  determine t h e  wave 
he igh t  of cno ida l  waves as they  propagate  over  a s t e p  onto  a  s h e l f  
a r e  presented  i n  Fig.  5.48 where t h e  t r ansmi t t ed  wave he ight  r a t i o ,  
HT/HI, i s  p l o t t e d  a s  a  f u n c t i o n  of t h e  r e l a t i v e  inc iden t  wave he ight ,  
~ = / h ~ ,  f o r depth  r a t i o s  hl/h2 = 3 ,  3.5, 4  and 10. The numbers bes ide  
t h e  experimental  p o i n t s  a r e  t h e  q u a n t i t y  gHI ~ ~ / h :  which, a s  descr ibed  
e a r l i e r ,  i s  t h e  U r s e l l  Number w i t h  wavelength rep laced  by wave per iod .  
The v e r t i c a l  dashed l i n e s  r ep re sen t  t h e  l i m i t s  i n  i nc iden t  wave he igh t  
f o r  t h e  wave t o  break  o r  no t  t o  break onto t h e  s h e l f ,  p red ic ted  by t h e  
Fig. 5.48 Variat ion of t he  transmitted wave height  r a t i o ,  %/HI, 
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l i n e a r  nondispers ive  theory (descr ibed e a r l i e r )  and l i s t e d  i n  
Table 5.3. 
The d a t a  e x h i b i t  cons iderable  s c a t t e r ,  p a r t  of t h e  reason f o r  
t h i s  is  t h e  way i n  which t h e s e  f i n i t e  ampli tude,  p e r i o d i c  waves 
propagate  bnto  t h e  s h e l f .  A s  t h e  c r e s t  passes  t h e  s t e p ,  t h e  flow 
a t  t h e  s t e p  is i n  t h e  downstream d i r e c t i o n ,  i . e . ,  onto t h e  s h e l f ,  
and a s  t h e  t rough propagates  onto t h e  s h e l f ,  t h e  f low i s  i n  t h e  
r e v e r s e  d i r e c t i o n ,  i . e . ,  o f f  t h e  s h e l f .  However, s i n c e  t h e  waves 
have f i n i t e  ampli tude,  t h e  depth  of water  under t h e  t rough on t h e  
s h e l f  may be  reduced t o  t h e  e x t e n t  t h a t  t h e  flow o f f  t h e  s h e l f  cannot 
be achieved without  some i r r e g u l a r i t i e s  occurr ing  i n  t h e  trough of 
t h e  wave a t  t h e  s t e p .  (As a crude  analogy of t h i s ,  t h e  process  can 
be l ikened  t o  t h e  f low over a weir . )  
5.3.3 The Transmission of S o l i t a r y  Waves over  a  Slope 
The dimensional a n a l y s i s  performed i n  Sec t ion  5.2.3 when 
cons ider ing  t h e  r e f l e c t i o n  of s o l i t a r y  waves from a s l o p e  a l s o  is 
a p p l i c a b l e  here .  Eq. (5.21) becomes: 
where HT i s  t h e  t r ansmi t t ed  wave he igh t ,  hl/h2 is  t h e  depth r a t i o ,  
LIR is  t h e  l e n g t h  r a t i o  where L is  t h e  l e n g t h  of t h e  s l o p e  and R i s  
-% 
t h e  c h a r a c t e r i s t i c  l e n g t h  of t h e  wave ( R =  l.5(HI/hl) hl) , and HI/hl 
is  t h e  r e l a t i v e  i n c i d e n t  wave he ight .  
I n i t i a l l y ,  t h e  e f f e c t  of t h e  r e l a t i v e  i n c i d e n t  wave he igh t ,  
HI/hl, w i l l  be  neglec ted  and t h e  l i n e a r  nondispers ive  theory w i l l  be 
used t o  i l l u s t r a t e  t h e  e f f e c t  of t h e  l eng th  r a t i o ,  LIR, and t h e  depth  
r a t i o ,  hl/h2, of t h e  t r ansmi t t ed  wave. Th i s  is done using Fig. 5.49 
which c o n s i s t s  of two p a r t s .  F igure  5.49(a) shows t h e  Four ie r  
t ransform of t h e  i n c i d e n t  s o l i t a r y  wave which, as shown i n  Sec t ion  3.4, 
f o r  t h e  purpose of a n a l y s i s ,  may be considered t o  be a func t ion  of  
t h e  l e n g t h  r a t i o ,  L/%, and t h e  nondimensional f requency,  U L / ~ .  
F igure  5.49(b) shows t h e  t ransmiss ion  c o e f f i c i e n t  normalized wi th  
r e s p e c t  t o  t h e  t ransmiss ion  c o e f f i c i e n t  %(w)/%(O), which is a 
f u n c t i o n  of  t h e  depth  r a t i o ,  hl/h2, and t h e  nondimensional frequency, 
1 .  The l a t t e r  have s i m i l a r  shape bu t  have inc reas ing  t r ans -  
mission c o e f f i c i e n t  r a t i o  f o r  i nc reas ing  depth  r a t i o s  a t  l a r g e  f r e -  
quencies.  
The technique mentioned e a r l i e r  f o r  c a l c u l a t i n g  t h e  r e f l e c t e d  
wave from Fig. 5.38 a l s o  a p p l i e s  f o r  c a l c u l a t i n g  t h e  t ransmi t ted  
wave from Fig. 5.49. Se l ec t ing  a p a r t i c u l a r  l e n g t h  r a t i o  and a  
p a r t i c u l a r  depth  r a t i o ,  t h e  corresponding func t ions  of frequency f o r  
t h e  Four i e r  t ransform and t h e  t ransmiss ion  c o e f f i c i e n t  a r e  mu l t ip l i ed  
toge the r  t o  g i v e  t h e  t r ansmi t t ed  wave i n  t h e  frequency domain. To 
o b t a i n  t h e  t r ansmi t t ed  wave i n  t h e  t ime domain t h e  product is mult i -  
p l i e d  by e  - i w t  and i n t e g r a t e d  over t h e  frequency range. 
The o v e r a l l  behavior  can be  deduced from Fig.  5.49 as fol lows:  
i )  For smal l  l e n g t h  r a t i o s ,  LIR << 1, (i.e., a n  abrupt  s lope)  t h e  
t r ansmi t t ed  wave w i l l  have e s s e n t i a l l y  t h e  same shape a s  t he  
i n c i d e n t  wave because t h e  ma jo r i t y  of t h e  frequency range 
where t h e  Four ie r  t ransform i s  nonzero is t h e  frequency range 
Fig. 5.49 Theore t i ca l  v a r i a t i o n  of (a) t h e  Four ier  transform of a 
s o l i t a r y  wave and (b) t h e  transmission c o e f f i c i e n t  with 
frequency. 
where t h e  t ransmiss ion  c o e f f i c i e n t  is  a cons tan t .  
i i )  For l a r g e  l e n g t h  r a t i o s ,  LIR >> 1, (i. e . ,  a gradual  s lope)  t h e  
ma jo r i t y  of t h e  Four ie r  t ransform w i l l  be  mu l t ip l i ed  by a 
cons t an t  t ransmiss ion  c o e f f i c i e n t ;  hence t h e  shape of t h e  
t r ansmi t t ed  wave should be  almost  t h e  same a s  t h a t  of t h e  
i n c i d e n t  wave i n  t h i s  c a s e  a l s o ,  b u t  t h e  wave he ight  would 
be l a r g e r  t han  f o r  t h e  comparable c a s e  wi th  smal l  l eng th  
r a t i o  ( i . e . ,  L I R  << I ) .  
The t r a n s i t i o n  between i )  and i i )  ( i . e . ,  t h e  change from an 
abrupt  t o  a gradual  s lope)  is  shown i n  Fig.  5.50. I n  Fig. 5.50(a) t h e  
t r ansmi t t ed  wave he ight  r a t i o ,  HT/HI, is  p l o t t e d  a s  a func t ion  of t h e  
l eng th  r a t i o ,  L I E ,  f o r  v a r i o u s  depth  r a t i o s .  The f i g u r e  shows t h e  
d i f f e r e n c e  i n  t h e  he igh t  r a t i o  f o r  ab rup t  and gradual  s lopes  i s  smal l  
f o r  s m a l l  dep th  r a t i o s  bu t  i n c r e a s e s  w i th  depth  r a t i o .  A s  t h e  l eng th  
r a t i o  goes  t o  zero t h e  t r ansmi t t ed  wave he igh t  r a t i o  tends  asymptoti- 
c a l l y  t o  t h e  va lue  f o r  a s t e p  g iven  by Eq. (3.114). A s  t h e  l e n g t h  
r a t i o  goes t o  i n f i n i t y  t h e  t r ansmi t t ed  wave he igh t  r a t i o  tends  
asymptot ica l ly  t o  Green's Law, Eq. (3.116). 
The shape of t h e  t ransmi t ted  wave may be  compared t o  t h e  shape 
of t h e  i n c i d e n t  wave by t h e  fol lowing procedure: ( i )  mul t ip ly ing  
t h e  i n c i d e n t  wave by t h e  wave he igh t  r a t i o ,  H ~ / H ~ ,  ( i i )  l i n i n g  up 
t h e  c r e s t s  of t h i s  wave and t h e  t r ansmi t t ed  wave, ( i i i )  t ak ing  t h e  
d i f f e r e n c e  between t h e  ampli tudes,  and ( i v )  squar ing  t h e  d i f f e r e n c e  
and summing t h e  squares .  For a t r ansmi t t ed  wave wi th  exac t ly  t h e  
same shape a s  t h e  i n c i d e n t  wave, t h e  sum-of-the-squares must be  zero; 

otherwise  t h e  sum-of-the-squares is  g r e a t e r  than  zero and t h e  g r e a t e r  
t h e  magnitude, t h e  poorer  t h e  shape of t h e  t r ansmi t t ed  wave compares 
w i t h  t h e  shape of t h e  inc iden t  wave. The r e s u l t s  of t h i s  a n a l y s i s  a r e  
presented  i n  Fig.  5.50(b) where t h e  sum-of-the-squares is p lo t t ed  a s  
. a func t ion  of l e n g t h  r a t i o  f o r  v a r i o u s  depth  r a t i o s .  For t h e  depth 
r a t i o s  considered,  t h e  maxima a l l  occur  i n  t h e  range 1 .0  < L/R < 1.5. 
Thus, t h e  l i n e a r  nondispers ive  theory  p r e d i c t s ,  except  f o r  a  range of 
l e n g t h  r a t i o s  c l o s e  t o  u n i t y ,  t h e  t r ansmi t t ed  wave has  e s s e n t i a l l y  
t h e  same shape a s  t h e  i n c i d e n t  s o l i t a r y  wave. 
For t h e  l i n e a r  nondispers ive  theory  cons idered ,  t h e  s o l u t i o n  is  
no t  dependent on t h e  r e l a t i v e  i n c i d e n t  wave he igh t ,  HI/hl (although 
i t  e n t e r s  i n d i r e c t l y  i n  t h e  d e f i n i t i o n  of t h e  c h a r a c t e r i s t i c  l eng th ,  
R ,  as g iven  by Eq. (3 .122) ) .  To examine t h e  e f f e c t  of t h e  r e l a t i v e  
i n c i d e n t  wave he igh t  on t h e  t r ansmi t t ed  wave f o r  a range of  cond i t i ons  
by phys i ca l  experiments would have r equ i r ed  a l a r g e  number of experi-  
ments w i th  s l o p e s  and she lves  of va r ious  h e i g h t s  each wi th  d i f f e r e n t  
v i scous  e f f e c t s .  I n  t h i s  i n v e s t i g a t i o n ,  experiments were performed 
w i t h  t h e  15.54 cm s h e l f  and t h e  s l o p e s  descr ibed  previous ly ,  and 
t h e s e  r e s u l t s  were compared wi th  those  from t h e  f i n i t e  element numeri- 
c a l  scheme t o  j u s t i f y  i n v e s t i g a t i o n  us ing  numerical  methods alone.  
These comparisons w i l l  be  presented f i r s t  and t h e  r e s u l t s  of t h e  
numerical experiments l a t e r .  
The experiments were conducted f o r  a n  upstream depth of 
h l=31.08  cm, a  depth  r a t i o  of hl /h2=2.0,  and f o r  a nominal r e l a t i v e  
i n c i d e n t  wave h e i g h t  HI/hl= 0.1. Four s l o p e s  were used: t h e  ha l f - s ine  
t r a n s i t i o n  s l o p e  and t h e  l i n e a r  s l o p e s  w i t h  l eng ths :  150 cm, 300 cm 
and 450 cm. Each experiment was conducted i n  t h r e e  runs.  I n  t h e  
f i r s t  run  t h e  f i v e  wave gauges were placed a t  v a r i o u s  l o c a t i o n s  a long  
t h e  flume and a wave w a s  generated.  The r e s u l t i n g  displacement of 
. t h e  water  s u r f a c e  was recorded on both  t h e  o s c i l l o g r a p h  and t h e  AID 
conver te r .  For t h e  second run,  Gauge 1 was placed i n  t h e  p o s i t i o n  
occupied by Gauge 5 i n  t h e  f i r s t  run  and t h e  o t h e r  fou r  gauges were 
pos i t i oned  downstream of Gauge 1. The same wave which was generated 
f o r  t h e  f i r s t  run  a l s o  was  generated f o r  t h e  second run  and t h e  waves 
were recorded i n  s i m i l a r  manner. Th i s  w a s  repea ted  once more r e s u l t i n g  
i n  1 5  wave gauge records  a t  1 3  d i f f e r e n t  l o c a t i o n s .  The records  
were a l igned  i n  t ime by l i n i n g  up t h e  wave c r e s t s  of t h e  records  
from Gauge 5 of t h e  f i r s t  run  and Gauge 1 of t h e  second r u n  and 
Gauge 5 of t h e  second run  wi th  Gauge 1 of t h e  t h i r d  run. 
I n  t h e  numerical experiments,  a wave of t h e  same he ight  as 
was generated i n  t h e  phys i ca l  experiments (nominally ~ ~ / h ~ = ~ . l )  was 
used and t h e  t i m e  r eco rds  a t  l o c a t i o n s  equ iva l en t  t o  t h e  t h i r t e e n  
l o c a t i o n s  of t h e  wave gauges were computed. The numerical and phys i ca l  
experiments were a l igned  by l i n i n g  up, i n  t ime, t h e  c r e s t s  of e i t h e r  
t h e  f i r s t  o r  t h e  second t ime record  ( i . e . ,  e i t h e r  Gauge 1 o r  Gauge 2 
of t h e  f i r s t  run) .  
The r e s u l t s  of t h e  fou r  experiments a r e  presented  i n  F igs .  5.51 
t o  5.54 which correspond t o  t h e  ha l f - s ine  t r a n s i t i o n ,  t h e  150 cm s lope ,  
t h e  300 cm s l o p e  and t h e  450 cm s l o p e  r e s p e c t i v e l y .  The s o l i d  l i n e s  
r ep re sen t  t h e  phys i ca l  experiments and t h e  dashed l i n e s  r ep re sen t  t h e  
TIME (sec) 
Fig. 5.51 Comparison of physical  and numerical experiments f o r  a 
s o l i t a r y  wave with he ight  HI=3.1 cm propagating from a 
depth h l=31.08 cm over a s lope  with length  L=15.54 cm 
onto a she l f  wi th  depth h2=15.54 cm. 
TIME (sec)  
Fig. 5.52 Comparison of physical and numerical experiments for a 
solitary wave with height HI=3.1 cm propagating from a 
depth hi= 31.08 cm over a slope with length L=150 cm 
onto a shelf with depth h2=15.54 cm. 
- EXPERIMENT 
7) 
TIME ( sec) 
Fig.  5.53 Comparison of phys ica l  and numerical experiments f o r  a 
s o l i t a r y  wave wi th  he ight  H1=3.1 cm propagating from a 
depth  h l=31.08  cm over a  s l o p e  wi th  l eng th  L = 3 0 0  cm 
onto  a  she l f  wi th  depth h2=15 .54  cm. 
2 - -4.50 ( BOTTOM OF SLOPE)- 
I 
1 2 3 4 5 6 7 8 9 
Fig. 5.54 Comparison of physical and numerical experiments for a 
solitary wave with height H1=3.1 cm propagating from a 
depth hl=31.08 cm over a slope with length L=450 cm 
anto a shelf with depth h2 =15.54 cm. 
numerical r e s u l t s .  The f igures  a r e  presented i n  dimensional form 
because, although t h e r e  a r e  the  th ree  lengths:  t h e  upstream depth, 
hl, t h e  s lope  length,  L, and t h e  depth on t h e  s h e l f ,  h2, which a r e  
t h e  important lengths  f o r  t h e  th ree  regions: upstream of the  slope, 
t h e  s lope ,  and t h e  she l f ,  none of these  lengths  i s  the  important 
l eng th  f o r  - a l l  th ree  regions. 
I n  F i g s . 5 . 5 1 t o  5.54 the  o r i g i n  of x was taken t o  be a t  t h e  top 
of t h e  slopes.  The waves a t  t h e  bottom of each f igure ,  which a r e  
t h e  amplitude-time h i s t o r y  of waves a t  loca t ions  upstream of the  
slope,  exh ib i t  t h e  inc ident  wave with i t s  c r e s t  a t  time t z 2  sec 
then a t  time t z 6  sec  the  r e f l e c t e d  wave can be seen. A s  the  length 
r a t i o  increases  from f i g u r e  t o  f i g u r e  t h i s  wave becomes longer and 
smaller a s  was discussed i n  Section 5.2.3. A s  the  s o l i t a r y  wave 
propagates onto t h e  s h e l f ,  t h e  f r o n t  f a c e  of t h e  wave steepens 
and a s  t h e  wave propagates a second wave begins to  form behind t h e  
main c r e s t .  This process w i l l  be discussed i n  more d e t a i l  shor t ly  
but  f i r s t  t h e  physical  and numerical experiments w i l l  be compared. 
I n  Figs.  5.51 and 5.53 t h e  waves from t h e  numerical experiments 
appear t o  be propagating f a s t e r  than those from t h e  physical  experi- 
ments, p a r t i c u l a r l y  on the  she l f .  However, t h i s  is  not  t r u e  of the  
waves shown i n  Figs. 5.52 and 5.54; therefore ,  t h e  apparent s h i f t i n g  
of t h e  wave records i n  time which occurs i n  Figs. 5.51 and 5.53 i s  
assumed t o  be caused by e r r o r s  i n  t h e  l i n i n g  up of the  time records. 
It w i l l  be reca l l ed ,  t h e  method used t o  assemble t h e  th ree  physical 
experiments and t h e  s i n g l e  numerical experiment which comprise each 
f i g u r e  involved, f o r  t h e  physical  experiments, l i n i n g  up t h e  record 
from Gauge 5 of one experiment wi th  Gauge 1 of t h e  next experiment. 
Hence, i f  an e r r o r  occurred i n  t h i s  procedure, a l l  o ther  records i n  
t h a t  experiment would be misaligned. The numerical scheme required 
only a s i n g l e  alignment s ince  a l l  t h e  time records were taken from 
a s i n g l e  experiment. An example of misalignment occurs i n  Fig. 5.51 
where, comparing the  s h i f t  i n  time between t h e  physical  and the  
numerical waves, t h e  lower four  waves appear t o  be al igned cor rec t ly  
but  the  next  f i v e ,  i , e . ,  a t  x = 0 ,  0.4, 0.86, 1.3 and 1.66 m y  a l l  
appear t o  have been s h i f t e d  by the  same amount and t h e  upper four 
waves appear t o  have been s h i f t e d  by an even g rea te r  amount. 
A s  t h e  waves propagate, t h e  physica l  experiments exh ib i t  smaller 
wave amplitudes than t h e  numerical experiments. This i s  a t t r i b u t e d  
t o  f r i c t i o n a l  e f f e c t s  i n  the  physical  experiments which a r e  not  
accounted f o r  i n  t h e  numerical experiments. 
Apart from these  two e f f e c t s ,  t h e  physical  and numerical experi- 
ments show reasonably good agreement p a r t i c u l a r l y  wi th  regard t o  
t h e  shape of t h e  waves; t h e  e r r o r s  i n  alignment a c t u a l l y  h ighl ight  
some aspec t s  of t h i s .  For example, Fig. 5.52, i.e., the  experiments 
wi th  t h e  150 cm s lope  shows the  good agreement i n  t h e  shapes of t h e  
f r o n t  f a c e s  of the  waves while Figs.  5.51 and 5.53, i .e.,  t h e  experi- 
ments with the  t r a n s i t i o n  s lope  and t h e  300 cm s lope ,  show the  good 
agreement i n  t h e  shapes of t h e  back faces  of t h e  waves. I n  Fig. 5.54, 
i . e . ,  t h e  experiment with the  450 cm s lope ,  t h e  waves appear t o  be 
a l igned b e t t e r  and t h i s  shows the  o v e r a l l  shapes of the  waves i n  t h e  
two experiments a g r e e  we l l  except  f o r  t h e  d i f f e r e n c e  i n  amplitude 
which is  caused by f r i c t i o n  i n  t h e  phys i ca l  experiments.  
A s  mentioned previous ly ,  on t h e  b a s i s  of t h e  agreement between 
t h e  numerical  and t h e  phys i ca l  experiments,  t h e  e f f e c t  of t h e  i n c i -  
den t  wave h e i g h t  on  t h e  t r ansmi t t ed  wave w a s  i nves t iga t ed  by means 
of numerical  experiments.  For dep th  r a t i o s :  h l /h2=2 ,  3 and 4 ,  
experiments were conducted t o  f i n d  t h e  t ime record  of t h e  t ransmi t ted  
wave f o r  v a r i o u s  l e n g t h  r a t i o s ,  L/R, and f o r  i n c i d e n t  wave he igh t s  
of ~ ~ / h ~ = o ,  0.05, 0.10 and 0.15. 
To compare t h e  t r ansmi t t ed  waves, t h e  t i m e  r eco rds  a t  t h e  bottom 
of t h e  s l o p e  were a l igned  as is shown i n  F ig .  5.55 which i s  t h e  
r e s u l t  of a t y p i c a l  set of numerical experiments,  i n  t h i s  case  f o r  
a cons t an t  l e n g t h  r a t i o  of L/R=2.00. Note, t h e  c h a r a c t e r i s t i c  
l e n g t h ,  R, varies wi th  t h e  r e l a t i v e  i n c i d e n t  wave he igh t ,  HI/hl, 
t h e r e f o r e  a cons t an t  l e n g t h  r a t i o ,  LIR imp l i e s  t h e  s lope  l eng th ,  L, 
i s  d i f f e r e n t  f o r  d i f f e r e n t  r e l a t i v e  i n c i d e n t  wave he ights .  The 
a b s c i s s a  i n  Fig.  5.55 i s  t h e  nondimensional t i m e  t&/L and t h e  
o r d i n a t e s  are t h e  r e l a t i v e  ampli tude ll/HI. These a l low waves of 
d i f f e r e n t  i n c i d e n t  he igh t  HI propagat ing over  s l o p e s  of d i f f e r e n t  
l e n g t h  L t o  be compared because, as t h e  lower f i g u r e  shows, t h e  waves 
a t  t h e  bottom of  t h e  s l o p e  c o l l a p s e  i n t o  e s s e n t i a l l y  one p r o f i l e .  
The s o l i d  curve  r e p r e s e n t s  t h e  l i n e a r  nondispers ive  theory and is  
denoted HI/hl=O t o  i n d i c a t e  it  is independent of t h e  wave he ight .  
The dashed curves  r ep re sen t  t h e  non l inea r  d i s p e r s i v e  theory  f o r  
v a r i o u s  r e l a t i v e  i n c i d e n t  wave h e i g h t s ,  ~ = / h ~ .  The maximum wave 
Fig. 5.55 Comparison of transmitted waves f o r  incident  waves of 
var ious  heights  f o r  a  length  r a t i o  of L / R = 2 . 0 0 .  
he igh t  considered was ~ ~ / h ~ = 0 . 1 5  because i n c i d e n t  waves higher  than  
t h i s  r e s u l t e d  i n  t r ansmi t t ed  waves whose he igh t  r e l a t i v e  t o  t h e  
depth  on t h e  she l f  ( i . e . ,  HT/h2) exceeded 0.7. 
The f i g u r e  shows, f o r  a  wave of f i n i t e  he igh t  propagating over  
a s lope ,  both t h e  he igh t  and t h e  s l o p e  of t h e  f r o n t  f a c e  of t h e  t rans-  
mi t t ed  wave i n c r e a s e  wi th  inc reas ing  r e l a t i v e  i n c i d e n t  wave he igh t .  
A s  w a s  mentioned i n  Sec t ion  3.1, t h e  phenomenon of s teepening of 
t h e  f r o n t  f a c e  of a wave is  a nonl inear  r a t h e r  than  a  d i s p e r s i v e  
e f f e c t  and, as shown i n  Fig.  3 . 3 ,  non l inea r  e f f e c t s  t ake  p l ace  only  
a f t e r  a c e r t a i n  propagat ion d i s t ance .  Hence, t h e  propagat ion d i s t a n c e  
f o r  t h e  ca ses  shown i n  Fig.  5.55 must have been s u f f i c i e n t  f o r  
non l inea r  e f f e c t s  t o  develop. Waves wi th  l a r g e r  he igh t s  have 
s t e e p e r  f r o n t  f a c e s  which impl ies  t h e  propagat ion d i s t a n c e  f o r  non- 
l i n e a r  e f f e c t s  t o  become important is i n v e r s e l y  p ropor t iona l  t o  t h e  
r e l a t i v e  i n c i d e n t  wave h e i g h t ,  HI/hl; t h i s  w i l l  be  discussed i n  
q u a n t i t a t i v e  manner, f o r  waves propagat ing i n  cons t an t  depth,  i n  
Sec t ion  5.4. 
Fu r the r  i l l u s t r a t i o n  of t h e  e f f e c t s  of wave he igh t  and l eng th  
r a t i o  on t h e  t r ansmi t t ed  wave is provided by t h e  r e s u l t s  of t h e  
numerical  experiments (of which Fig .  5.55 w a s  a t y p i c a l  example) 
presented  i n  F igs .  5.56(a) and (b ) .  Each experiment was f o r  a  d i f f e r e n t  
l e n g t h  r a t i o ,  L I E ,  and comprised fou r  waves w i t h  d i f f e r e n t  r e l a t i v e  
i n c i d e n t  wave he igh t s .  This  r e s u l t e d  i n  a f i g u r e  s i m i l a r  t o  Fig. 5.55 
f o r  each experiment b u t  on ly  t h e  t r ansmi t t ed  waves a r e  presented i n  
F igs .  5.56(a) and (b) . 


I n  a l l  cases  the  slope of t he  f ron t  face ,  i . e . ,  the l e f t  f ace  
of t he  wave, f o r  the  l a rge r  waves is grea te r  than f o r  the smaller 
waves. A s  the  length r a t i o  increases  f o r  a given r e l a t i v e  incident  
. wave height ,  the  slope of the  f ron t  face  a l so  increases.  For the  
length r a t i o  of L/R=0.53, which would be considered an abrupt slope 
by the  c r i t e r i o n  described e a r l i e r  f o r  the  l i n e a r  nondispersive 
theory, the re  i s  evidence of steepening of t he  f ron t  face.  This 
ind ica tes ,  even when t he  cha r ac t e r i s t i c  length  of the  wave i s  twice 
t he  length of the  slope,  nonlinear e f f e c t s  a r e  important t o  some 
degree. 
For length  r a t i o s  l e s s  than uni ty ,  the  transmitted wave height 
r a t i o ,  HT/HI, is  almost constant with r e l a t i v e  incident  wave height .  
However, a s  the  length  r a t i o  increases the  height increases and t h i s  
is  in te rpre ted  a s  indicat ing the  growth i n  the  importance of disper-  
s i v e  e f f ec t s .  
For t h e  transmitted wave r e su l t i ng  from an incident  wave with a 
r e l a t i v e  height  of ~ ~ / h ~ = 0 . 1 5 ,  when the  length r a t i o  i s  L/R=3.04 
an abrupt change i n  s lope appears i n  t he  back face  of the  wave and 
f o r  l a rge r  length  r a t i o s  t h i s  becomes more pronounced, Similarly 
f o r  the  wave r e su l t i ng  from the  ~ ~ / h ~ = O . l o  incident  wave, a  change 
i n  s lope appears when t he  length r a t i o  i s  L/R=4.08. However, no 
change i n  s lope i s  evident i n  the  back face  of the  waves resu l t ing  
from the  incident  wave with the  r e l a t i v e  height of ~ ~ / h ~ = 0 . 0 5 .  
These changes i n  slope correspond t o  t he  emergence of a s o l i t a r y  
wave from the  main wave and i t s  appearance is  in terpre ted a s  an 
i n d i c a t i o n  nonl inear  and d i s p e r s i v e  e f f e c t s  a r e  becoming equal ly  
important .  This  is t h e  a r e a  i n v e s t i g a t e d  by Madsen and Mei (1969) 
and subsequent ly by Tappert and Zabusky (1971) and Johnson (1973) 
, i n  which i t  was assumed t h e  s l o p e  of t h e  bottom was gradual ,  i . e . ,  
i n  terms of t h e  parameters  considered he re ,  (hl-hq)lL <<I .  
I n  a n  e f f o r t  t o  quan t i fy  t h e s e  e f f e c t s ,  f o r  each of t h e  numerical 
experiments performed, t h e  fol lowing q u a n t i t i e s  were ca l cu la t ed :  
i )  t h e  maximum s l o p e  of t h e  f r o n t  f a c e ,  S = I u t  lux ,  
i i )  t h e  wave he igh t ,  HT, and 
i i i )  t h e  U r s e l l  Number def ined  as: 
(which is s i m i l a r  t o  t h e  U r s e l l  Number def ined  by Hammack (1972) 
except  t h a t  t h e  t i m e  d e r i v a t i v e ,  n t ,  is  used i n s t e a d  of t h e  space 
d e r i v a t i v e ,  nx) .  
To es t fma te  what t h e  d i f f e r e n c e  i n  t h e  s o l u t i o n  would be  i f  t h e  
l i n e a r  nondispers ive  theory  were used i n s t e a d  of t h e  nonl inear  
d i s p e r s i v e  theory ,  t h e  r e l a t i v e  d i f f e r e n c e  i n  t h e  maximum s lope  from 
t h a t  c a l c u l a t e d  by t h e  l i n e a r  theory ,  (S -  S . )/Slin, and t h e  r e l a t i v e  l l n  
d i f f e r e n c e  i n  t h e  t r ansmi t t ed  wave h e i g h t  from t h a t  ca l cu la t ed  by the  
l i n e a r  theory ,  (%-HT ) /HT were ca l cu la t ed .  These q u a n t i t i e s  
l i n  l i n  
may be  i n t e r p r e t e d  as i n d i c a t i n g  t h e  r e l a t i v e  importance of nonl inear  
and d i s p e r s i v e  e f f e c t s  r e spec t ive ly .  These d a t a ,  f o r  a depth  r a t i o  
of h l /h2=3 ,  a r e  p l o t t e d  as func t ions  of t h e  l e n g t h  r a t i o  i n  Fig.  5.57 
(a) and (b) . Figure  5.57 ( c )  shows t h e  U r s e l l  Number defined by 
Eq. 5.23 p l o t t e d  as a func t ion  of t h e  l e n g t h  r a t i o ;  t h i s  f i g u r e  w i l l  
b e  d iscussed  p re sen t ly .  
The curves  i n  Fig. 5.57Ca) and (b) r ep re sen t  t h e  b e s t  f i t  of 
t h e s e  d a t a  and a l s o  t h e  d a t a  f o r  depth  r a t i o s  h l /h2=2  and 4 (which 
a r e  presented  i n  Appendix F) a s  g iven  by t h e  fo l lowing  expressions:  
H~ - H ~ l l n  1.28 1.19 1.38 
H~ l i n  =0.18($) (2-1) ) . (1.25) 
D i f f e rences  between t h e  numerical results and the corresponding 
empi r i ca l  express ion  (Eq. (5.24))  i n  Fig.  5.57 ( a )  a r e  p r imar i ly  due 
t o  t h e  f a c t  t h a t  d a t a  f o r  a l l  va lues  of hl/h2 ( see  Appendix F) were 
used t o  d e r i v e  Eq. (5.24) whereas only  those  d a t a  f o r  hl/h2'3 a r e  
presented  i n  Fig.  5 .57(a) .  The r e l a t i v e  d i f f e r e n c e s  predic ted  by 
Eqs. (5.24) and (5.25) a r e  compared t o  t h e  a c t u a l  d a t a  i n  Fig. 5.58(a) 
and (b). The s c a t t e r  exh ib i t ed  t h e r e  i s  a t t r i b u t e d  t o  t h e  approximate 
SYMBOL HI/hl 
Pig .  5.57 V a r i a t i o n  w i t h  l e n g t h  r a t i o  of ( a )  t h e  r e l a t i v e  d i f f e r e n c e  
f o r  s l o p e s ,  (S - Slin) ISlin, (b) t h e  r e l a t i v e  d i f f e r e n c e  f o r  
wave h e i g h t s  (HT - HTlin) /HTlin, and (c )  t h e  Ursell Number, 
U ( f o r  hl/h2= 3). 
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Fig. 5.58 Comparison of the actual and the predicted quantities given 
by (a) Eq. (5.24) and (b) Eq. (5.25). 
na tu re  of Eqs. (5.24) and (5.25) r a t h e r  than t o  e r r o r s  i n  the  data  
which, i t  w i l l  be reca l l ed ,  a r e  from numerical experiments. Eqs. 
(5.24) and (5.25) may be used t o  g ive  order-of-magnitude est imates 
of t h e  condit ions under which i t  is  necessary t o  use the  nonlinear 
d i spe rs ive  theory r a t h e r  than t h e  l i n e a r  nondispersive theory. For 
example, f o r  a length  r a t i o  of L / R =  2.0 a n d a d e p t h  r a t i o  of h l /h2=3 ,0 ,  
f o r  t h e  nonlinear ana lys i s  to  be d i f f e r e n t  by 10% from t h e  l i n e a r  
ana lys i s ,  t h e  following r e l a t i v e  inc ident  wave heights  would be 
required:  %/h1,0.021 f o r  t h e  s lope  of t h e  f r o n t  f ace  and HT/h1,0.19 
f o r  t h e  wave height .  
I n  Fig. 5.57(c) t h e  U r s e l l  Number a t  L/R=O i s  approximately 
the  U r s e l l  Number of t h e  inc ident  wave mul t ip l ied  by (hl/h2) '. A s  
t h e  length  r a t i o  increases ,  t h e  U r s e l l  Number of the  transmitted 
wave decreases which corresponds t o  t h e  transmitted wave becoming 
more l i k e  a s o l i t a r y  wave f o r  which t h e  U r s e l l  Number defined by 
Eq. (5.23) is 2 , 2 5 / ( 1 + ~ ~ / h ~ ) .  The appearance of the  changes i n  
s lope  of t h e  back face  of t h e  wave mentioned e a r l i e r  occur when 
the  U r s e l l  Number is  U z  9. 
The transmission of s o l i t a r y  waves over a s lope,  i n  general,  
r equ i res  numerical so lu t ion  of t h e  nonlinear d i spe rs ive  theory. 
However, i n  some circumstances, which can be determined using Eqs. 
(5.26) and (5.25), the  simpler and more straightforward l i n e a r  
nondispersive theory may be used. 
5.4 The Propagat ion of Long Waves on t h e  Shelf 
5.4.1 The Propagat ion of S o l i t a r y  Waves on t h e  Shelf 
A s  a  s o l i t a r y  wave propagates  over a  s t e p  onto a  s h e l f ,  
i t  w a s  shown i n  Sec t ion  5.3.1 t h e  wave he ight  and frequency of t h e  
t r ansmi t t ed  wave a r e  of t h e  same o rde r  a s  t h e  i n c i d e n t  s o l i t a r y  wave. 
Hence, us ing  t h e  U r s e l l  Number de f ined  by Eq. (5.23), t h e  U r s e l l  
Number of t h e  t r ansmi t t ed  wave i s  approximately t h e  U r s e l l  Number of 
t h e  i n c i d e n t  s o l i t a r y  wave m u l t i p l i e d  by (hl/h2) 2. Therefore,  s i n c e  
t h e  U r s e l l  Number of t h e  t r ansmi t t ed  wave i s  no t  t h e  U r s e l l  Number 
of a  s o l i t a r y  wave of t h e  same he igh t ,  t h e  t r ansmi t t ed  wave must 
change i t s  shape a s  i t  propagates .  Furthermore, s i n c e  t h e  U r s e l l  
Number of t h e  t r ansmi t t ed  wave i s  g r e a t e r  than  t h e  U r s e l l  Number 
of t h e  s o l i t a r y  wave of t h e  same h e i g h t ,  nonl inear  e f f e c t s  w i l l  b e  
more important  t han  d i s p e r s i v e  e f f e c t s  i n  t h e  propagat ion.  A s  was 
shown i n  Sec t ion  3.1, when nonl inear  e f f e c t s  a r e  g r e a t e r  than  l i n e a r  
e f f e c t s ,  t h e  f r o n t  f a c e  of t h e  wave beg ins  t o  s teepen ,  ( i . e . ,  
I n t  lmax and 1 nxlmax i n c r e a s e ) .  However, as t h i s  occurs  t h e  U r s e l l  
Number g iven  by Eq. (5 .23 )  decreases  and thus  nonl inear  e f f e c t s  
become r e l a t i v e l y  l e s s  important.  I n  t h i s  s e c t i o n ,  t h i s  phenomenon 
i s  examined f o r  t h e  p a r t i c u l a r  c a s e  of a  t r ansmi t t ed  wave wi th  t h e  
form: 
Of p a r t i c u l a r  i n t e r e s t  i s  under what cond i t i ons  and f o r  what d i s t a n c e  
of propagat ion do nonl inear  e f f e c t s  dominate. 
For a t r ansmi t t ed  wave given by Eq. (5.26) propagat ing on a 
s h e l f  w i th  a depth  h2, t h e  Ursell Number def ined  by Eq .  (5.23) 
becomes : 
There a r e  two extremes t o  be  considered:  
i )  I f  t h e  U r s e l l  Number i s  s m a l l  enough f o r  a l i n e a r  theory 
t o  apply,  then  f o r  t h i s  l i n e a r  theory  t h e  propagat ion is  
n o t  dependent on t h e  a c t u a l  wave he igh t ,  HT. (One way t h i s  
can t a k e  p l a c e  is  i f  h 2 > h l ,  i . e . ,  i f  t h e  wave propagates  
i n t o  deeper  wa te r , )  
i i )  I f  t h e  Ursell Number is  l a r g e  enough f o r  t h e  nonl inear  
nondispers ive  theory  t o  apply,  it can be  shown t h e  propaga- 
t i o n  i s  n o t  dependent on t h e  frequency, QT, and t h e  
independent v a r i a b l e s ,  x and t ,  can  be  normalized wi th  
r e s p e c t  t o  t h e  frequency QT and t h e  depth  h2 ( f o r  d e t a i l s  
of t h i s  and o t h e r  a s p e c t s  of t h e  non l inea r  nondispersive 
theory  of propagat ion of sech2 waves, s e e  Appendix E) . 
Hence, i f  t h e  l i n e a r  d i s p e r s i v e  theory  a p p l i e s ,  propagat ion is  
dependent on t h e  frequency QT but  independent of t h e  wave he ight  HT. 
Conversely, i f  t h e  nonl inear  nondispers ive  theory  a p p l i e s ,  propagat ion 
i s  dependent on t h e  wave he igh t  HT b u t  independent of t h e  frequency 
nT. Between t h e s e  extremes t h e  nonl inear  d i s p e r s i v e  theory a p p l i e s  
( represented  by t h e  KdV equat ion)  where propagat ion is dependent on 
both t h e  frequency nT and t h e  wave height  HT. 
To i n v e s t i g a t e  these  e f f e c t s  experiments were conducted using 
the  r e s u l t s  of Section 5.3.1, with the  inc ident  s o l i t a r y  wave height ,  
HI, and t h e  upstream depth, hl, adjus ted  t o  give a range of r e l a t i v e  
wave heights  , ~ ~ / h ~ ,  and nondimensional frequencies , nT JhZlg , f o r  
t h e  t ransmit ted  wave. The wave propagating on t h e  shelf  was then 
recorded a t  e igh t  loca t ions  downstream of t h e  s t ep .  The desired 
wave heights  and frequencies of t h e  transmitted waves were 
%/h2= 0.10, 0.30 and 0.50 and nT-= 0.10, 0.13 and 0.15 respec- 
t i v e l y .  Of these  n ine  experiments, only e igh t  could be conducted 
because i n  t h e  case  of HT/h2 = 0.50 and aT-= 0.10 the  depth on 
t h e  shel f  was too small (h2 = 3 cm) . 
The a c t u a l  wave heights  and frequencies a r e  presented i n  Table 5.8 
along with o ther  experimental da ta .  These include t h e  d is tance  
between t h e  loca t ions  a t  which t h e  wave was recorded, Ax, and t h e  
Ursell Number of t h e  transmitted wave, Uo. This Ursell Number varies 
from Uo=5.5 which i s  2.2 times t h a t  of t h e  s o l i t a r y  wave of the  
same height  t o  Uo=57.4 which is 17 times t h a t  of t h e  s o l i t a r y  wave 
of t h e  same height .  
The t i m e  records i . e . ,  t h e  v a r i a t i o n  of t h e  water surface eleva- 
t i o n  with time, a t  var ious  loca t ions  a r e  presented i n  Figs. 5.59, 5.60 
and 5.61 f o r  t h e  des i red  r e l a t i v e  wave heights  HT/h2=0.10, 0.30 and 
0.50, respect ively .  The ordinates  a r e  t h e  amplitudes normalized with 
respect  t o  t h e  depth h2 and t h e  abscissas  a r e  the  nondimensional time 
t The d i s t ance  between t h e  locat ions  a t  which the  waves were 

Fig.  5.60 Experimental wave records  showing sech2 waves wi th  approximate r e l a t i v e  wave he ight  of 
HT/hZ=0.3 propagat ing on t h e  s h e l f .  

Table 5.8 D e t a i l s  of t h e  experiments f o r  propagation of s o l i t a r y  
waves on t h e  s h e l f ,  shown i n  Figs.  5.58 t o  5.60. 
recorded i s  l i s t e d  a s  x/h2 and a l s o  nTx/Jgh2. The l a t t e r  quant i ty  
is  of i n t e r e s t  because a s  is  shown i n  Appendix E i f  the  propagation 
were predicted by t h e  nonlinear nondispersive theory, t h e  shape of 
t h e  waves would be s imi la r  f o r  waves with t h e  same i n i t i a l  r e l a t i v e  
height ,  HT/h2, a t  equal values of nTx/ &. I n  f a c t ,  inspect ion of 
t h e  f igures ,  p a r t i c u l a r l y  Figs. 5.60 and 5.61 where the  r e l a t i v e  
d i s t ances  defined by n T x / K  a r e  approximately t h e  same, shows the  
shape of t h e  waves a r e  s imi la r  a s  t h e  nonlinear nondispersive theory 
p red ic t s .  However t h e  increase  i n  t h e  height  of t h e  c r e s t  with 
propagation d i s t ance  evident  f o r  each experiment i n  Figs.  5.60 and 
5.61 is  not  predicted by t h e  nonlinear nondispersive theory and 
hence must be caused by t h e  i n t e r a c t i o n  of nonlinear e f f e c t s  and 
dispersion.  To f ind  t h e  d i s t ance  over which t h e  nonlinear nondisper- 
s i v e  theory app l i es ,  t h e  waves a t  x / h 2 = 0  were propagated by t h i s  theory  
-
and by t h e  nonlinear d ispers ive  theory ( i . e . ,  t he  KdV equation) and 
compared with t h e  experiments. The comparisons f o r  t h e  experiment 
wi th  des i red  r e l a t i v e  wave height  HT/h2=0.5 and des i red  nondimensional 
frequency nT-= 0.15 which are considered t y p i c a l  a r e  presented 
i n  Figs. 5.62 t o  5.64, where the  experiment is  represented by t h e  
s o l i d  curves and t h e  theor ies  by the  dashed curves. The nonlinear 
nondispersive theory is  not presented i n  Fig. 5.64 because i t  p red ic t s  
t h e  wave breaks a t  x / h 2 ~ 2 9  and t h e  theory is  inva l id  a f t e r  t h i s  
occurs. I n  add i t ion  t o  t h e  nonlinear nondispersive theory and t h e  
nonlinear d i spe rs ive  theory, t h e  l i n e a r  nondispersive theory a l so  
is  presented. A s  mentioned e a r l i e r  t h e  l a t t e r  p red ic t s  t h e  shape 
of t h e  wave remains t h e  same and t h e  wave propagates with c e l e r i t y  
c = 6. Figure 5.62 shows t h e  nonlinear d i spe rs ive  theory and t h e  
nonlinear nondispersive theory a r e  almost coincident  f o r  t h e  i n i t i a l  
13.3 depths from t h e  s t e p  and both p red ic t  a g rea te r  c e l e r i t y  than 
t h e  l i n e a r  nondispersive theory. The experimental da ta  follow t h e  
nonlinear theor ies  b e t t e r  than t h e  l i n e a r  theory but have a smaller 
wave height  and smaller f r o n t  f a c e  slope,  
~ l ~ t  
than t h e  nonlinear 
theor ies  predic t .  Some reasons f o r  t h i s  w i l l  be discussed presently.  
Figure 5.63 shows a s  the  wave propagates f u r t h e r  onto the  shelf  
t h e  r e s u l t s  from t h e  two nonlinear t h e o r i e s  diverge; i .e . ,  t h e  
nonlinear nondispersive theory p r e d i c t s  t h e  wave height  w i l l  remain 
constant  but  t h e  f r o n t  f ace  of t h e  wave w i l l  continue t o  steepen 
u n t i l  t h e  wave breaks, while the  nonlinear d ispers ive  theory p red ic t s  
t h e  wave w i l l  begin t o  transform i n t o  a s e r i e s  of s o l i t a r y  waves. 
Fig. 5.62 Comparison of waves measured experimentally with those 
calculated by various theories at locations given by 
x / h 2 = 0 ,  8.88 and 13.31. 
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Fig. 5.63 Comparison of waves measured experimentally with those 
calculated by various theories at locations given by 
x/h2=17.75, 22.19 and 26.63. 
Fig.  5.64 Comparison of waves measured experimental ly wi th  those 
ca lcu la t ed  by va r ious  t h e o r i e s  a t  l o c a t i o n s  given by 
x /h2=31.07,  35.50 and 39.94. 
The experimental p r o f i l e s  again exh ib i t  a smaller wave height  and 
smaller  f r o n t  f a c e  slope,  but no t i ce  a t  x / h =  26.63 t h e  experimental 
wave height  i s  s l i g h t l y  g rea te r  than t h e  wave height  predicted by 
t h e  nonlinear nondispersive theory and on the  back face  of t h e  wave 
the re  is  a small trough ind ica t ing  a second wave is  beginning to  
emerge. 
I n  Fig. 5.64 the  nonlinear nondispersive theory is  omitted 
because i t  p r e d i c t s  the  wave breaks between x/h2=26.63 and 31.07. 
This f i g u r e  shows the re  i s  a considerable d i f fe rence  between the  
r e s u l t s  of t h e  experiment and those of t h e  nonlinear d ispers ive  
theory; some poss ib le  reasons f o r  t h i s  a r e  proposed a s  follows. 
A s  t h e  wave propagates from deep water i n t o  shallow water one 
would expect boundary l ayer  separa t ion t o  occur on t h e  shelf  c l o s e  
t o  t h e  s t ep .  To inves t iga te  t h i s ,  t h e  water i n  t h e  region of the  
s t e p  was mixed with f i n e  aluminum powder, a wave was generated and 
t h e  r e s u l t i n g  motion of t h e  aluminum p a r t i c l e s  was photographed, The 
r e s u l t s  f o r  an incident  s o l i t a r y  wave of height  HI=2.0 cm propagating 
from a depth h l= 20.5 cm i n t o  a depth h 2 = 5 . 0  cm (a) over t h e  s t e p  
and (b) over t h e  half-sine t r a n s i t i o n  s lope  a r e  presented i n  Fig. 5.65. 
The photographs w e r e  taken a t  i n t e r v a l s  of k sec,  and from l e f t  t o  
r i g h t  show t h e  leading edge, t h e  c r e s t  and t h e  t r a i l i n g  edge of t h e  
wave propagating onto the  s h e l f ,  The s t i l l  water l e v e l  is  denoted 
i n  each photograph by the  hor izonta l  l i n e .  For t h e  s t ep ,  the  region 
of separa t ion appears t o  grow to  be about 60% of t h e  depth on t h e  
s h e l f .  However, t h i s  is reduced t o  about 20% of the  depth when t h e  
Fig. 5.65 Views of the separation caused by a sol i tary wave propagating 
over (a) the step and (b) the half -sine transition, 
(hl= 20.50 cm,  h 2 = 4 . 9 6 ,  H I =  2.0  cm) 
half-sine t r a n s i t i o n  s lope  is  used. 
To examine t h e  e f f e c t  t h e  d i f f e r e n t  regions of separat ion have 
on t h e  height  of t h e  wave a s  i t  propagates, experiments were conducted 
with t h e  s t e p  and wi th  the  half-sine t r a n s i t i o n  and t h e  changing 
height  of t h e  waves a s  they propagate was compared. The r e s u l t s  a r e  
presented i n  Fig. 5.66 where f o r  four d i f f e r e n t  depths on the  shel f  
t h e  r e l a t i v e  wave height ,  H/h2, is  p lo t t ed  a s  a function of the  
r e l a t i v e  d i s t ance  from t h e  edge of t h e  s h e l f ,  x/h2. For each of 
t h e  experiments t h e  inc ident  s o l i t a r y  wave had a r e l a t i v e  height  of 
HI/hl= 0.1. The transmitted waves, i . e . ,  t he  waves a t  x =  0, evidently 
have almost t h e  same height  f o r  t h e  s t e p  a s  they do f o r  t h e  half-sine 
t r a n s i t i o n .  I n  f a c t ,  a s  is  shown i n  Table 5.9 which compares the  
transmitted wave da ta ,  t h e  shape of t h e  transmitted waves i n  t h e  
form of t h e  transmitted wave frequency, QT, a l s o  i s  e s s e n t i a l l y  the  
same f o r  t h e  s t e p  a s  i t  is f o r  t h e  half-sine t r a n s i t i o n .  Thus, a s  
was noted i n  Section 5.3.1 t h e  t r a n s i t i o n  s lope  has no e f f e c t  on the  
transmitted wave. However, f o r  t h e  smaller depths, i . e . ,  h2 = 7.77 
and 6.22 cm, t h e  height  of t h e  wave propagating on t h e  shel f  which 
had propagated over t h e  half-sine t r a n s i t i o n  increases  f a s t e r  than 
t h e  wave which had propagated over t h e  s tep .  This r e f l e c t s  the  e f f e c t  
of t h e  d i f f e r e n t  ex ten t s  of t h e  zone of boundary l ayer  separa t ion 
shown i n  Fig. 5.65. 
I n  addi t ion ,  d i s s i p a t i o n  due t o  f r i c t i o n  on t h e  sidewalls  and 
t h e  bottom which would be expected t o  be common t o  waves both from 
t h e  s t e p  and from t h e  half-sine t r a n s i t i o n  causes t h e  wave height  t o  
Fig.  5.66 Var ia t ion  of t h e  r e l a t i v e  he ight ,  H/h2, of a wave a s  i t  
propagates on t h e  s h e l f .  Comparison of experiments i n  
which t h e  s t e p  was used wi th  those i n  which t h e  ha l f -s ine  
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Table 5.9 Comparison of t h e  t r ansmi t t ed  wave d a t a  f o r  t h e  experiments 
presented  i n  Fig.  5.66. 
be  l e s s  than  t h e  t h e o r i e s  p r e d i c t .  The cumulative e f f e c t  on t h e  shape 
of t h e  wave which f r i c t i o n  may have i s  pos tu l a t ed  i n  t h e  fol lowing way. 
I f  t h e  shape of t h e  wave i s  changing i n  a way which i s  p ropor t iona l  t o  
t h e  wave h e i g h t ,  and t h e  wave he igh t  is  decreas ing  because of f r i c t i o n ,  
then  t h e  shape of t h e  wave w i l l  be  d i f f e r e n t  t han  i f  f r i c t i o n  were absen t .  
Hence, t h e  d i f f e r e n c e s  between experiment and theory exhib i ted  i n  
Fig.  5.64 a r e  a t t r i b u t e d  t o  d i s s i p a t i v e  e f f e c t s .  Thus, i n  view of t h e s e  
problems and of t h e  d i f f i c u l t y  of a c c u r a t e l y  p re sc r ib ing  t h e  t ransmi t ted  
wave, f u r t h e r  a n a l y s i s  of t h e  propagat ion of a sech2 wave was conducted 
by a n a l y t i c a l  means. Asmentioned e a r l i e r ,  f o r  some d i s t a n c e  from t h e  s t e p  
t h e  non l inea r  d i s p e r s i v e  theory  and t h e  non l inea r  nondispersive theory  
appear  t o  p r e d i c t  t h e  same r e s u l t s .  However, t h e  t h e o r i e s  even tua l ly  
d ive rge  and t h e  d i s t a n c e  which t h e  wave has t r a v e l l e d  when they d iverge  
a g iven  amount r e p r e s e n t s  t h e  propagat ion d i s t a n c e  necessary f o r  d i sper -  
s i v e  e f f e c t s  t o  become important.  To f i n d  t h i s  d i s t a n c e  i t  was necessary  
t o  propagate  waves wi th  both  t h e o r i e s  and determine t h e  l o c a t i o n  a t  
which they  diverged.  F o r t h i s  s tudy  t h e  l o c a t i o n  of t h e  d i v e r g e n c e o f t h e  
theor ies  was defined as the  point  a t  which the  U r s e l l  Numbers defined 
by Eq. (5.23) became d i f f e r e n t  by 10%. The Urse l l  Number was used 
because i t  is  s e n s i t i v e  t o  changes i n  both the  maximum slope of t h e  
Wave, h t l m a x s  and the  maximum wave amplitude, r b x .  The l a t t e r  i s  
of p a r t i c u l a r  importance because t h e  nonlinear nondispersive theory 
p r e d i c t s  the  amplitude of t h e  c r e s t  remains constant ,  hence any change 
i n  t h e  c r e s t  he ight  ind ica tes  d i spe rs ive  e f f e c t s  have become important. 
However d i f fe rences  i n  t h e  maximum s lope of the  wave a l s o  ind ica te  a 
d i f fe rence  i n  t h e  theor ies  so  i t s  e f f e c t  needs t o  be included a l s o .  
The problem of comparing t h e  two theor ies  f o r  waves given by 
Eq. (5.26) wi th  var ious  heights  and frequencies is  s impl i f ied  
considerably by r e c a l l i n g  t h a t  t h e  nonlinear nondispersive theory i s  
independent of t h e  nondimensional frequency C i T q  . Hence, f o r  a 
p a r t i c u l a r  r e l a t i v e  wave height  %/h2 t h e  so lu t ion  is  the  same f o r  
a l l  frequencies,  nT-, providing t h e  independent va r iab les  x and t 
a r e  normalized with respect  t o  t h e  frequency ( i .e . ,  CiTx/ Jghl and nTt  
r espec t ive ly ) .  The propagation d i s t ance  over which most of t h e  
numerical experiments were conducted was t h e  d i s t ance  the  nonlinear 
nondispersive theory p red ic t s  t h e  wave w i l l  t r a v e l  from t h e  point  a t  
which i ts  t i m e  record i s  given by Eq. (5.26) t o  t h e  point  a t  which 
t h e  maximum slope,  I a I is i n f i n i t e ,  i.e., t h e  wave breaks. This t max' 
d is tance ,  denoted xb, i s  p lo t t ed  a s  a funct ion of the  r e l a t i v e  wave 
height ,  HT/h2, i n  Fig. 5.67 where t h e  ordinate  i s  the  normalized 
d i s t ance  CiTxb/&. The re la t ionsh ip  p lo t t ed  i n  Fig. 5.67 cannot 
be  expressed i n  closed form (see Appendix E) ; however, f o r  ~ ~ / h ~  < 0.05, 
Fig. 5.67 Theoretical variation of the distance a sech2 wave 
propagates to breaking, nTxb/ &, with relative wave 
height, HT/h2. 
t h e  curve i n  Fig. 5.67 i s  e s s e n t i a l l y  l i n e a r  and i s  given by the  
r e l a t i o n s h i p  : 
The s ign i f i cance  of Eq.  (5.28) f o r  waves with small height ,  i . e . ,  
HT/h2<0.05, w i l l  be discussed p resen t ly ,  
Comparisons of propagation by t h e  two theor ies  f o r  r e l a t i v e  wave 
heights  HT/h2=0.1, 0,3 and 0.5 a r e  presented i n  Figs. 5.68, 5.69 
and 5.70 i n  each of which the  quant i ty  UQ; h2/g i s  plot ted  a s  a func- 
t i o n  of t h e  propagation d i s t ance  normalized with respect  t o  the  
d i s t ance  to  breaking, x/xb The ordinate ,  uQ; h2/g, where U i s  
defined by Eq. (5.23), can be thought of a s  an U r s e l l  Number i n  which 
t h e  t i m e  used i s  t h e  normalized time QTt, since:  
I n  each of t h e  f i g u r e s  t h e  lower curve corresponds to  t h e  nonlinear 
nondispersive theory. (Using t h e  ordinate ,  Q$h2/g, t h i s  is a s i n g l e  
curve f o r  a l l  values of t h e  frequency QT.) The theory p red ic t s  t h e  
quanti ty uQ$h2/g decreases a s  t h e  wave propagates which corresponds 
t o  t h e  f r o n t  f a c e  of t h e  wave steepening, i. e. ,  In t  lmax increases.  
Eventually ~ S l : h ~ / ~  becomes zero when t h e  f r o n t  f a c e  becomes v e r t i c a l  
and t h e  wave breaks. 
The other  curves i n  t h e  f i g u r e s  a r e  the  v a r i a t i o n  of UQ$h2/g 
Fig.  5.68 Theore t i ca l  v a r i a t i o n  of t h e  Ursell Number, U R $ ~ ~ / ~ ,  w i th  
propagat ion d i s t a n c e ,  x/xb,  f o r  an i n i t i a l  r e l a t i v e  wave 
he igh t  of HT/h2=0.1;  non l inea r  d i s p e r s i v e  and nondispers ive  
t h e o r i e s .  
Fig .  5.69  Theoretical var ia t ion of the Ursell  Number, U R $ ~ ~ / ~ ,  with 
propagation distance,  x/xb, for  an i n i t i a l  r e l a t i ve  wave 
height of HT/h2= 0.3; nonlinear dispersive and nondispersive 
theories.  
Fig.  5.70 Theore t i ca l  v a r i a t i o n  of t h e  U r s e l l  Number, ~ f i $ h ~ / ~ ,  wi th
propagat ion d i s t a n c e ,  x/xb, f o r  an i n i t i a l  r e l a t i v e  wave 
he igh t  of HT/hZ=0.5 ;  non l inea r  d i s p e r s i v e  and nondispers ive  
t h e o r i e s .  
with propagation d i s t ance  ca lcula ted  by t h e  nonlinear d ispers ive  
theory f o r  frequencies r e l a t i v e  t o  t h e  frequency of t h e  s o l i t a r y  
wave, as, of Cl /a = I., 112, 114 and 118. These correspond t o  T s 
waves which a r e  l e s s  peaked than the  s o l i t a r y  wave of the  same height .  
Clear ly ,  i f  t h e  wave a t  x = O  i s  a s o l i t a r y  wave, t h e  nonlinear 
d i spe rs ive  theory p red ic t s  t h e  quant i ty  lJCl$h21g w i l l  remain constant.  
However, Figs.  5.67 t o  5.70 show i f  t h e  frequency of t h e  wave a t  
x = O  i s  less than t h e  frequency of t h e  s o l i t a r y  wave of t h e  same 
height ,  t h e  quant i ty  ~ C l $ h ~ / ~  decreases a s  the  wave propagates. This 
corresponds p a r t l y  t o  t h e  steepening of t h e  f r o n t  f ace  of the  wave a s  
f o r  t h e  nonlinear nondispersive theory but ,  i n  addi t ion ,  d ispers ive  
e f f e c t s  cause the  wave height  t o  increase  (as  was evident i n  Figs. 
5.60 and 5.61); t h e  combination r e s u l t s  i n  ~ C l $ h ~ / ~  increasing r e l a t i v e  
t o  t h e  nonlinear nondispersive theory f o r  t h e  same propagation dis tance .  
The curves tend asymptotical ly t o  t h e  value of uCl;h21g f o r  a s o l i t a r y  
wave (denoted uSCl$h2lg) which is  reached when t h e  leading wave emerges 
from t h e  group. ~ ~ a $ ~ / ~  i s  l i s t e d  i n  t h e  column a t  the  r i g h t  of 
each f i g u r e .  
The d i s t ance  to  t h e  point  a t  which t h e  theor ies  diverge by lo%,  
xd, (i.e., t h e  propagation d i s t ance  f o r  d i spe rs ive  e f f e c t s  to become 
important) i s  presented i n  t h e  t a b l e s  i n  Figs. 5.68 t o  5.70 a s  xd/h2 
and xd/xb. From the  data ,  an approximate re la t ionsh ip  f o r  xd/h2 a s  a 
funct ion of t h e  r e l a t i v e  wave height ,  HT/h2 and the  r e l a t i v e  frequency, 
R ~ / Q ~ ~  can be determined. Using regress ion ana lys i s ,  the  expression: 
was found t o  g i v e  t h e  b e s t  f i t  of t h e  d a t a ,  w i t h  c o e f f i c i e n t  of 
de te rmina t ion  of r2 = 0.9988. This  equat ion  along wi th  t h e  numerical 
d a t a  used t o  o b t a i n  i t  a r e  p l o t t e d  i n  Fig. 5.71. 
For a s o l i t a r y  wave propagat ing onto  a s h e l f ,  i f  i t  i s  assumed 
t h e  frequency, QT, and t h e  he igh t ,  HT, of t h e  t ransmi t ted  wave a r e  
t h e  same a s  t hose  of t h e  i n c i d e n t  wave, as w a s  shown t o  be  approximate- 
l y  t r u e  i n  Sec t ion  5.3.1, t h e  r a t i o  of f r equenc ie s  i s  given by 
Qs/QT % hl/h2 and Eq. (5.30) becomes : 
ar, i n  terms of  t h e  i n c i d e n t  wave: 
The u s e  of Eqs. (5.30) and (5.31) i s  r e s t r i c t e d  t o  t h e  range of t h e  
d a t a  used t o  o b t a i n  them, i . e . ,  0 .1<HT/h2< 0.5 and O T < Q s  . ( I t  was 
no t  r e a l i s t i c  t o  gene ra t e  d a t a  f o r  waves wi th  r e l a t i v e  he igh t s  
HT/h2<0 .1  because t h e  d i s t a n c e  t o  breaking,  which i s  given by 
Eq. (5.28) i n  t h i s  ca se ,  becomes p r o h i b i t i v e l y  l a r g e  and t h e  numerical 
s o l u t i o n  of t h e  nonl inear  d r s p e r s i v e  theory  r e q u i r e s  thousands of t ime 
s t e p s  i n s t e a d  of t h e  hundreds of t i m e  s t e p s  requi red  f o r  waves wi th  
Fig. 5 .71 Theoretical  va r i a t i on  of the  dis tance  f o r  d ispers ive  e f f e c t s  
t o  become important, xd/h2, with r e l a t i v e  wave height ,  
T3*/h2 
For t h e  sech2 waves considered, t h e  d i s t ance  f o r  nonlinear e f f e c t s  
t o  become important can be ca lcula ted  i n  a manner s imi lar  t o  the  way the  
d i s t ance  f o r  d i spe rs ive  e f f e c t s  t o  become important was ca lcula ted .  
This involves propagating a wave by t h e  l i n e a r  nondispersive theory 
and by the  nonlinear nondispersive theory and f inding t h e  d is tance ,  
x f o r  t h e  q u a n t i t i e s  ~ Q i h ~ / ~  t o  become d i f f e r e n t  by 10%. Recall ,  
n ' 
t h e  l i n e a r  nondispersive theory p red ic t s  the  wave r e t a i n s  i t s , o r i g i n a l  
shape, hence f o r  t h i s  theory u Q $ ~ ~ / ~  is  constant .  For t h e  nonlinear 
nondispersive theory, t h e  propagation d i s t ance  f o r  uS2$h21g t o  change 
by 10% can be expresses a n a l y t i c a l l y  but not i n  closed form (see 
Appendix E) . Hence the  nondimensional d i s t ance  p x n /  6 i s  
presented graphical ly  a s  a funct ion of t h e  r e l a t i v e  wave height ,  
HT/h2, i n  Fig. 5.72. Notice t h e  s i m i l a r i t y  i n  t h e  shape of t h e  curve 
t o  t h a t  of t h e  curve i n  Fig. 5.67 which is f o r  t h e  nondimensional 
d i s t ance  t o  breaking f i T x b / 6 .  AS f o r  t h a t  curve, t h e  curve i n  
Fig. 5.72 i s  e s s e n t i a l l y  l i n e a r  f o r  HT/hZ < 0.05 and i s  given by t h e  
approximate r e l a t i o ~ s h i p  : 
Comparison wi th  Eq. (5.28) f o r  t h e  d i s t ance  t o  breaking shows the  
d i s t ance  f o r  nonlinear e f f e c t s  t o  become important is  approximately 
1/20 of t h e  d i s t ance  t o  breaking, i . e . ,  xnzxb/20.  
To summarize t h e  r e s u l t s  of t h i s  sec t ion,  when a wave of sech2 
shape propagates onto a s h e l f ,  i n i t i a l l y ,  f o r  a d i s t ance  xn (given 
Fig. 5.72 Theoretical  va r i a t i on  of the  - dis tance  f o r  nonlinear e f f e c t s  
t o  become important, nTx,/ dgh2 , with r e l a t i v e  wave height ,  
HT/h2 
by Fig.  5.72 o r  Eq.  (5.32) t h e  l i n e a r  nondispers ive  theory  app l i e s ;  
b u t  i f  t h e  propagat ion d i s t a n c e  exceeds xn t h e  nonl inear  nondispersive 
theory  must be  used. This  theory is  a p p l i c a b l e  f o r  a propagat ion 
d i s t a n c e  xd (given by Fig.  5.71 o r  Eq. (5.30)) when t h e  nonl inear  
d i s p e r s i v e  theory  must be  used. 
5.4.2 The Propagat ion of Cnoidal Waves on t h e  Shelf 
A s  cno ida l  waves propagate  over a s t e p  onto a s h e l f ,  t h e  
per iod  appears  t o  remain cons t an t  ( f o r  a s imple proof of t h i s  f o r  
l i n e a r  waves, t h e  i n t e r e s t e d  r eade r  i s  r e f e r r e d  t o  Ippen (1966) p.  21),  
and it was shown i n  Sec t ion  5.3.2 t h e  he igh t  of t h e  t ransmi t ted  wave 
is  approximately t h e  same a s  t h a t  of t h e  i n c i d e n t  wave. Hence, t h e  
Ursell Number, de f ined  as g ~ ~ 2 / h 2 ,  i n c r e a s e s  by a f a c t o r  of (hl/h2)2 
as t h e  waves propagate  onto t h e  s h e l f .  However, as w a s  shown i n  
Fig.  3.4 i n  Sec t ion  3.1, a p a r t i c u l a r  U r s e l l  Number completely de f ines  
t h e  shape of t h e  cno ida l  waves i n  terms of t h e  r e l a t i v e  amplitude, 
n /H ,  as a f u n c t i o n  of t h e  r e l a t i v e  time, t/T. Thus, s i n c e  t h e  t rans-  
mi t t ed  waves have a n  U r s e l l  Number d i f f e r e n t  from t h a t  of t h e  cnoida l  
waves of t h e  same shape, t h e  t r ansmi t t ed  waves cannot be cnoida l  
waves. Therefore ,  s i n c e  only  cno ida l  and s o l i t a r y  waves propagate  
w i t h  permanent form, t h e  shape of t h e  t r ansmi t t ed  waves must change 
as they  propagate  on t h e  s h e l f .  
To i n v e s t i g a t e  t h e  way i n  which t h i s  t akes  p l ace ,  experiments 
were conducted i n  which cnoida l  waves were generated i n  a depth of 
h1=20.23 cm and allowed t o  propagate  over  a s t e p  onto a she l f  where 
t h e  dep th  was h 2 = 4 . 6 9  cm. The waves were recorded a t  f i v e  loca t ions :  
a t  t h e  s t e p  and a t  1 .0  m i n t e r v a l s  downstream on t h e  s h e l f .  The 
r e s u l t i n g  o s c i l l o g r a p h  records  a r e  presented  i n  Fig. 5.73 which shows 
t h r e e  experiments i n  which t h e  r e l a t i v e  he igh t  of t h e  t ransmi t ted  
waves w a s  kep t  cons t an t  a t  HT/h2=0.28 and t h e  period was va r i ed  
(T- = 42.1, 57.1 and 77.4) and i n  F ig .  5.74 which shows t h r e e  
experiments i n  which t h e  per iod  was kep t  cons tan t  a t  T- = 57.1 
and t h e  r e l a t i v e  he igh t  of t h e  t r ansmi t t ed  wave was va r i ed  (HTh2=0.16, 
0.28 and 0.50). 
I n  Fig. 5.73 which shows t h e  experiments i n  which t h e  wave he igh t  
was he ld  cons t an t ,  t h e  t r ansmi t t ed  waves ( i . e . ,  x / h 2 = 0 )  f o r  each 
experiment e v i d e n t l y  have d i f f e r e n t  shape; t h e  ampli tude of t h e  t rough 
dec reases  from 50% of t h e  wave h e i g h t  f o r  t h e  record a t  t h e  l e f t  
of t h e  f i g u r e  ( i .  e . ,  f o r  T- = 42 . I )  t o  35% of t h e  wave he ight  f o r  
t h e  r eco rd  a t  t h e  r i g h t  of t h e  f i g u r e  ( i . e . ,  f o r  T J g l h 2  = 77.4). The 
t r ansmi t t ed  waves are approximately symmetrical about  t h e  c r e s t ,  bu t  
21.3 depths  downstream, f o r  t h e  t h r e e  c a s e s  t h e  f r o n t  f a c e  of t h e  waves 
is  s t e e p e r  t han  t h e  back f a c e .  A t  x / h 2 = 4 2 . 6  secondary t roughs appear 
on t h e  back f a c e  of t h e  waves and a s  t h e  waves propagate  secondary 
waves emerge i n  a manner s i m i l a r  t o  what was seen  t o  occur f o r  s o l i t a r y  
waves (e.g., see Fig .  5.58) except  t h a t  i n  t h i s  c a s e  t h e  wave groups 
are p e r i o d i c  and t h e r e  i s  a t rough below s t i l l  water  l e v e l .  Although 
t h e  number of waves emerging i s  d i f f e r e n t  f o r  each experiment, t h e  
development of t h e  secondary waves appears  t o  be  s i m i l a r  f o r  each 
experiment,  namely, t h e  f r o n t  f a c e  s teepens  and secondary troughs 
emerge on t h e  back f a c e  a f t e r  t h e  same d i s t a n c e  of propagat ion i n  each 
case .  

I n  addi t ion ,  although t h e  shape of t h e  waves a t  x /h2=85 .3  is 
d i f f e r e n t  f o r  each experiment, t h e  height  of t h e  waves measured from 
t h e  main c r e s t  t o  t h e  main trough is the  same (H/h2=0.30) and t h e  
amplitude of t h e  main trough i s  23% of the  wave height  f o r  a l l  th ree  
experiments. This i s  somewhat su rpr i s ing  because, i t  w i l l  be reca l l ed ,  
t h e  amplitudes of t h e  troughs of t h e  transmitted waves varied from 
50% of t h e  wave height  t o  35% of t h e  wave height .  It may be inferred  
from these  experiments the  wave period governs t h e  number of secondary 
c r e s t s  which emerge but i t  is t h e  wave height  which determines the  
manner i n  which t h e  waves propagate. 
This i s  i l l u s t r a t e d  f u r t h e r  i n  Fig.  5.74 which shows the  records 
of t h e  experiments i n  which t h e  period was s e t  a t  TJgIh2= 57.1 and 
t h e  wave height  was var ied .  I n  these  experiments a l s o ,  t h e  transmitted 
waves have d i f f e r e n t  shape but i n  each case the  waves a r e  approxi- 
mately symmetrical about t h e  c r e s t .  A s  the  waves propagate, the  f r o n t  
f ace  steepens then secondary troughs appear on t h e  back face  of t h e  
waves and f i n a l l y  secondary waves emerge. The height  of the  trans-  
mi t ted  waves approximately doubles between each experiment and it i s  
i n t e r e s t i n g  t o  compare the  shapes of t h e  waves a f t e r  they have 
propagated d i s t ances  proport ional  t o  t h e  inverse  of t h e  r e l a t i v e  height  
of t h e  transmitted wave, i . e . ,  x /h2 a (HT/h2)-'. For example, comparing 
t h e  waves a t  x/h2 = 85.3 of t h e  record a t  t h e  l e f t  ( ~ ~ / h ~  = 0.16) with 
those a t  x /h2=42 .6  of the  record i n  t h e  center  (HT/h2=0.28) with 
those a t  x / h 2 = 2 1 . 3  of t h e  record a t  t h e  r i g h t  (HT/h2=0.50), the  
shape of t h e  waves appears s imi la r  with a secondary trough j u s t  

beginning t o  emerge on t h e  back f a c e  of t h e  wave. S imi l a r ly  comparing 
t h e  waves a t  x / h 2 = 8 5 . 3  of t h e  record  i n  t h e  c e n t e r  wi th  those  a t  
x / h 2 = 4 2 . 6  of t h e  record  a t  t h e  r i g h t ,  t h e  shape i n  t h i s  case  a l s o  
appears  similar, wi th  t h r e e  c r e s t s  ev ident  and a number of o t h e r  
c r e s t s  emerging. Hence, a s  was found f o r  t h e  c a s e  of s o l i t a r y  waves 
propagat ing onto a s h e l f ,  when cno ida l  waves propagate  onto a she l f  
t h e  propagat ion  d i s t a n c e  f o r  non l inea r  and d i s p e r s i v e  e f f e c t s  t o  
occur  i s  approximately p ropor t iona l  t o  t h e  i n v e r s e  of t he  r e l a t i v e  
wave he igh t .  
The numerical s o l u t i o n  of t h e  non l inea r  d i s p e r s i v e  theory,  i n  
p r i n c i p l e ,  i s  no d i f f e r e n t  f o r  t h i s  problem than  f o r  t h e  ca se  of 
s o l i t a r y  waves propagat ing on t h e  s h e l f .  However, t h e  d i s c r e t i z a t i o n  
i n t e r v a l ,  i.e., t h e  t ime s t e p ,  must be made s m a l l  enough t o  desc r ibe  
each wave emerging i n  t h e  group. Hence, f o r  wave groups which break 
up i n t o  many waves, t h e  time s t e p  must be  made s m a l l ,  which impl ies  
l a r g e  numbers of c a l c u l a t i o n s .  An example of t h e  numerical s o l u t i o n  
of t h e  nonl inear  d i s p e r s i v e  theory  f o r  cno ida l  waves i s  presented 
i n  Fig.  5.75, where t h e  theory  i s  compared w i t h  a po r t ion  of t h e  
experiment shown a t  t h e  r i g h t  i n  Fig.  5.74, i . e . ,  f o r  %/h2=0.50 .  
The experiment and t h e  theory  ag ree  q u i t e  w e l l  w i th  regard  t o  t h e  
l ead ing  wave, however t h e  theory p r e d i c t s  t h e  emergence of secondary 
waves on waves f u r t h e r  back i n  t h e  group occurs  more r a p i d l y  than  
observed i n  t h e  experiment. One p o s s i b l e  reason f o r  t h i s  i s  t h e  
d i s s i p a t i v e  e f f e c t s  which were mentioned e a r l i e r  when cons ider ing  
s o l i t a r y  waves propagat ing on t h e  s h e l f .  I n  s p i t e  of t h e s e  e f f e c t s  
t h e  o v e r a l l  behavior  ag rees  between experiment and theory.  

5.5 Waves Propagat ing Off t h e  Shelf  
Although i t  i s  o u t s i d e  t h e  scope of t h i s  i n v e s t i g a t i o n ,  t h e  
process  of waves propagat ing from shal low i n t o  deeper water over a 
s t e p  i s  presented  f o r  a s i n g l e  c a s e  t o  demonstrate one way by which 
i t  can be  t r e a t e d .  
I n  a n  experiment s i m i l a r  t o  t h a t  shown i n  F ig .  5.2, a s o l i t a r y  
wave w a s  genera ted  and allowed t o  propagate  over  a s t e p  and onto t h e  
s h e l f .  The r e f l e c t e d  wave from t h e  she l f  was t rapped by dropping a 
g a t e  a f t e r  i t  had passed. The main wave r e f l e c t e d  o f f  t h e  r e a r  wal l  
of t h e  tank  and propagated back towards t h e  s t e p  sepa ra t ing  i n t o  a 
group of s o l i t a r y  waves i n  a manner s i m i l a r  t o  t h a t  shown i n  Fig.  5.2. 
Wave gauges w e r e  l oca t ed  a t  t h e  s t e p  and a t  f o u r  o t h e r  l o c a t i o n s  
2.4 m a p a r t  i n  t h e  reg ion  downstream of t h e  s t e p  where t h e  depth was 
h l=21 .73  cm. The waves w e r e  recorded on t h e  osc i l l og raph  and on an 
AID conve r t e r  and a r e  presented  as t h e  s o l i d  curves  i n  Fig. 5.76. 
The wave group a t  t h e  s t e p  (x/hl = 0) c o n s i s t s  of fou r  s o l i t a r y  waves 
and a t a i l  which g radua l ly  decreases  i n  ampli tude and from which more 
s o l i t a r y  waves may have emerged i f  propagat ion i n  cons tan t  depth had 
cont inued,  I n  f a c t ,  t h e  depth increased  ab rup t ly  t o  be 3.5 t imes 
t h a t  on t h e  s h e l f .  Hence, f o r  any of t h e  waves w i t h i n  t h e  group, 
t h e  Ursell Number g iven  by Eq. (5.23) was reduced t o  1/12 ( i . e . ,  
(h2/h1) 2, t h a t  on t h e  s h e l f .  Thus, d i s p e r s i v e  e f f e c t s  became more 
important  than  nonl inear  e f f e c t s  and t h i s  i s  r e f l e c t e d  i n  t h e  wave 
r eco rds  a s  t h e  group propagated i n  t h e  deep water .  
EXPERIMENT 
- - - - - - -  LINEAR DISPERSIVE THEORY 
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Fig. 5.76 Comparison f o r  t h e  propagation of s o l i t a r y  waves off t h e  
she l f  i n t o  deep water between experiment and t h e  l i n e a r  
d i s p e r s i v e  theory.  
The dashed curves  i n  Fig.  5.76 a r e  t h e  l i n e a r  d i s p e r s i v e  theory 
and were c a l c u l a t e d  from the wave record  a t  x / h l =  0 us ing  t h e  d i spe r -  
s i o n  r e l a t i o n  i n  Eq .  (3.15).  The shape of t h e  waves predic ted  by t h e  
. theory  ag rees  w e l l  w i th  t h e  experiment,  p a r t i c u l a r l y  f o r  t h e  longer  
waves a t  t h e  f r o n t  of t h e  t r a i n  as would be  expected s i n c e  t h e  d i spe r -  
s i o n  r e l a t i o n ,  Eq. ( 3 . 1 5 ) , i s  a v a l i d  approximation f o r  long waves only. 
However, t h e r e  i s  a d i f f e r e n c e  i n  t i m e  between t h e  t h e o r e t i c a l  and t h e  
experimental  t i m e  r eco rds  wi th  t h e  theory  p r e d i c t i n g  a g r e a t e r  c e l e r i t y  
than  t h e  experiment e x h i b i t s  and t h e  d i f f e r e n c e  i n c r e a s e s  wi th  propa- 
g a t i o n  d i s t a n c e .  The reasons  f o r  t h e  t ime s h i f t  a r e  not  understood b u t ,  
a p a r t  from t h i s ,  t h e  behavior i s  p red ic t ed  w e l l  by t h e  l i n e a r  d i s p e r s i v e  
theory .  
5.6 App l i ca t ion  of t h e  Resu l t s  t o  t h e  Tsunami Problem 
I n  t h i s  s e c t i o n ,  t h e  r e s u l t s  presented  i n  prev ious  s e c t i o n s  
a r e  app l i ed  t o  t h e  problem of a tsunami propagat ing onto t h e  con- 
t i n e n t a l  s h e l f ,  
A t y p i c a l  c ross -sec t ion  of t h e  c o n t i n e n t a l  s l o p e  of f  t h e  coas t  
of C a l i f o r n i a  is  shown i n  Fig.  5.77 where, f o r  c l a r i t y ,  t h e  v e r t i c a l  
s c a l e  has  been d i s t o r t e d ;  t h e  c o n t i n e n t a l  s lope  o f f  New Zealand has 
similar c h a r a c t e r i s t i c s .  The depth  i n  t h e  deep ocean v a r i e s  from 
2700 t o  3900 m w i t h  a n  average of 3500 m. Defining t h e  s t a r t  of t h e  
c o n t i n e n t a l  s h e l f  t o  occur  where t h e  contours  begin t o  i nc rease  
t h e i r  spacing markedly, t h e  depth  on t h e  s h e l f  a t  t h e  shelf-break is  
found t o  be  about  1000 m. Hence, t h e  r a t i o  of t h e  depth  i n  t h e  deep 
ocean t o  t h a t  on t h e  shelf-break, hl/h2, v a r i e s  from 2.7 t o  3.9. The 
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Fig .  5.77 Schematic drawing of t h e  c o n t i n e n t a l  s lope  of f  t h e  coas t  
of Ca l i fo rn i a .  
A problem i n  applying t h e  r e s u l t s  of t h i s  chapter  t o  t h e  tsunami 
problem is t h a t  each  tsunami i s  unique; t h e  form i t  t akes  depends 
both  on t h e  ear thquake which generated i t  and on i t s  propagation 
from t h e  gene ra t ion  region.  Furthermore, three-dimensional e f f e c t s  
i n  t h e  propagat ion,  which were no t  considered i n  t h i s  i n v e s t i g a t i o n ,  
probably are important .  
An assumption sometimes made i n  t h e  a n a l y s i s  of tsunamis i s  
t h a t  t h e  tsunami t a k e s  t h e  form of a s o l i t a r y  wave. I n  f a c t ,  
Hammask and Segur (1974) show t h i s  w i l l  b e  t r u e  only  i f  t h e  i n i t i a l  
wave has non-negative n e t  volume and t h e  wave has propagated a 
s u f f i c i e n t  d i s t a n c e  f o r  t h e  s o l i t a r y  wave t o  emerge. However, i f  
t h e  i n i t i a l  wave has  nega t ive  n e t  volume, no s o l i t a r y  waves w i l l  
emerge and i f  i t  has  zero n e t  volume s o l i t a r y  waves may o r  may not  
emerge depending on t h e  d e t a i l e d  s t r u c t u r e  of t h e  i n i t i a l  wave. 
Furthermore, Hammack and Segur (1978) p o s t u l a t e  t h a t  t h e  maximum 
d i s t a n c e  of propagat ion p o s s i b l e  a c r o s s  any ocean i s  no t  s u f f i c i e n t  
f o r  s o l i t a r y  waves t o  emerge. Hence, t h e  assumption of a tsunami 
having t h e  form of a s o l i t a r y  wave may no t  be  accu ra t e .  However, 
bo th  tsunamis and s o l i t a r y  waves a r e  long waves; t h e r e f o r e ,  t h e  
behavior  of bo th  is  descr ibed  by t h e  long wave equat ions  and i t  i s  
on t h i s  b a s i s  t h e  a p p l i c a t i o n  of t h e  r e s u l t s  of t h e  present  s tudy 
t o  tsunamis i s  made. 
To apply  t h e  r e s u l t s ,  some assumption must be made wi th  r e spec t  
t o  t h e  wave he igh t  of t h e  tsunami i n  t h e  deep ocean near  t h e  s lope .  
Following t h e  example used by Hammack and Segur (1978), i n c i d e n t  
wave he igh t s ,  HI, of 0.35 m and 3.5 m w i l l  be  considered. Assuming 
t h e  dep th  i n  t h e  deep ocean is  3500 m t h i s  impl ies  r e l a t i v e  inc iden t  
wave he igh t s ,  ~ = / h ~ ,  of 1 x lov4  and 1 x r e s p e c t i v e l y .  
For r e f l e c t i o n ,  as w a s  shown i n  Sec t ion  5.2,  t h e  l i n e a r  
nondis.persive theory and t h e  nonl inear  d i s p e r s i v e  theory agree  
- 
w e l l  except  f o r  l a r g e  waves propagat ing over  s m a l l  depth r a t i o s .  
Hence, t h e  r e f l e c t i o n  c o e f f i c i e n t  f o r  t h e  l i n e a r  theory as shown i n  
Fig.  5.40 i s  a p p l i c a b l e  t o  t h e  assumed he ight  of t h i s  example. Thus, 
f o r  a  depth  r a t i o ,  hl/h2, of 3.5, t h e  r e f l e c t e d  wave w i l l  have 30% 
of t h e  volume and up t o  30% of t h e  he igh t  of t h e  inc iden t  wave near 
t h e  s h e l f .  
A s  w i l l  be  r e c a l l e d  from Sect ion  5.3, t h e  t r ansmi t t ed  wave i s  
b e s t  p red ic t ed  by t h e  nonl inear  d i s p e r s i v e  theory;  however, i f  t h e  
l i n e a r  nondispers ive  theory  i s  used, t h e  d i f f e r e n c e  between t h e  
t h e o r i e s  i n  t h e  s l o p e  of t h e  f r o n t  f a c e  of t h e  wave and i n  t h e  wave 
he igh t  a r e  given approximately by Eqs. (5.24) and (5.25). I n  
Table 5.10 t h e s e  d i f f e r e n c e s  a r e  presented f o r  s o l i t a r y  waves wi th  
height:; of HI=0.35 rn and 3.5 m propagat ing over s lopes  wi th  l eng ths  
of L=ILO and 100 km f o r  a  depth  r a t i o  of hl /h2=3.5.  A s  t h e  t a b l e  
shows, f o r  t h i s  example, t h e  d i f f e r e n c e s  a r e  so s m a l l  t h e  l i n e a r  
nondispers ive  theory can be used. (For t h e  nonl inear  d i s p e r s i v e  
theory t o  be necessary,  i . e . ,  f o r  t h e r e  t o  be a  10% d i f f e r e n c e  i n  
t h e  s lopes ,  t h e  inc iden t  wave he igh t ,  HI, would have t o  be 175 m.) 
E q s ,  (5.24) and (5.25),  developed f o r  s o l i t a r y  waves, a r e  
app l i ed  t o  an  a r b i t r a r y  wave t o  determine t h e  c h a r a c t e r i s t i c  l eng th ,  
R, which would be necessary f o r  t h e  t h e o r i e s  t o  be d i f f e r e n t  by 1%. 
1nspect:ion of t h e  equat ions  i n d i c a t e s  t h e  d i f f e r e n c e  w i l l  be a  
maximuni when t h e  l eng th  r a t i o  and t h e  wave he ight  r a t i o  both a r e  
Table 5.10 R e l a t i v e  d i f f e r e n c e s  between the  t h e o r i e s  i n  (a) t h e  
s l o p e  of t h e  f r o n t  f a c e  and (b) t h e  t ransmi t ted  wave 
he igh t  f o r  tsunamis which a r e  s o l i t a r y  waves. 
(b) (HT - HT )/HT 
l i n  l i n  
maximurn, hence, t h e  c h a r a c t e r i s t i c  l eng th  ca l cu la t ed  w i l l  r ep re sen t  
t h e  ma~rimum l e n g t h  f o r  t h e  t h e o r i e s  t o  be d i f f e r e n t  by 1%. Using 
a depth  r a t i o  of h l /h2=3 .5 ,  a r e l a t i v e  inc iden t  wave he ight  of 
HI/hl = 1 x and a  s l o p e  l e n g t h  of L = 100 km, t he  maximum charac- 
t e r i s t i c  l e n g t h  is  R = 1 3  la. Thus, f o r  tsunamis wi th  c h a r a c t e r i s t i c  
l eng ths  g r e a t e r  than  1 3  km, which i s  expected w i l l  be  t h e  case ,  
t h e  l i n e a r  and nonl inear  t h e o r i e s  a r e  d i f f e r e n t  by l e s s  than 1%. 
Thus, t:he t r ansmi t t ed  wave probably w i l l  be  pred ic ted  by t h e  l i n e a r  
nondispers ive  theory.  Refer r ing  t o  Fig.  5.50, s i n c e  t h e  maximum 
l e n g t h  r a t i o  of t h e  s l o p e  r e l a t i v e  t o  t h e  wave i s  L/R=0.06,  
(corres~ponding t o  a s l o p e  l e n g t h  of L = 1 0 0  km and a  s o l i t a r y  wave 
he igh t  of HI=3.5  m) t h e  s lope  is  considered abrupt .  This impl ies  
t h e  sha.pe of t h e  t r ansmi t t ed  wave is  t h e  same as t h a t  of t h e  inc iden t  
wave antd t h e  ampli tude i s  sca l ed  by t h e  t ransmiss ion  c o e f f i c i e n t  
given by Eq. (3.114). (KTz1.30 f o r  h l /h2=3.5) .  
Fair sech2 waves propagat ing on a  she l f  w i th  cons tan t  depth,  t h e  
d i s t a n c e  t o  breaking p red ic t ed  by t h e  nonlinear nondispersive theory 
was foulnd t o  be given by Eq .  (5.28).  Thus, f o r  an  inc iden t  s o l i t a r y  
wave wi.th he igh t  of HI= 3.5 m which is t r ansmi t t ed  i n  t h e  manner 
descr ibed  above, t h e  d i s t a n c e  t o  breaking on t h e  s h e l f  where t h e  depth 
i s  assumed t o  be  cons tan t  and equal  t o  1000 m i s  xb = 1.5 x l o 4  km. 
The d i s t a n c e  f o r  nonl inear  e f f e c t s  t o  become important was found t o  
be xn%x /20, thus  xn%700 km. However, as shown i n  Fig. 5.77, t h e  b 
d i s t a n c e  from t h e  c o n t i n e n t a l  s l o p e  t o  t h e  coas t  is only 100 t o  300 km. 
Hence, f o r  a  s h e l f  w i t h  cons tan t  depth,  t h e  l i n e a r  nondispersive theory 
can be used f o r  t h e  propagat ion of t h e  tsunami from t h e  s lope  t o  t h e  
reg ion  near  t h e  coas t  where shoal ing  begins.  ( I t  should be r e a l i z e d  
t h a t  depth  changes on t h e  s h e l f  may be important and shoal ing  e f f e c t s  
may t a k e  p l ace  on t h e  s h e l f  which were no t  t r e a t e d  i n  t h i s  s tudy.)  
From t h e s e  examples i t  may be concluded, because of t h e  small 
relative he igh t  of tsunamis and t h e i r  l a r g e  l eng ths  r e l a t i v e  t o  t h e  
l e n g t h s  of t h e  c o n t i n e n t a l  s lope ,  t h e  propagat ion of tsunamis from 
t h e  deep ocean t o  t h e  c o n t i n e n t a l  shelf-break and f o r  some d i s t a n c e  
onto tlze s h e l f  w i l l  be  p red ic t ed  a s  w e l l  by t h e  l i n e a r  nondispersive 
theory  a s  by t h e  non l inea r  t h e o r i e s .  
CHAPTER 6 
CONCLUSIONS 
Th.e major o b j e c t i v e  of t h i s  s tudy  has been t o  i n v e s t i g a t e ,  
experim.entally and t h e o r e t i c a l l y ,  t h e  propagat ion of long waves onto 
a s h e l f .  The genera t ion  and propagat ion 5.n t h e  l abo ra to ry  of long 
waves of permanent form have been investigated and the experimental 
r e s u l t s  have been compared wi th  t h e  theory .  The propagat ion of 
s o l i t a r y  and cno ida l  waves over a s t e p  onto a she l f  and t h e  propaga- 
t i o n  of s o l i t a r y  waves over a s l o p e  onto a. s h e l f  have been inves t iga t ed  
experimental ly  and a l s o  t h e o r e t i c a l l y  us ing  both t h e  l i n e a r  nondisper- 
s i v e  theory and t h e  nonl inear  d i s p e r s i v e  theory.  (Generally,  t he  
-
experimental  r e s u l t s  i n d i c a t e  t h e  f i n i t e  element technique used t o  
s o l v e  t h e  Boussinesq equat ions  p r e d i c t s  t h e  processes  wel l . )  A 
s i n g l e  ca se  of s o l i t a r y  waves propagat ing o f f  t h e  she l f  i n t o  deep water 
a l s o  has been inves t iga t ed  experimental ly  and t h e o r e t i c a l l y  using t h e  
l i n e a r  d i s p e r s i v e  theory.  
For convenience, t h e  major conclusions drawn from t h i s  s tudy a r e  
arranged i n  t h e  o rde r  i n  which t h e  r e s u l t s  were presented i n  Sec t ion  5: 
The Gen.eration and Propagat ion of Long Waves of Permanent Form i n  a 
Constant Depth 
1. The genera t ion  of a s o l i t a r y  wave without  o s c i l l a t o r y  t r a i l i n g  
waves r e q u i r e s  t h e  p r e c i s e  programming of a wave generator  ( s ee ,  
e.g., Eq. (3.50)).  
2. The shape and c e l e r i t y  of s o l i t a r y  waves generated i n  t h e  
l a b o r a t o r y  a r e  p red ic t ed  w e l l  by t h e  t h e o r i e s  of Boussinesq, 
McCowan and Lai tone  f o r  smal l  r e l a t i v e  wave he igh t s  (H/h<0.3) .  
However, f o r  l a r g e  r e l a t i v e  wave he igh t s ,  i . e . ,  H/h>0.3 ,  t h e  
shape and c e l e r i t y  of t h e  s o l i t a r y  waves a r e  somewhat d i f f e r e n t  
from t h e s e  t h e o r i e s .  
3.  Cnoidal waves a l s o  r e q u i r e  p r e c i s e  programming of a wave 
genera tor  (see,  e.g. ,  Eq. (3.58)); i f  t h e  t r a j e c t o r y  is  incorrect: ,  
secondary waves which t r a v e l  a t  a  d i f f e r e n t  speed from t h e  main 
waves a r e  generated.  
4 .  The shape of cnoida l  waves i s  w e l l  p r ed ic t ed  by t h e  KdV 
equat ion,  bu t  t h e  experimental ly  measured c e l e r i t i e s  a r e  some- 
what l e s s  than those  p red ic t ed  t h e o r e t i c a l l y .  
5. I n  t h e  l abo ra to ry ,  t h e  inne r  waves of a  l i m i t e d  group of 
c a o i d a l  waves propagate  over  s h o r t  d i s t a n c e s  e s s e n t i a l l y  a s  t h e  
theory  p r e d i c t s  an  i n f i n i t e  number of waves would, i.e., without 
change i n  shape. 
6 .  The r educ t ion  of t h e  he igh t  of s o l i t a r y  waves and cnoida l  
waves due t o  f r i c t i o n  is  accompanied by corresponding changes i n  
t h ~ e  shape of t h e  wave. The e f f e c t  of f r i c t i o n  on t h e  he ight  f o r  
s a l l i t a ry  waves i s  reasonably w e l l  p red ic t ed  by t h e  theory of o t h e r s .  
Experiments wi th  cno ida l  waves gave s i m i l a r  r e s u l t s  a s  experi-  
ments conducted wi th  s o l i t a r y  waves. 
The Ref l ec t ion  of Long Waves from a Change i n  Depth 
7. A t  a  s t e p ,  t h e  r e f l e c t e d  wave measured experimental ly  is 
descr ibed  w e l l  by t h e  l i n e a r  nondispers ive  theory f o r  both 
s o l i t a r y  waves and cno ida l  waves. 
8,, The propagat ion  of t h e  wave ref l lected from a s t e p  f o r  both 
s o l i t a r y  and cnoida l  waves is governed by t h e  nonl inear  dispersive- 
theory.  
9. The he igh t  of t h e  wave r e f l e c t e d  when a s o l i t a r y  wave propa- 
g a t e s  up a s lope ,  f o r  most ca ses  i nves t iga t ed ,  is predic ted  a s  
w e l l  by t h e  l i n e a r  nondispers ive  theory  as by t h e  nonl inear  
d i s p e r s i v e  theory.  However, t h e  shape of t h e  wave predic ted  by 
- 
t h e  two t h e o r i e s  is  somewhat d i f f e r e n t  and t h e  nonl inear  
d i s p e r s i v e  theory  tends t o  ag ree  b e t t e r  w i th  experiment. The 
- 
numerical theory p r e d i c t s  nonlinear e f f e c t s  become important f o r  
waves w i t h  a  l a r g e  he igh t  propagating onto a  she l f  w i th  a  small 
depth  r a t i o .  
Trarnsmission of Long Waves over  a Change i n  Depth 
- 
10. For a s t e p ,  from experiment and theory ,  t h e  he igh t  of t h e  
t r ansmi t t ed  wave ( for  bo th  s o l i t a r y  and cno ida l  waves) is  no t  
a f u n c t i o n  of t h e  r e l a t i v e  inc iden t  wave he ight .  However, i n  
t h ~ e  case  of s o l i t a r y  waves, t h e  shape of t h e  t ransmi t ted  wave 
i s  a func t ion  of t h e  r e l a t i v e  inc iden t  wave he ight .  
-- 
11. For s o l i t a r y  waves propagat ing over  a s lope ,  t h e  l i n e a r  
nondispers ive  theory  and t h e  nonl inear  d i s p e r s i v e  theory p r e d i c t  
- 
d i f f e r e n t  t r ansmi t t ed  waves. The d i f f e r e n c e  inc reases  wi th  
inc reas ing  s l o p e  l e n g t h  and inc iden t  wave he igh t ,  and hence, t h e  
nonl inear  d i s p e r s i v e  theory  must be used t o  desc r ibe  t h i s  a spec t  
- 
of t h e  propagat ion.  
The Propagat ion of Long Waves on t h e  Shelf 
12. A s  a  s o l i t a r y  wave propagates  over a s t e p  onto a  s h e l f ,  
c l o s e  t o  t h e  s t e p  a l l  t h r e e  theo r i e s :  t h e  l i n e a r  nondispersive 
theory ,  t h e  nonl inear  nondispers ive  theory  and t h e  nonl inear  
d i s p e r s i v e  theory,  p r e d i c t  t h e  same r e s u l t .  However, a t  some 
- 
d i s t a n c e  from t h e  s t e p ,  t h e  l i n e a r  nondispers ive  theory p r e d i c t s  
a  d i f f e r e n t  wave from t h e  nonl inear  t heo r i e s ;  t h i s  d i s t a n c e  
(Eq. ( 5 . 3 0 ) )  i s  t h e  d i s t a n c e  f o r  nonl inear  e f f e c t s  t o  become 
important .  A t  a  l a r g e r  d i s t a n c e  from t h e  s t e p  t h e  nonl inear  
nondispers ive  and nonl inear  d i s p e r s i v e  t h e o r i e s  p r e d i c t  d i f f e r -  
- 
e n t  r e s u l t s ;  t h i s  d i s t a n c e  (Eq. ( 5 . 3 2 ) )  i s  t h e  d i s t a n c e  f o r  
d ~ ~ s p e r s i v e  e f f e c t s  t o  become important .  
13. A s  cnoida l  waves propagate  onto t h e  s h e l f ,  each wave s p l i t s  
up i n t o  a  s e r i e s  of waves of d i f f e r e n t  he ight  w i th  t h e  l a r g e s t  
f i . r s t .  The d i s t a n c e  over which t h e  change i n  shape t akes  p l ace  
i s  i nve r se ly  p ropor t iona l  t o  t h e  r e l a t i v e  wave he ight ;  t h e  shape 
of t h e  waves i s  r e l a t e d  t o  t h e  nondimensional per iod  (~m) of 
thie cno ida l  waves. 
The Propagat ion of Waves o f f  t h e  Shelf 
1 4 .  A s  waves propagate  o f f  t h e  she l f  i n t o  deeper water ,  t h e  
waves d i s p e r s e  i n  a manner pred ic ted  by t h e  l i n e a r  d i s p e r s i v e  
theory.  An explora tory  experimental  and t h e o r e t i c a l  i n v e s t i g a t i o n  
i n d i c a t e s  t h e  l i n e a r  d i s p e r s i v e  theory  p r e d i c t s  t h e  propagation 
of long waves from shal low t o  dleeper water reasonably wel l .  
The Appl ica t ion  of t h e  r e s u l t s  t o  t h e  Tsunami Problem 
15, For tsunamis propagat ing from t h e  deep ocean, i n  t h e  
v i c i n i t y  of t h e  c o n t i n e n t a l  s h e l f ,  t h e  r e l a t i v e  wave he igh t s  a r e  
probably small; hence, t h e  l i n e a r  nondispers ive  theory  p r e d i c t s  
t h ~ e  same r e s u l t s  l o c a l l y  as would t h e  nonl inear  t h e o r i e s .  
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LIST OF SYMBOLS 
A Wave he igh t  
A ,A ,:B ,B ,C Coe f f i c i en t s  i n  t h e  s o l u t i o n  of t h e  l i n e a r  n o n d i s p e r s i ~ ~  
theory  
C e l e r i t y  parameter 
Amplitude 
Wave number 
Width of the channel 
C e l e r i t y  
Nodal v e l o c i t y  and ampli tude 
Second e l l i p t i c  i n t e g r a l  
Damping exponent 
Cont inui ty  and momentum v e c t o r s  
I n i t i a l  condi t ions  
Acce lera t ion  of g r a v i t y  
Wave he igh t  
I n i t i a l  wave he igh t  
Ref lec ted  wave he ight  
Inve r se  s c a t t e r e d  r e f l e c t e d  wave he igh t  
Transmit ted wave he igh t  
Depth 
Upstream depth  
Depth on she l f  
I n t e g e r s  
Integral 
Bessel functions of the first kind 






Characteristic length of the wave 
Length of the wave over which the amplitude exceeds 
1% of the wave height 
Mass matrices for continuity and momentum equations 
Mass vectors at the boundaries 
Elliptic parameter 
Complementary elliptic parameter (=l-m) 
Integers 
Parameter in inverse scattering theory 
Rayleigh quotient 
Flow rate per unit width 
Distance in inverse scattering theory 
Stroke 
Slope of front face of a wave 
Period 
Time 
Time interval between crest and still water level 
Parametr ic  t ime f o r  nonl inear  nondispers ive  theory 
Hor izonta l  component of v e l o c i t y  
Depth averaged h o r i z o n t a l  v e l o c i t y  
Ursell Number 
U r s e l l  Number of a s o l i t a r y  wave 
Volume 
Var i a t ions  i n  v e l o c i t y  and ampli tude 
T o t a l  d i s t a n c e  
Hor izonta l  coord ina te  d i s t a n c e  
Dis tance  t o  breaking 
Dis tance  f o r  d i s p e r s i v e  e f f e c t s  t o  become important 
Dis tance  f o r  nonl inear  e f f e c t s  t o  become important 
Bessel  func t ions  of t h e  second kind 
Dis tance  above t h e  bottom 
V e r t i c a l  coord ina te  d i s t a n c e  
Dis tance  of t rough from t h e  bottom 
Parameters i n  long wave theory 
Er ro r  
Free  s u r f a c e  e l e v a t i o n  above s t i l l  water l e v e l  
Pe r iod ic  arguments 
S o l i t a r y  wave number 4 h3 
Kinematic v i s c o s i t y  
Wave p l a t e  displacement 
3.14159... 
Time 
Veloc i ty  p o t e n t i a l  
T r i a l  funct ions  
Frequency of sech2 wave 
Frequency of t ransmi t ted  wave 
Frequency 
Operators 
d( .  . .) Tota l  d e r i v a t i v e  d(. . .) 
a(,,.) P a r t i a l  d e r i v a t i v e  a (  ... > 
( ) , (  ) t , . . . P a r t i a l  d i f f e r e n t i a t i o n  wi th  respect  t o  subsc r ip t  
A , .  . Difference (e.g., Ah=hl-h2)  
v2.. . Laplacian 
f ( .  . .) Function of 
OC..  .) Order of magnitude 
( * 2 * )  Vector i f  lower case;  matr ix i f  upper case  
Depth averaged va lue  
a ( .  . . , . . .) Bi l inea r  form 
C. .. , . . .) Inner product 
Cnoidal Wave Rela t ionships  and Numerical Methods of Evaluat ion 
The f o u r  r e l a t i o n s h i p s  which fo l low a r e  s u f f i c i e n t  t o  desc r ibe  
cnoida l  waves : 
where t~ is t h e  depth,  H i s  t h e  wave he igh t ,  K and E a r e  t h e  f i r s t  
and second complete e l l i p t i c  i n t e g r a l s  r e s p e c t i v e l y ,  y t ,  i s  t h e  
d i s t a n c e  t o  t h e  t rough from t h e  bottom, L i s  t h e  wave l eng th ,  and 
T i s  t h e  period.  The e l l i p t i c  parameter m has been rep laced  by i t s  
compleulent m t  = (1-m), which makes t h e  r e l a t i o n s h i p s  more cumbersome, 
bu t  is  more s u i t a b l e  f o r  numerical eva lua t ion  s i n c e  t h e  parameter m 
can tak.e va lues  a s  c l o s e  t o  u n i t y  a s ,  f o r  example, 1 - m = 1 x 10'~'. 
Re la t ionsh ips  A . l ,  A.2 and A . 3  were presented by Wiegel (1960). 
Svendsen (1974) p o i n t s  ou t  a n  e r r o r  i n  Wiegel t s  express ion  f o r  c e l e r i t y  
and p r e s e n t s  (A.4) a s  an  a l t e r n a t i v e .  This  i s  a l s o  t h e  expression 
f o r  c e l e r i t y  given by Keulegan and P a t t e r s o n  (1940). 
Numerical Evaluat ion of E l l i p t i c  Funct ions 
Since t h e  complementary parameter m t  can be a s  small a s  
t h e  numerical eva lua t ion  of e l l i p t i c  func t ions  f o r  cnoida l  waves 
r e q u i r e ~ s  d i f f e r e n t  t rea tment  than  f o r  most o the r  a p p l i c a t i o n s ,  
The methods of eva lua t ion  given he re  were ex t r ac t ed  from Abramowitz 
and Ste.gun (1965), and r ep resen t  t h e  most e f f i c i e n t  and accu ra t e  
methods found. 
The f i r s t  s t e p  i n  computing any of t h e  e l l i p t i c  func t ion  is  t o  
set up t h e  Arithmetic/Geometric Mean (AGM) s c a l e :  
Stop a t  t h e  Nth s t e p ,  where a = bN ( i . e .  cN = 0) t o  t h e  accuracy N 
des i r ed .  (Typical ly ,  c6 < .) 
Frlom t h e  AGM, t h e  e l l i p t i c  func t ions  a r e  c a l c u l a t e d  a s  fol lows:  
1. F i r s t  Complete E l l i p t i c  I n t e g r a l  K.  
2. Se'cond Complete E l l i p t i c  I n t e g r a l  E .  
3 .  Jacobian  E l l i p t i c  Funct ion P = cn(w). 
a )  Find m N  = zNaNw i n  r ad i ans .  
b:) Compute succes s ive ly  $N-l, 4N-2, --- 4 , 4 from t h e  1 0  
r e c u r s i v e  r e l a t i o n :  
c:) Evaluate  P = cn(w) = c 0 s 4 ~ .  
4. Inve r se  Jacobian E l l i p t i c  Function w = cn-I (P) . 
a )  Find qo from: 
b )  Compute succes s ive ly  $ 1 ~ ~ 4 ~  --- $N from t h e  r e c u r s i v e  r e l a t i o n :  
c )  Evaluate: 
The r e c u r s i v e  r e l a t i o n  is  ambiguous by m u l t i p l e s  of IT. How- 
ever  w converges t o  t h e  exac t  va lue  from below so  t h e  c o r r e c t  4 can 
n 
be found by eva lua t ing  w a t  each s t e p  and using:  
5. Second Incomplete E l l i p t i c  I n t e g r a l  E(w) . 
wh~ere 4, a r e  t h o s e  c a l c u l a t e d  from t h e  r e c u r s i v e  r e l a t i o n s  above. 
Usling t h e  r e l a t i o n s h i p s  A . l  t o  A.4 and t h e  numerical methods 
descr ibed  above, most cnoida l  wave problems can b e  solved i n  s t r a i g h t -  
forward manner by computer . However, one important problem t h a t  
r e q u i r e s  s p e c i a l  t rea tment  is: given H and T, f i n d  m ' .  I t e r a t i v e  
schemes ( f ixed  poin t ,  Newton's Rule,  Reguna F a l s i )  do no t  converge; 
hence, a n  ad hoe t r ia l -and-er ror  scheme was developed. The scheme is 
presented w i t h  no claims of elegance. 
For t h e  given H, per iod can b e  expressed a s  a func t ion  of m': 
The ob j e c t  is t o  f i n d  t h e  m ' f o r  which ~ ( m '  ) equals  t h e  given period 
T, t h a t  is: 
T-T(mf )=O 
The f i r s t  s t e p  is t o  compute T-T(m') f o r :  
m = 1 0  j = 0,1,2,3,  --- 9 
u n t i l :  
s g n ( ~  - ~ ( 1 0 - j )  ) # sgn(T - T(10 
-j+l. Then i t  is i n f e r r e d  t h a t  T - T(ml) = 0 f o r  10-j i m' 1 10 
Th.e second s t e p  involves  f i nd ing  kl i n :  
m '  = kl x 10-j 3 
and : 
such th.at  : 
where kl is  a d i g i t  between 1 and 9. 
The t h i r d  s t e p  i s  t o  f i n d  k2 in :  
and : 
such t h a t :  
where k2 is  a d i g i t  between 1 and 9. 
The nth s t e p  i s  t o  f i n d  kn i n :  
and : 
such t h a t :  
where kn is a d i g i t  between 1 and 9. This  process  i s  continued f o r  
a s  many times as t h e  number of s i g n i f i c a n t  f i g u r e s  requi red  f o r  m ' .  
To e l u c i d a t e  t h e  procedure, cons ider  a n  example where 3 s i g n i f i -  
can t  f i g u r e s  a r e  r equ i r ed  and i t  i s  found t h a t  j = 3 .  Then t h e  requi red  
m' is one of t h e  900 numbers between 0.00100 and 0.00999. The second 
s t e p  w i l l  determine t h e  f i r s t  nonzero d i g i t  a f t e r  t h e  decimal po in t  
(kl) ,  t h e  t h i r d  s t e p  w i l l  determine t h e  second nonzero d i g i t  (kZ) 
and t h e  f o u r t h  s t e p  w i l l  determine t h e  t h i r d  nonzero d i g i t  (k3). The 
f i n a l  r e s u l t  w i l l  be  m1=0.00klk2k3. 
APPENDIX B 
-
The Equation from Boussinesq (1872), t h e  Boussinesq Equations and 
S o l i t a r y  Waves 
I n  Sec t ion  3.3.1.5, i n  d i scuss ing  t h e  accuracy of t h e  numerical 
scheme i t  was pointed o u t  t h a t  a l though t h e  s o l i t a r y  wave is  an exac t  
s o l u t i o n  of t h e  KdV equat ion  (Eq. (3.22)) ,  i t  i s  not  an exact  solu-  
t i o n  of t h e  Boussinesq equat ions  (Eqs. (3.67) and (3.68)).  However, 
t h e  o r i g i n a l  equat ion  der ived  by Boussinesq (1872) (and a l s o  by 
Keuleg,an and P a t t e r s o n  (1940) 1 : 
does have t h e  s o l i t a r y  wave as a n  exac t  s o l u t i o n .  
A ques t ion  which a r i s e s  is: how can t h e  Boussinesq equations, 
Eqs. (3.67) and (3.68), and t h e  equat ion  from Boussinesq (1872), 
Eq. (B.l), have d i f f e r e n t  exac t  s o l u t i o n s  i f  t hey  a r e  of t h e  same 
o rde r  ID£ approximation, i .e . ,  0 ( a ~ , a @ , f 3 ~ ) ,  i n  terms of t h e  parameters 
def ined  i n  Sec t ion  3 . l ?  
The answer i s  found i n  t h e  e a r l y  s t a g e s  of t h e  de r iva t ions  of 
t h e  equat ions.  I n  t h e  method used by Boussinesq (1872) and Keulegan 
and P a t t e r s o n  (1940), i n  eva lua t ing  t h e  nonl inear  terms i n  t h e  dynamic 
boundary condi t ion :  
t h e  aplproximations v z 0 and u z fi ri a r e  used. S imi l a r ly  i n  t h e  
kinematic boundary condi t ion :  
t h e  approximation u z  rl i s  used. dF 
Although of t h e  same o rde r  of approximation, t h i s  i s  s l i g h t l y  
d i f f e r e n t  t o  t h e  approach of Korteweg and d e  Vr i e s  (1895) and 
Whitham (1974) where u and v a r e  expressed as $x and $ r e spec t ive ly  
Y 
and o r d e r  of magnitude s o r t i n g  is  done wi th  a l l  t h e  terms included. 
a I n  a d d i t i o n ,  i n  de r iv ing  Eq. (B.l)  t h e  approximation - x -  a t  G &  
is  used b u t  i t  is  not  necessary  t o  make t h i s  approximation i n  de r iv ing  
t h e  Boussinesq equat ions ,  Eqs. (3.67) and (3.68).  
APPENDIX C 
-
The Linear  Nondispersive Theory f o r  a S ing le  Harmonic Wave 
The theory  developed he re  i s  e s s e n t i a l l y  t h a t  presented by 
Wong e t  aZ. (1964). Using t h e  nomenclature of Sec t ion  3.4, t h e  
v a r i a b l e s  a r e  normalized as folllows: 
Equation (3.108) becomes : 
Cor~s ider ing  only t h e  s teady  state s o l u t i o n ,  t h e  time dependence 
of n(x,tt) can  be  separa ted  from t h e  x dependence by assuming t h e  
s o l u t i o n  has t h e  form: 
Subs t i t i l t i ng  CC .2) i n  (C .l) r e s u l t s  i n  t h e  nondimensional ord inary  
d i f f e r e n t i a l  equat ion:  
RelEerring t o  Fig.  3.17, t h e  gene ra l  s o l u t i o n s  of (C.3) f o r  
Regions I, 11, and I11 are :  
-iwx 
Region I: <I = ~~e~~~ + A2e s 
Region 11: 
Region 111: 63 = Cle $ox/% + C2e -iox/ 6 , (C.6) 
where A,=, A2,  B1, B2, C and C 2  a r e  cons t an t s  t o  be determined and 1 
J o (  ) alnd Yo( ) a r e  t h e  Besse l  func t ions  of zero order  of t h e  f i r s t  
and second kind r e spec t ive ly .  
The 6 cons t an t s  a r e  determined a s  fol lows:  
(1) I n  Region I t h e  r ightward t r a v e l l i n g  wave is  t h e  inc iden t  wave 
wh~ich has  amplitude A .  Thus A l = A .  
(2) I n  Region 111 i t  is assumed t h a t  t h e r e  is no wave t r a v e l l i n g  
l e f tward  from x=-, t h e r e f o r e  C 2 =  0. 
(3) Th~e s u r f a c e  e l e v a t i o n  a t  t h e  boundary of Region I and Region I1 
must be  t h e  same: 
thus  : 
S i m i l a r l y  a t  t h e  boundary of Regions I1 and. 111: 
thus  : 
( 4 )  The su r face  s l o p e  must a l s o  be  continuous a t  t h e  boundary of 
Regions I and 11: 
thus  : 
-iw iw Aie - A2ie = Bl J1 
S imi la r ly  a t  t h e  boundary of Regions I1 and 111: 
thus  : 
Ecluations (C. 7) , (C. 8) , (C. 9) and (C. l o ) ,  which must be solved 
s imultaneously,  may be w r i t t e n  i n  mat r ix  form: 
where 
J 0 , J Q (A) 1 - h 2  
and 
Defining: 
t h e  determinant of t h e  matrix i n  (C.11) is: 
The so lu t ion  of (C. 11) is: 
where, i n  eva lua t ing  C1, u s e  has been made of t h e  i d e n t i t y :  
- 2 
JO(z)Yl(z) - Jl(z)Yo(z) ; (C .15) 
The f u l l  s o l u t i o n  is: 
i w  (x-t) -iu (x+t ) Region I: n l (x , t )  =Ae + A2 (0) e , (C ,161 
- ( 1  - h2)x]e -Cut Region 11: 
Region 111: i w ( x / ' G -  t )  n3(x, t )  = C 1 ( ~ ) e  , 
w i t h  A (w), Bl(w), B2(u) and cl(o) g iven  by equat ions (C-14) 2 
APPENDIX D 
-
Tes t s  of t h e  Inve r se  S c a t t e r i n g  Numerical Schemes 
Since t h e  ma jo r i t y  of t h e  waves under cons ide ra t ion  i n  t h i s  
i n v e s t i g a t i o n  were of sech2 shape, t h e  t e s t s  performed on the  
numerical schemes descr ibed  i n  Sec t ion  3.5.3 a l s o  were f o r  waves 
wi th  sech2 shape. These waves have t h e  advantage t h a t  exac t  a n a l y t i c a l  
r e s u l t s  a r e  a v a i l a b l e  f o r  comparison (see Eq .  (3.140)) . 
It w a s  found f o r  both schemes t h e  wave he igh t  B i n  t h e  i n i t i a l  
condi t ion :  
d i d  no t  a f f e c t  t h e  r e s u l t s .  To i l l u s t r a t e  t h i s ,  t h e  r e s u l t s  f o r  
Scheme 2, i n  which no parameters o t h e r  than  H and k a r e  involved, 
w i l l  be  presented  f i r s t  and l a t e r  t h e  r e s u l t s  f o r  Scheme 1, which 
invo1vc.s s e v e r a l  parameters ,wi l l  be  presented f o r  one r e l a t i v e  wave 
h e i g h t ,  H/h . 
Tlze r e s u l t s  f o r  Scheme 2 a r e  presented  i n  Table D.l where t h e  
r a t i o  of t h e  c a l c u l a t e d  t o  t h e  exac t  he igh t  of t h e  leading  s o l i t a r y  
wave is  l i s t e d  as a func t ion  of t h e  r e l a t i v e  i n i t i a l  wave he igh t ,  
H/h, and t h e  wave number r e l a t i v e  t o  t h a t  of t h e  s o l i t a r y  wave of t h e  
same he igh t ,  i . e . ,  k / ~  where K = 45. The ca l cu la t ed  he ight  is 
obtained from t h e  numerical theory  d iscussed  i n  Sec t ion  3.5 and f o r  
purposes of t h i s  comparison t h e  exac t  he igh t  i s  def ined  as t h a t  given 
by Eq. (3.140). Reca l l  from Sect ion  3.5.2 t h a t  f o r  wave number r a t i o  
Table D1.l  Ratio of t h e  ca lcula ted  t o  t h e  exact wave height  of t h e  
leading s o l i t a r y  wave using Scheme 2. 
k / ~ >  1 only  one s o l i t a r y  wave emerges and f o r  k / ~ < l  more than one 
s o l i t a ~ c y  wave amerges. The t a b l e  shows t h e  accuracy of t h e  numerical 
scheme is independent of t h e  r e l a t i v e  wave he igh t  H/h. However, i t  
i s  dependent on t h e  wave number r a t i o  k / ~  and i t  has an  accuracy of 
b e t t e r  t han  1% f o r  waves from which more than one s o l i t a r y  wave w i l l  
emerge but  a n  e r r o r  of up t o  30% f o r  waves from which only  one s o l i t a r y  
wave emerges. 
For Scheme 1, it w i l l  be r e c a l l e d ,  a s  d i scussed  i n  Sec t ion  3.5.3.1, 
two o t h e r  parameters  must be  prescr ibed:  t h e  l eng th ,  L, de f in ing  
t h e  trligonometric func t ions  and t h e  number of func t ions ,  N. For t he  
r e l a t i v e  wave he igh t  H/h=0.1 ,  a number 05 t e s t s  were conducted f o r  
wave number r a t i o s  k / ~ = 0 . 2 5 ,  0.5, 1, 2 and 4 where, f o r  k / ~ = l ,  2 
and 4 ,  only one wave emerges bu t  f o r  k / ~ = 0 . 5 ,  t h r e e  waves emerge and 
f o r  k 1 ~ 3 0 . 2 5 ,  s i x  waves emerge. The r e s u l t s ,  i n  t h e  form of t h e  
r a t i o s  of t h e  computed t o  t h e  exac t  wave he igh t s ,  a r e  presented i n  
Table 11.2 where (a) i s  f o r  k / ~  = 1, 2 and 4 ,  (b) i s  f o r  k / ~  = 0.5 and 
(c)  is  f o r  k / ~ = 0 . 2 5 .  The r e s u l t s  a r e  l i s t e d  a s  func t ions  of t h e  
l e n g t h  r a t i o  L / l s  where LS210.6/k (which was used because 
sech25 ,, 3 = 1 x and f o r  (a) 20 t r igonometr ic  func t ions  were used 
wh i l e  f o r  (b) and (c )  50 func t ions  were used. The t a b l e s  show t h e r e  
is an  optimum length ,  L, f o r  maximum accuracy. For waves from which 
a  singlle s o l i t a r y  wave emerges, Table D.2(a) shows a  good r u l e  of 
thumb is  t o  make t h e  l e n g t h  r a t i o  t h e  same a s  t h e  wave number r a t i o  
o r ,  equ iva l en t ly ,  pu t  L % 1 0 . 6 / ~ ,  i , e . ,  t h e  "length" of t h e  s o l i t a r y  
wave of t h e  same height  as t h e  i n i t i a l  wave. For waves from which 
Table 11.2 Rat io  of the  ca lcu la ted  t o  t h e  exact  he ights  of the  emerging 
s o l i t a r y  waves using Scheme 1. 
(a) N = 20. Single  wave emerges. 
N=50.  k / ~ = 0 . 5  Three waves emer 
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( c )  N = 50. k / ~  = 0.25 Six  waves emerge. 
more tlhan one s o l i t a r y  wave emerge, t h e  b e s t  l eng th  r a t i o  appears  
t o  be L/Ls 2.0. 
I11 us ing  t h i s  scheme i t  w a s  found adv i sab le  t o  a l low t h e  number 
of func t ions ,  N, t o  increment u n t i l  t h e  d e s i r e d  accuracy was reached 
r a t h e r  than t o  u s e  a  pre-set  va lue  of N. However, t h e  computation 
c o s t  i r lcreases  cons iderably  wi th  N so  some upper l i m i t  needs t o  be 




I n  t h i s  s e c t i o n  t h e  s o l u t i o n  of t h e  nonl inear  nondispersive 
theory  a s  g iven  i n  c h a r a c t e r i s t i c  form by Eqs. (3.17) w i l l  be  appl ied  
t o  t h e  p a r t i c u l a r  c a s e  of a wave given by: 
propagat ing i n t o  s t i l l  water  wi th  a cons tan t  depth ,  h. 
For t h e  c a s e  of waves propagat ing i n t o  s t i l l  water  t h e  method of 
c h a r a c t e r i s t i c s  s i m p l i f i e s  cons iderably  because as shown by, e.g., 
Henderson (1966) t h e  c h a r a c t e r i s t i c s  a r e  s t r a i g h t  l i n e s  wi th  s lope:  
where 
and between t h e s e  c h a r a c t e r i s t i c s  t h e  quan t i t y  ( i i -2c)  is  cons tan t .  
Hence, r e f e r r i n g  t o  Fig.  E.l ,  which shows t h e  x - t  p lane  f o r  t h e  ca se  
of a wave g iven  by Eq. (E. l ) ;  t h e  v e l o c i t y  ii and t h e  c e l e r i t y  c a r e  
cons t an t  a long t h e  c h a r a c t e r i s t i c s  and t h e  v e l o c i t y  can be expressed 
a s  a func t ion  of t h e  c e l e r i t y :  





Fig.  E. I The x - t plane  f o r  a sech2 wave propagating i n t o  s t i l l  
water  by the nonlinear  nondispersive theory.  
S u b s t i t u t i n g  Eq. (E.4) i n t o  Eq. (E.2) gives:  
and s i n c e  t h e  c e l e r i t y  c  i s  cons tan t  a long t h e  c h a r a c t e r i s t i c s  
Eq. (E.5) can be i n t e g r a t e d  to  y i e l d :  
x a ( 3 ~  - 2 9  (t - t )  Y (E .15) 
o r ,  equiva len t ly :  
where t i s  t h e  i n t e r c e p t  of t h e  c h a r a c t e r i s t i c  w i t h  t h e  t a x i s  and 
thus  n ( t )  E ~ ( o ,  t ) . Eqs. (E. 6) and (E. 7) a r e  no t  i n  t h e  usua l  func- 
t i o n a l  form because t h e  v a r i a b l e s  u sua l ly  considered t h e  independent 
v a r i a b l e s ,  x and t ,  a r e  expressed as fun~c t ions  of t h e  v a r i a b l e  u sua l ly  
considered t h e  dependent v a r i a b l e ,  11, i n s t e a d  of v i c e  versa .  However, 
i t  is  found more convenient t o  u se  t h e  s o l u t i o n s  i n  t h e  form of ISqs. 
(E.6) and (E.7) because of t h e i r  r e l a t i v e  s i m p l i c i t y .  
The time s l o p e  of t h e  wave, n t ,  is  found by d i f f e r e n t i a t i n g  
Eq. (E.7) p a r t i a l l y  w i t h  r e s p e c t  t o  t t o  y i e l d :  
as d'n a t  one obta ins :  and, us ing  t h e  r e l a t i o n  -= ;i:g  a t  
Eq. (E . l o )  is a p p l i c a b l e  t o  any wave, n ( t )  , but  f o r  t h e  case! of 
a wave given by Eq. (E. 1 )  , Eq. (E. 10) becomes : 
For a sech2 wave t h e  f r o n t  f a c e  of t h e  wave s teepens  as i t  propa,gates 
whi le  t h e  back f a c e  f l a t t e n s  a s  is  ind ica t ed  by t h e  converging and 
d iverg ing  c h a r a c t e r i s t i c s  i n  Fig. E.1. Breaking occurs  a t  t h e  l o c a t i o n  
where t h e  f r o n t  f a c e  of t h e  wave becomes v e r t i c a l ,  i . e . ,  where tlhe 
a l? d e r i v a t i v e  - = m ,  which occurs  when t h e  express ion  i n  t h e  bracke ts  [ ] a t  
i n  Eq. (E . l l )  is zero.  Notice t h a t  f o r  th i s ;  theory t h e  wave he igh t ,  
H, remains cons t an t  even a t  breaking. This  is because t h e  c e l e r i t y  
and t h e  v e l o c i t y  a r e  cons tan t  along; t h e  c h a r a c t e r i s t i c s  which arcs 
s t r a i g h t  l i n e s .  The a c t u a l  po in t  of breaking i s  where t h e  f r o n t  f a c e  
f i r s t  becomes v e r t i c a l ,  i . e .  t h e  minimum x f o r  t h e  expression i n  
b racke t s  t o  be  zero.  This  minimum x, denoted t h e  d i s t a n c e  t o  breaking 
and def ined  as xb, i s  found by a l g e b r a i c  man~ipulat ion of Eq. (E.11) 
t o  be: 
where c* is t h e  r o o t  o f :  
which l i e s  i n  t h e  i n t e r v a l  1 < c, c d r $  
The maximum absolute  s lope,  I n t  a t  any loca t ion  i n  the  
i n t e r v a l  O L x h x b  is: 
where c* is  the  roo t  of :  
which l ies  i n  t h e  i n t e r v a l  1 < c, < dl+:. 
The loca t ion  a t  which the  f r o n t  f a c e  reaches a  p a r t i c u l a r  
maximum absolute  s lope ,  I n t  lmax, is : 
(E. 16) 
where C* is  t h e  r o o t  o f :  
(E. 17) 
which l i e s  i n  t h e  i n t e r v a l  1 < c, < d l + +  . 
Notice i n  Eqs. (E.12) t o  (E.17) the  e x p l i c i t  dependence on the  
frequency, 0,  can be removed by normalizing the  independent va r i ab les ,  
x  and t , t o  be 0xf a and Qt ~:espect ive ly .  Hence, t h e  frequency, $2, 
l i k e  the  depth, h,  is  an independent parameter. 
APPENDIX F 
Table F . l  S o l i t a r y  waves t r ansmi t t ed  over a s lope:  t h e  d i f f e r e n c e  
between t h e  l i n e a r  nondispers ive  and t h e  nonl inear  
di spers ive  theories. 
